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Be careful what you infer from BYv
probability analysis

A simple, confusing example:

o 4 out of 100 American women between 35 and 50 develop
breast cancer in a year.

o 11 out of 100 women age 45-90 will develop breast cancer
In a year.

o 22 out of 100 women age 45-90 whose mothers had cancer
will develop it in a year.

Mrs. Smith is 49 and her mother had cancer. What
are her true odds?
o Which group does she belong to?

o As you add more conditions, refining the group, does your
answer get better? What if there are only 2 in the group?
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Be careful what you infer from BYv
probability analysis

A simple, confusing example:

o 4 out of 100 American women between 35 and 50 develop
breast cancer in a year.

o 11 out of 100 women age 45-90 will develop breast cancer
In a year.

o 22 out of 100 women age 45-90 whose mothers had cancer
will develop it in a year.

Mrs. Smith is 49 and her mother had cancer. What
are her true odds? It is impossible to say!
o Which group does she belong to? Any of them!

o As you add more conditions, refining the group, does your
answer get better? What if there are only 2 in the group?
Keep the context in mind!



Problem: Define probabillity in a BYU
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mathematically rigorous and useful way

A six sided die is rolled twice. What is the
“probability” of the sum of the two rolls being:
1,2,5,7,0or11?

We must define what we mean by “probability, but it
must be consistent with our experience.

1. Classical theory, (ratio of total to favorable
outcomes)

o Just carefully count
them up!:
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mathematically rigorous and useful way

A six sided die is rolled twice. What is the
“probability” of the sum of the two rolls being:
1,2,5,7,0r 117

We must define what we mean by “probability, but it
must be consistent with our experience.

1. Classical theory, (ratio of total to favorable

outcomes)
2nd | 1st - die
Qa P[ E] = & die | 1 2 3 4 5 6
N 136 — [T 5 =T s~ 6/36
o Just carefully count B R e T =
them Up!: 4/36 + 5| 6| 7| 8| 9o 10| ~ 2/36
s | 6| 7| 8| of 10| n|
s | 7| 8| of 10f 1| 12




Problem: Define probabillity in a BYU
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mathematically rigorous and useful way

Advantages:

a

a

Clear, mathematically sound definition.

Based on model of the events rather than empirical observations
of experimental outcomes.

Disadvantages:

a

Assumes equally likely outcomes
- What about loaded dice? No way to handle it!

Requires detailed enumeration of all outcomes. What do you do
with continuous data?

. Relative Frequency of Occurrence:

PIE] = lim 2£
n" ! n
Roll the die » = 100-10,000 times, count them up!

(classroom experiment, histogram).



Problem: Define probabillity in a BYU
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mathematically rigorous and useful way "

Advantages:

o Automatically accounts for non-uniform outcome
probabilities.

2 Can handle continuous outcomes.

Disadvantages:
o We don't have all day! (n << )
o Thus, P[E] is not known exactly!

But the probability that
smallas n! oo.

3. Probability Based on Axiomatic Theory
o The modern, elegant approach to probability.

“t - PIE]
n

<6 can be made arbitrarily



Sets, experiments and events _BYv

UNITVERSITY

Set: A collection of objects. e.g. 4, B, E, F, Q.

Subset: A set contained within another set.
eqg.4" B

Null, or empty set: ¢.

Universal set or certain event: . Set of all possible
outcomes.

Experiment: A random activity, denoted as H with
outcomes contained in the set Q.

Qutcome: A single element in 2, i.e. C# Q.

Event: A subset, £, of 2, i.e. the occurrence of some
selected range of outcomes.
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Q Q
F
E/
(a) EUF (b) EF
E L Q O
F
(d) E-F (e) F—E (Q) EDF

© 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.
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Partitioning U= E; into seven disjoint regions o7
Henry Stark, John W. Woods.

..... 7.
Probability and Random Processes with Applications to Signal Processing, 3E.



The QPSK Experiment BYU
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QPSK is a common digital communications

modulation format. Im

o Used in cell phones, digital TV, etc. (01) x x (00)

o Each symbol represents two bits Re
The experiment, H . (1) X X (10)

o Observe a single symbol
0 2=1{00,01, 10,11}, 1.e. £ =00, &, =01,

o Define E, the event that the 1st bitis 1. Assign P[E]=0.75
Define F, the event that the 2nd bit is 1. Assign P[F]=0.5
Assign P[EF]=0.4

Goal: find the probability of all other possible events!



Fields BYU
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Define set M whose elements (called events) are subsets of

Q. Letevents EEF G H# M

M is a field over binary operations $ & %, and unary
operation (), iff it is

Q

Q

Q

Commutative: E$ F = F$ E, E%F =F%E
Associative: (E$ F)$ G =E$ (F$ G), (E%F)%G = EYd F%G)

Includes identity elements: ¢ # M and & # M such that
¢S E=E & &UNE =E

Closed: ES$ F# M, E%F# M, E# M

Distributive: E%(F$ G) = (E%F) $ (E%G)
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Fields BYU

T is a sigma field if it is a field, and: |

o Itis closed under any countable set of unions, intersections,
and combinations:

IfE-E EF then UE,E Fand NE,E F
i=1 i=1

Iff ‘F is a sigma field we can assign a probability to
all events in ' consistent with the axioms (TBD).
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on E andF
Outcome 1s Outcome 1s
Event (one of) Event (one of)
¢ $
E {10,11}
F {01,11}
T QPSK — E$ F
EF
E©
F*
Q {00,01,10,11}




Now form a QPSK field based BYv

BRIGHAM YOUNG
UUUUUUUU

on E andF
Outcome 1s Outcome is
Event (one of) Event (one of)
¢ U E°F
E {10,11} E$ F*
F {01,11} EF*
Forsk = | E$SF | {01,10,11} ES$F
EF {11} E°F
E° {00,01} E‘F$ EF
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Now form a QPSK field based BYv

BRIGHAM YOUNG
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on E andF
Outcome is Outcome is
This is the Event (one of) Event (one of)
power_set! ¢ 3 E°F° {00}
é%osr:if)'lgse?/"ems) E (10,11} E$F {00,10,11}
F {01,11} EF° {10}
.TQPSK = ESF {01,10,11} ES$F {00,01,11}
EF {11} E°F {01}
E* {00,01} E‘F'$EF {00,11}
F* {00,10} E°F$ EF* {01,10}
E$SF° {00,01,10} Q {00,01,10,11}




Axioms of Probability BYU
(Kolmogorov Theory)

Probability is a set function, P[FE],
on events E# #.

The triple (€2, 7, P) defines a probability space.

AXioms:
. P[E]" O
. P[Q]=1
s P[E$F)=P[E]+ P[F]| if EF=¢




Theorems BYU
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From the axioms you can prove that:
P[(]=0

P[EF‘] = P[E] - P[EF]

P[E]=1-P[E“]

P[ES$ F] = P[E] + P[F] - P[EF]

P[E]) 1

5 T o = o~



Probabillities for our QPSK  BYu.
Experiment
Outcomes Outcomes
Event (one of) P[] Event (one of) P[]
¢ {} EF {00}
E {10,11} 0.75 E$ F° {00,10,11}
F {01,11} 0.5 EF* {10}
E$SF {01,10,11} ESF {00,01,11}
EF {11} 0.4 E°F {01}
E° {00,01} E‘F'$ EF {00,11}
F* {00,10} E°F$ EF° {01,10}
E$ F° {00,01,10} Q {00,01,10,11}




Axioms and theorems BYU
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Axioms:
. P[E]' 0
. P[R]=1
+ PIESF]=PIE]+ P[F] ifEF = ¢
Theorems:
P[(]=0
EF°] = P[E] - P[EF]
E]=1-P[E"]
P[E$ F] = P[E] + P[F] - P[EF]
P[E]) 1

P
P

A.
B.
C.
D.
L.



Probabilities for our QPSK BYU
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Experiment (using axioms & theorems)
Outcomes Outcomes
Event (one of) P[] Event (one of) P[]
¢ {} 0 E°F° {00} 0.15
E (10,11} 0.75 E$ F* {00,10,11} 0.9
F {01,11} 0.5 EF* {10} 0.35
E$F {01,10,11} 0.85 E$SF {00,01,11} 0.65
EF (11} 0.4 EF 01} 0.1
E° {00,01} 0.25 E‘F$ EF 00,11} 0.55
F* {00,10} 0.5 E‘F$ EF° {01,10} 0.45
E$ F° {00,01,10} 0.6 Q {00,01,10,11} 1




Probabilities for our QPSK BYU
Experiment (using axioms & theorems) "
Outcomes Outcomes
Event (one of) P[] Event (one of) P[]
Thm. A ¢ 0 0 EF {00} 0.15 | Thm. B
(twice)
Given E {10,11} 0.75 E$ F° {00,10,11} 0.9 Thm. D
Given F {01,11} 0.5 EF° {10} 0.35 | Thm. B
Thm. D | E$SF | (0110117 | 085 E$ F {00,01,11} | 0.65 | Thm. D
Given EF U1} 0.4 EF {015 0.1 | Thm. B
Thm. C E° {00,01} 0.25 EF$EF {00,11} 0.55 | Ax. 3
Thm. C F {00,10} 0.5 E°F$ EF° {01,10} 0.45 Ax. 3
¢ 00,01,10,11
b p | ESF | 000110} | 06 Q { 1




Why is a sigma field required?Bvv
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Events E, F, and EF were defined with
assigned probabilities of occurrence, but ......

What if £ did not occur? What is the
probability of that?

o Can’t say unless E° is in the sigma field.
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P[E‘$ F] = P[E‘] + P[F] - P[E‘F], but if E°F is not in the field,
P[E°F] cannot be defined.
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Why is a sigma field required?Bvv
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Events E, F, and EF were defined with
assigned probabilities of occurrence, but ......

What if £ did not occur? What is the
probability of that?

o Can’t say unless E° is in the sigma field.

What is the probability of either E or F occurring?

o Can’t say unless E$ F'is in the sigma field.

P[E‘$ F] = P[E‘] + P[F] - P[E°F], but if E°F is in not in the field,
P[E‘F] cannot be defined.

Once events are defined, all compliments, unions, and intersections
must be included.

o Otherwise probabilities cannot be assigned to “events” that can
clearly occur.

o Can’t apply axioms without the full sigma field.



Why Is #limited tocountable  BYU

unions and Intersections?

Try defining event ' as an uncountable union
of disjoint E,,

F=UE
i=1

uncountable oo

Axioms say P[F]= EP[Ei]

But addition over uncountable terms is
undefined!



Probability Space BYy.

UNITVERSITY

The triple P = (2, F,P) defines a probability space.

o £ the universal set determined by our experiment of
Interest, contains all possible experiment outcomes.

o F: the sigma field determined by which events are
meaningful to our problem.

o P: the probability measure assigned to all events in .

The full space, (£, F,P), is required before probability is
well defined.



