Lecture 3

Joint and Conditional Probability,
BayesO Rule

BYU
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Introductory Example: BYu
The Monty Hall Problem

Famous quiz show: OLetOs Make a DealO

Rules:
1. Choose one of three doors hiding one big prize or one of

two gag gifts.

2. Before you open your door, Monty opens another.

3. You may keep your door or select the unopened one.
Marilyn vos Savont, a N.Y. Times columnist claiming
to have the worldOs highest I.Q. proposed a
controversial solution to the question:
ds it a better strategy to switch doors or not?0

Classroom demonstration.



Conditional Probability BYU
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Chalkboard lecture
Demo MATLAB program: BinaryComm.m
Independence: chalkboard lecture.
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Transmitted Received
symbol. Detected

X € {0.1 S{%/nélzg{ symbol decision:
.1 ;/\ | Threshold Ye (0.1}

> _|_ >
W<>T79
Channel\ﬁ

Zero mean Gaussian noise: N € R

Given condtional probabilities:

P[Y=0|X=0], P[Y=1[X=0], P[Y=0[X=1], P[Y=1|X=1]
solve for joint probabilities:

P[Y=0,X=0], P[Y=1,X=0], P[Y=0,X=1], P[Y=1,X=1]
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Binary Communications Mode[BYv

Transmitted Received
symbol. . Detected

I: ..
S End symbol decision:

X € {01 WER
{0,1} =O | Threshold | Y € {0,1}
W<>T2

Channel

Zero mean Gaussian noise: N € R

Given condtional probabilities:

P[Y=0/X=0], P[Y=1|X=0], P[Y=0|X=1], P[Y=1|X=1]

solve for joint probabilities:

P[Y=0,X=0], P[Y=1,X=0], P[Y=0,X=1], P[Y=1,X=1]

Probability of detection error (either type) is:

P[E] = P[Y=1|X=0]P[X=0] + P[Y=0[X=1]P[X=1]
=P[Y=1,X=0] + P[Y=0,X=1]
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X=0,P[X=0]= } > 09 _v-o
0.1
0.1
X=1,PX=1= 3 » g V=

Figure 1.6-1

A binary communication system.

© 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.




Binary Communications BYU
Transition Probabilities
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P[Y=1[X=1]

X=0,P[X=0]= 5

X=1,PX=1= 3

Figure 1.6-1

A binary communication system.

© 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Example of testing for BYU

Independence

How could you test the following hypothesis?

+ OMen are more likely to be left handed than
women.O



Example of testing for BYU

Independence

How could you test the following hypothesis?

- OMen are more likely to be left handed than
women.O

- A = Event a randomly selected person is male
+ B = Event a random person is left handed.
- Is P[AB] = P[A] P[B] ?



BayesO Theorem BYU
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Let 4, i =1 ... n be an exhaustive set of
disjoint events, i.e. | J_4, =#, 44,=$"i!
P[B]>0, P[A4]>0 Vi
Then:

P[B|4,]1P[4,]

| PB| 4]P[4,]

i=1

P4, |B]=



BayesO Theorem BYU
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Let 4, i =1 ... n be an exhaustive set of
disjoint events, i.e. | J_ 4,=9Q, 44,=¢ Vi=;
P[B]>0, P[4]>011i -
Then: iyt

P[B| A.1P[A.]
P4, |B]=— —
| P[B|4,]P[4]

i=1

a posteriori
probability



Proof BYU
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Simply use definition of conditional probability:

RPN CIERLEh

| P[B|A4]P[4]

=1




Proof BYU
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Simply use definition of conditional probability:
P[B|4,]P[4]

Pl4;|B]=-

| P[B|A4]P[4]

PlBA
P[A | B]= n[ al
| P[BA]

i=1




Proof BYU
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Simply use definition of conditional probability:
P[B|A4;1P[4;]

P[A4;|B]=—
D PLB|A]P4]
P[BA ]
P[4, |B]=——
EP[BAl.]
b [B4,]
[4; | B] = PIB] Q.E.D!



Monty HallOs Paradox BYU
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Prize lies behind one of three doors.
You choose one, but donOt open it.
Monty opens another door to reveal no prize.

Monty offers you to switch to the remaining
door.

Question: is it a good strategy to switch to the
remaining door?



Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,
M = door Monty picks.

P[G=d 1Y =d =", Vi j&e{l,2,3}
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Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,

M = door Monty picks.

PIG=d;1Y =d,] =%, Vi,j e {123}

The location of G is independent of your choice.

P[G=d,,Y =d|]
PIG=4 Y =dj]=—F7
)

_PIG=dIPlY=dj] o . 1

- Ply=¢] " 3
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Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,

M = door Monty picks.

_ L.
PIG=d,1Y =d;]==, VijE{1,2,3}

PIM=d1Y=d,,G=d =7, fork=i=j=k
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Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,
M = door Monty picks.

P[G=d |Y=dj]=%, Vi,j€{12,3

M =d |Y=d,G=d,]=1 fork=i=j=k
M =d |Y=G=d]="7fori=j

P
P



Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,
M = door Monty picks.

_ 1 .,
PIG=d,1Y =d;]=—, Vi, je{1,2,3})

PIM=d1Y =d;,G=d]=1, fork=i=j=k

PjM=di|Y=G=dj]=1, for i = j
2

PIM =d,|Y =d,,G=d,]=?, Vi,j

IIIIIIIIIIIII

UNITVERSITY



Label doors d,, d,, and d.,.

G = door with gift, Y = door you pick,
M = door Monty picks.

L R B
PIG =d, IY—dj]—g, i,j# {1,2,3}

PIM =d;|Y =d,,G=d,]=1, fork$i$ jPk

P:MZdZ.IYZG:dj]Zl, fori $ j
2

PIM =d;1Y =d;,G=d,]1=0, "1i,j
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(continued)

How do you express the probability of changing
doors leading to a favorable outcome?



Monty HallOs paradox: SolutigpYY
(continued)

How do you express the probability of changing

doors leading to a favorable outcome?

P[G = |Y =d M=d ] Now apply definition of
| )5 ; ° .

conditional probability
(a form of BayesO rule)

Note the probability is the same for any ordering of distinct
doors, di,dj,dk, k=i=j=k
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(continued)

How do you express the probability of changing
doors leading to a favorable outcome?

P[G=d,{Y=d, M =d,}]

PG=d [{Y =d,,M =dj}] = P{Y =d,,M =d.}]

Now apply it again (in reverse), three times!
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(continued)

How do you express the probability of changing
doors leading to a favorable outcome?

P[G=d,|Y =d,,M =d,] =
PIM =d,|G=d,Y =d,|P[G=d,|Y =d,] P[Y =d,)]

P[M=d3|Y=d2]P[Y=d2]

Now simplify
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(continued)

PlG=d,|Y =d, M =d,]

=P[M=d3|G=d1,Y=d2]P[G=d1|y=d2]
PM =d,|Y =d,)

(1) (1/ 3) Unconditional

) PIM =d,|Y=4d,] Probability,
Thm. 1.6-1, p20

) (D(L/3) /
PIM=d,|G=d,Y =d,] P[G=d,|Y =d,]
+PIM =d,|G=d,Y=d,] P[G=d, |Y=d2]+0)
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(continued)

PlG=d, |Y=d, M =d,]

w312
( M)A/3) N\ (3/2) 3
(+(1/2)(1/3))

Wow! >0.5 so change doors!




Classroom Monte Carlo Trials BYv
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Pick a secret number from {1, 2, 3}.
Have your neighbor guess it.

Tell him one of the other numbers which Is not the
one you chose.

Neighbor: stick with first guess, or change to
remaining number.

Try first with entire class changing, then with entire
class sticking with first guess.

What are the relative frequencies?



