
Lecture 4 

Combinatorics and Binomial, 
Multinomial and Poisson distributions 



The problem we want to solve: 
Server queue 
! Packet switcher (or very fast bank teller): 

! Packets arrive at the average rate of 1,000 per 
second. 

! The switcher can handle at most 1,500 / second. 
! What is the prob- 

ability the switch  
will saturate in a 
given second? 



Combinatorics:  Draw r numbered  
balls from n balls in an urn (a) 
! If order matters and I replace chosen balls, 

how many distinct samples of size r are there? 
! r selections made, n possibilities each time.  
! nr possible outcomes 

! Example: Roll four sided die 2 times: 

1,1 2,1 3,1 4,1 

1,2 2,2 3,2 4,2 

1,3 2,3 3,3 4,3 

1,4 2,4 3,4 4,4 

n = 4 
r = 2 
nr=16 

nr: ordered r-tupples of 
of n things with 
replacement 



Combinatorics:  Draw r numbered  
balls from n balls in an urn (b) 
! If order matters and I do not replace balls, how 

many distinct samples of size r are there? 
! r selections made, n possibilities first time, n-1 

second time, n-2 third choice, etc. 

!                                                             outcomes. 

2,1 3,1 4,1 

1,2 3,2 4,2 

1,3 2,3 4,3 

1,4 2,4 3,4 
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n = 4 
r = 2 
(n)r = 12 

(n)r: permutations 
of n things  
taken r at a time 



Combinatorics:  Draw r numbered  
balls from n balls in an urn (c) 
! If order doesnÕt matter and I donÕt replace 

balls, how many distinct samples of size r? 
! There are r! ways of ordering r balls.  
!                                                             outcomes. 

1,2 or 
2,1 

1,3 or 
3,1 

2,3 or 
3,2 

1,4 or  

4,1 

2,4 or 

4,2 

3,4 or 

4,3 
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n = 4 
r = 2 
Cr

n = 6 

Cr
n: combinations 

of n things  
taken r at a time 



Bernoulli trials 

! Consider n tosses of a (perhaps unfair) coin. 
(this is a binary, or Bernoulli trial). 
!  For single coin toss:  

! For two tosses: 

! For n tosses: 
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Binomial distribution 
! Define event Ak={ k heads in n flips} .  
! Find P[Ak].   

! Each flip is an independent event, so e.g. for k=3, n=5:  
P[HHTHT]= P[H]P[H]P[T]P[H]P[T] = p3q2 

! Since Ak does not depend on order of heads or tails  
(e.g. HHT !  A2, HTH !  A2 and THH !  A2):  
! P[Ak]=K pkqn-k,  

where K is the number of ways of getting k heads in n flips. 

! How big is K? 
! Let ai! { H,T}, 1" i" n, be the outcome of the ith flip: 
! Pick k  aiÕs from                       to be heads. 
! Order doesnÕt matter (after picking), no replacement, so: 

This is just K =? 

},{ 21 naaa !



Binomial distribution 
! Define event Ak={ k heads in n flips} .  
! Find P[Ak].   

! Each flip is an independent event, so e.g. for k=3, n=5:  
P[HHTHT]= P[H]P[H]P[T]P[H]P[T] = p3q2 

! Since Ak does not depend on order of heads or tails  
(e.g. HHT !  A2, HTH !  A2 and THH !  A2):  
! P[Ak]=K pkqn-k,  

where K is the number of ways of getting k heads in n flips. 

! How big is K? 
! Let ai! { H,T}, 1" i" n, be the outcome of the ith flip: 
! Pick k  aiÕs from                       to be heads. 
! Order doesnÕt matter (after picking), no replacement, so: 

This is just K = (n choose k) = Ck
n.  i corresponds to the number on 

a ball in an urn.  Selected ÒballsÓ are designated Òheads.Ó 

},{ 21 naaa !



Binomial distribution 

! This is the Binomial distribution,  

!                       is the binomial coefficient.  
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Binomial distribution Example 

! Full redundancy error correction code: 
! In a disaster, residents must hear a call to 

evacuate three times before they will leave. 

! No ack / nack possible (unidirectional message) 
! 0.7 probability that a single message is not 

received by a given resident. 
! Message is repeated 10 times by radio, PA, etc. 

! What is the probability a given resident will 
not evacuate? 



Binomial distribution Example 

! let Ec = A0# A1# A2 be the event the resident 
did not evacuate. 
! Ai: event that exactly i messages were received. 
! Now apply binomial distribution: 

€ 

P[Ec] = P[A0] + P[A1] + P[A2] = ?

! 

(note : A0A1 = A0A2 = A1A2 = " )



Binomial distribution Example 

! let Ec = A0# A1# A2 be the event the resident 
did not evacuate. 
! Ai: event that exactly i messages were received. 
! Now apply binomial distribution: 
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Binomial distribution Example 

! let Ec = A0# A1# A2 be the event the resident 
did not evacuate. 
! Ai: event that exactly i messages were received. 
! Now apply binomial distribution: 
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Multinomial distribution 

! Instead of two outcomes, assume there are k 
possibilities (e.g. a six sided die). 

! Assume n trials, then: 
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Multinomial distribution  
example:  Yatzi! 
! Five rolls of my weighted die 

! What is the probability of rolling a straight (run)? 
! Our probabilities: 

1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

>> bar(hist(x,[1:6])./length(x)) 

>> p = hist(x,[1:6])./length(x) 

p = [0.0625, 0.1758, 0.1484,  
        0.1641, 0.2148, 0.2344] 

>> load dieRolls 



! Plug in the numbers: 

Multinomial distribution  
example:  Yatzi! 

  

€ 

P[a run] = P(ra;n, p)+ P(rb;n, p) where ra = [1,1,1,1,1,0], rb = [0,1,1,1,1,1]

=
5!

1!1!1!1!1!0!
(0.0625)1  (0.1758)1(0.1484)1(0.1641)1(0.2148)1(0.2344)0

+
5!

0!1!1!1!1!1!
(0.0625)0  (0.1758)1(0.1484)1(0.1641)1(0.2148)1(0.2344)1

= 0.0328

(Computed in MATLAB with:    P_run = factorial(5)*(prod(p(1:5))+prod(p(2:6))) ) 

(Note that for fair dice P[a run] = 0.0309) 



The Poisson distribution: 
Limiting binomial behavior 

! What about an infinite number of coin flips, 
where P[H]=p is small for each flip? 
! This models continuous trials where an event (like 

a packet arrival) can occur at any instant. 

! consider 

where n $  %, p $  0, but np = a, a constant: 
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Taking the limit 

! k is fixed, and small relative to n, so: 
!   

!   

!   

! Now substitute back and take the limit: 
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Taking the limit (cont.) 

! Let 

so 

! Apply LÕ HospitalÕs rule: 
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This yields the Poisson law! 

! So:  

! Consider the case of n points placed 
randomly on an interval of T seconds long: 
n $  %,  
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(cont.) 

!   

! Now interpret &=n/T as the average rate of 
points per unit time, this gives:  

  

! 

a = np, and let p =
"
T

,

p =prob. a given point lands in the interval

P[k points in "  seconds] #
n"
T
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Now we can solve the server  
queue problem! 
! Packet switcher (or very fast bank teller): 

! Packets arrive at the average rate of 1,000 per 
second. 

! The switcher can handle at most 1,500 / second. 
! Assuming we  

can buffer 1,500 
messages, what  
is the probability  
the switch will  
saturate in the 
first second? 



The solution 

!  Probability of saturation in one second: 

! Try a smaller interval, e.g. ! =10 ms, " =1000 arrivals 
per 1 s, !" =10, server rate=15/.01s, buffer size = 15. 
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MATLAB code 

% Solve server queue probability: 

% Psat is the probability that starting empty, a que (buffer) 
% of size tau*Qlimit would overflow in tau seconds. 

tau = .010; 
lambda = 1000; 
Qlimit = 1500;  % per second 

P = 0; 
for k=0:tau*Qlimit 

 P = P + exp(-lambda*tau)*(lambda*tau)^k/factorial(k); 
%  P = P + poisspdf(k,tau*lambda);    % This is the matlab built in fucntion 
end 

Psat = 1-P 


