Lecture 4

Combinatorics and Binomial,
Multinomial and Poisson distributions
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Server queue

= Packet switcher (or very fast bank teller):

a1 Packets arrive at the average rate of 1,000 per
second.

o The switcher can handle at most 1,500 / second.

0t What 1S the prob- p———
ability the switch
will saturate in a
given second?




Combinatorics: Drawmumbered BYuU

balls frormballs in an urn (a)
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If order matters and | replace chosen balls,
how many distinct samples of size r are there?
o r selections made, »n possibilities each time.

o n' possible outcomes

o Example: Ro

| four sided die 2 times:

1,1 2,1

3,1 |41

1,2 (2,2

3,2 4,2 n=4 n". orderedr-tupples of

1,3 |2,3

33 (43 |7~ 2 of n things with

replacement
'=16 .

1,4 |2/4

3,4 |44




Combinatorics: Dramnumbered BYuU
balls frormballs in an urn (b)

If order matters and | do not replace balls, how
many distinct samples of size r are there?

a1 r selections made, » possibilities first time, »n-1

second time, n-2 third choice, etc.
n!

ar (n), =n(n=1)(n=2)! (n—r+1)=(n o outcomes.
2,1 3,1 (4,1
1,2 3,2 (4,2 n=4 (n),: permutations
p=72 of n things
1,3 2,3 4,3 _ 19 takenr at a time
1.4 (2,4 |34 (n), =



Combinatorics: Drawnumbered BYU
balls fromn balls in an urn (c)

If order doesnOt matter and | donOt replace
balls, how many distinct samples of size »?

o There are ! ways of ordering r balls.
o cr=gip- (M), __ outcomes.

r éji# rl (n! r)ir!

1,2 or n — 4 o

2.1 C.": combinations
1,3 or 2.30r r = 2 of n things

3,1 3,2 C no— 6 takenr at a time

1,4 or 2,4 or 3,4 or
41 4.2 4.3




Bernoulli trials BYU
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Consider n tosses of a (perhaps unfair) coin.
(this Is a binary, or Bernoulli trial).

o For single coin toss:
" ={d.T}, P{# =H} =PlH]=p, P{#,=T} =PT1=q=1!p
2 For two tosses:

Q,={HH,HT,TH,TT} = QxQ, 4outcomes16eventsn 7.

a1 For n tosses:

Q =QxQx---Q, 2"outcomes2?’ eventsn F.

n times



Binomial distribution BYU
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Define event 4,={k heads im flips}.
Find P[A4,].
o Each flip is an independent event, so e.g. for k=3, n=5:
P{HHTHT]= P[H|P[H|P[T|P[H]P[T] = p’q*
Since 4, does not depend on order of heads or tails
(e.g. HHT! A, ,HTH! A,and THH'! A.):
o PlAJ=K plq™,
where K is the number of ways of getting £ heads in » flips.
How big is K?
o Leta)! {H T}, 1"i" n, be the outcome of the " flip:
o Pick & aOdrom {a,,a,! a,} to be heads.

o Order doesnOt matter (after picking), no replacement, so:
This is just K =?



Binomial distribution BYU
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Define event 4,={k heads im flips}.
Find P[A4,].
o Each flip is an independent event, so e.g. for k=3, n=5:
P[HHTHT]= P[H|P[H]P[T]P[H]P[T] = p°q*
Since 4, does not depend on order of heads or tails
(e.g. HHT! A, ,HTH! A,and THH'! A.):
o PlAJ=K plq™,
where K is the number of ways of getting £ heads in = flips.
How big is K?
o Leta)! {H T}, 1"i" n, be the outcome of the " flip:

o Pick & aOdrom {a,,a,! a.} to be heads.

o Order doesnOt matter (after picking), no replacement, so:
This is just K = (n choose k) = C,". i corresponds to the number on
a ball in an urn. Selected OballsO are designated Oheads.O



Binomial distribution BYU
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This is the Binomial distribution,

PIA] =K p'q"* :ifpkq”' “=b(kin, p)

K :§nf: c’ Is the binomial coefficient.
/gn

= nchoose k

= Combinations of N things taken K at a time.



Binomial distribution Example BYu
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Full redundancy error correction code:

o In a disaster, residents must hear a call to
evacuate three times before they will leave.

2 No ack / nack possible (unidirectional message)

o 0.7 probability that a single message is not
received by a given resident.

o Message Is repeated 10 times by radio, PA, etc.

What is the probabillity a given resident will
not evacuate?
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let E° = Aj# A# A, be the event the resident
did not evacuate.

a1 42 event that exactly | messages were received.
2 Now apply binomial distribution:

P[E‘] = P[Ag] + P[Aq] + P[A3] =7 (note:AgA = AgA, = AA, =")
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let E° = Aj# A# A, be the event the resident
did not evacuate.

a1 42 event that exactly | messages were received.
2 Now apply binomial distribution:

PE"]=P[A]+P[A]+P[A]

_ 0 0 10 0 1 9 0 2 8
_g/‘:p f(os) (0.7) +§j01 f(os) (0.7) +§j@2 f?o.3) (0.7)



Binomial distribution Example BYU
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let E° = Aj# A# A, be the event the resident
did not evacuate.

a1 42 event that exactly | messages were received.
2 Now apply binomial distribution:

PIE"]=P[A ]+ P[A]+P[A]
10\ o o (10N 10\
=(O)(0.3) (0.7) +( 1 )(0.3) (0.7) +(2)(o.3) (0.7)

= (1)(1)(0.0282) + (10)(.3)(0.0404) + (45)(.09)(0.0576)
— 0.383



Multinomial distribution BYU
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Instead of two outcomes, assume there are k&
possibilities (e.g. a six sided die).
Assume # trials, then:

_n . ,
P(r; na p) - ' I 'pllpzz I pkk
ARSI

k
where p:[plvpzo! pk]: I p,-zl, p,.#O" l,

i=1

k
= I | — at
l"—[l/'l,l"z,. rk]) ' r—=n
i=1




Multinomial distribution BYU

example: Yatzl!

Five rolls of my weighted die

2 What is the probabillity of rolling a straight (run)?
2 Our probabilities:

0.25

0.2

>> |oad dieRolls
>> par(hist(x,[1:6])./length(x))

I

15

>> p = hist(x,[1:6])./length(x)

0.1r

p =[0.0625, 0.1758, 0.1484, 0.5
0.1641, 0.2148, 0.2344]




Multinomial distribution BYU

example: Yatzi! L
Plug in the numbers:

Pla run] = P(r;n, p)+ P(r,;n, p) where r, =[1,1,1,1,1,0], r, =[0,1,1,1,1,1]
5' 1 1 1 1 | 0
1!1!1!1!1!0!(0.0625) (0.1758) (0.1484) (0.1641) (0.2148) (0.2344)

>! 0 I 1 1 1 1
+0!1!1!1!1!1! (0.0625)" (0.1758) (0.1484) (0.1641) (0.2148) (0.2344)

=0.0328

(Computed in MATLAB with: P_run = factorial(5)*(prod(p(1:5))+prod(p(2:6))) )
(Note that for fair dice P[a run] = 0.0309)



The Poisson distribution: BYU
Limiting binomial behavior
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What about an infinite number of coin flips,
where P|H]=p Is small for each flip?

o This models continuous trials where an event (like
a packet arrival) can occur at any instant.

'Nn
ﬂspk
#

wheren$ % p$ 0 but np = a, a constant:

consider b(k;n, p) = @' p)"*



Taking the Iimit BYU
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k 1s fixed, and small relative tq so:

ézo nl _nm"D(n" 2)-(n" k+1) n"
é K(n" k) k! ' Kl

k

] k k
Q —%$, 508/n$pk| L=
YIS N S TITY

1 N

o p)”"k#%" %2 forp* 0.

Now substitute back and take the limit:
k n
b(k:n—=o0, p—0)= —|Im(1—§)

n—oo n



Taking the limit (cont.) BYU
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++

Let f(t)=Ing +"_5“(§1ET _Inl" at)
" n=1/t t

0 "8 o)y, asn) *0 €

. —d " . .

r!@oo(h 7) = Ln}) exp f(z)) = ex Jino f (t))

Apply LO HospitalOs rule:
gnd-at) . -a

lim f (t) = lim & _ lim
=00 gt tol-at




This yields the Poisson law!  BYU
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k

So: bk:n# $,p# 0)" %e!“

Consider the case of n points placed
randomly on an interval of 7' seconds long:

n$ %
—

N N Nese N
I 75— 75 7<% 75

0 1t T

| N

X
X
X

Figure 1.10-1

Points placed at random on a line. Each point is placed with equal likelihood
anywhere along the line.



(cont.) BYU
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a=np, andlethF,

p =prob. a given point lands in the interval

$ nv k *n"|T

P[k points in " seconds] #énTz ‘ r
0 .

Now Interpret &=n/T as the average rate of
points per unit time, this gives:

1 k
P(k;t,t+",#)=¢€"" (#k')




‘ Now we can solve the server BYU

gueue problem!

= Packet switcher (or very fast bank teller):

a1 Packets arrive at the average rate of 1,000 per
second.

o The switcher can handle at most 1,500 / second.

o Assuming we
can buffer 1,500
messages, what
IS the probability
the switch will
saturate in the
first second?




The solution BYU
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Probability of saturation in one second:

" #1000
P[saturatiof= | 1000 S Hard to solve!

k=1501

Try a smaller interval, e.g. /=10 ms, “=1000 arrivals
per1s, /"=10, server rate=15/.01s, buffer size = 15.

00 e—lO 15 e—lO
P[saturation] =210k " =1-210k " = 0.0487

k=16



MATLAB code BYU

BRIGHAM YOUNG

UNITVERSITY

% Solve server queue probability:

% Psat is the probability that starting empty, a que (buffer)
% of size tau*Qlimit would overflow in tau seconds.

tau = .010;
lambda = 1000;
Qlimit = 1500; % per second

P=0;
for k=0:tau*Qlimit
P = P + exp(-lambda*tau)*(lambda*tau)”k/factorial(k);

% P = P + poisspdf(k,tau*lambda); % This is the matlab built in fucntion
end

Psat=1-P



