
Lecture 7 

Transformations of Random Variables 



Problem Statement 

!   Assume X is a random variable for which we 
know fX(x). 

!   Assume Y is a function of X, Y = g(X), and we 
donÕt know fY(y).  FIND fY(y). 
"   This happens all the time in engineering 

applications. 



The problem we want to solve 

!   Radar receiver square-law detector output 
"   fP(p) = !( ! (p)+! (p-1)),  fA(a) known (e.g. Rayleigh) 

f" (" ) = N(0,#"
2), and h[n] known. 

"   Find fY(y)! 

s[n] = (X[n] * h[n]) cos $n 

Y[n] 

" [n] 

!  
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Channel 

attenuation noise 

Received echo pulse 

!  

!  

Matched 
filter, h[n] 

Matched 
filter, h[n] 

(  .  )2 

(  .  )2 

Z[n] 

cos $n 

-sin $n 

s[n]: transmitted signal. 

X[n]:  random symbol,  
          pk = (1 or 0). 

h[n]:  pulse shape, length N. 
cos $n:  radio carrier 

! 

X[n] = pk" [n# kN]
k

$



Finding fY(y) 

!   Define an event around a point y, over a 
small interval increment, dy. 

!     

"   This used the rectangle area approximation, and 
is exact for incremental dy. 

!   The inverse image of this event in Y maps to 
an event in X with the same probability. 
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Finding fY(y) 

figure: 

y = 



Finding fY(y) 

!   Points between y and y+dy map in this 
example to 2 corresponding segments in x, 
thus the corresponding event is disjoint: 

!   Therefore: 

figure: 
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Finding fY(y) 

figure: 

y = 
fY(y) 
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Derivation continued 

!   Express prob. for intervals on X in differential form: 

!   dy maps to dx through local slope of g(x): 
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" g (xk ) =
dy
dx x=xk

g(x) 

|  | because some dx  
are negative 



The final result 

!   Now substitute back: 

!   Divide by dy, and extend to general form: 
! 

P[ y <Y < y+dy] = P[x1 " dx1 < X < x1]+ P[x2 < X < x2 +dx2]

= fY (y)dy= fX(x1)
dy
# g (x1)

+ fX(x2)
dy
# g (x2)
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Notes: 
1.  We exploited fact that 

dy is always positive. 
2. x1 ... xn are the n roots of 

y = g(x) given y. 



" [n] 

!  

a 

Channel 

attenuation noise 

Received echo pulse 

!  

!  

Matched 
filter, h[n] 

Matched 
filter, h[n] 

(  .  )2 

(  .  )2 

cos $n 

An example: Gaussian through a 
square law detector 



An example: Gaussian through a 
square law detector 

!   Signal model (with scaling c): 

!   Find the roots and slope: 

X Y X~ N(0,# 2) 

! 

Y = c X2, c > 0.

Y~ ??? 
c(  .  )2 



An example: Gaussian through a 
square law detector 

!   Signal model (with scaling c): 

!   Find the roots and slope: 

c(  .  )2 X Y X~ N(0,# 2) 

€ 

Y = c X 2, c > 0.
Y~ ??? 

! 

" g (x) = 2cx

€ 

x1 =
y
c

, x2 = −
y
c

y > 0

x1 = 0 y = 0

none y < 0
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 
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An example: Gaussian through a 
square law detector 

!   Substitute into general form 



An example: Gaussian through a 
square law detector 

!   Substitute into general form 

!   Substitute in known density for X 

! 

fY (y) =
fX y /c( )
2c y /c

+
fX " y /c( )
2c y /c

=
1

2 cy
fX y /c( ) + fX " y /c( )( )



An example: Gaussian through a 
square law detector 

!   Substitute into general form 

!   Substitute in known density for X 

! 

fX (x) =
1

2"# 2
e

$
x2

2# 2
, fY (y) =

1

8" c# 2 y
e

$
y

2c# 2
+ e

$
y

2c# 2
% 
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' 
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* 
* 
, y > 0

fY (y) =
1

2" c# 2
y$1/2e

$
y

2c# 2
, y > 0

This is weird! 

! 

fY (y) =
fX y /c( )
2c y /c

+
fX " y /c( )
2c y /c

=
1

2 cy
fX y /c( ) + fX " y /c( )( )



An example: Gaussian through a 
square law detector 

!   Special case: c = 1, #2 = 1 

!   This is central Chi  
Squared, " 2, one  
degree of freedom 
"   (see equation 2.4-20 

and MATLAB function 
chi2pdf) 
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Additional examples to work 

!   Example 3.2-8 from text/notes 
!   Example 3.2-10 from text/notes 



!   Given fXY(x,y) find fZ(z). 
!   The event { Z # z} $ { g(X,Y) # z}={( X,Y) % Cz} 

Problems of the form z = g(x,y) 

X 

Y 

dz 
g(X,Y) = z 

g(X,Y) = z+dz 
Cz 

Cz 
%Cz 



continued 

!   Thus  

!   So {z # Z # z+dz} $  {(X,Y) % &Cz}, implying: 

!   P[z # Z # z+dz] = P[(X,Y) % &Cz], equivalently: 

!   Find dz$& Cz and solve this for fZ(z).     
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Alternate method 

!   The previous approach was similar to what 
we did for transformations of 1 RV. 

!   Often it is easier to do the following: 
"   Recall:  

"   So: 

"   Must express integration region, Cz as a function 
of z.   
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Example: Sum of two RVs 
!   z = g(X,Y) = X+Y. 

!     

!      

!        
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Example: Sum of two RVs 

!     

!   Here we used the  
fundamental theorem 
of calculus     

Figure: 
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Example, sum of two uniforms 

!   Let X ~ U(0,1), Y~ U(2,4), Z = X+Y, X     Y. 
!     fXY(x,y) = (0.5)u(x)u(1-x)u(y-2)u(4-y). 
!     

€ 

fZ (z) = fXY(z− y,y)dy
−∞

∞

∫

=
1
2

u(z− y)u(1− z+ y)u(y−2)u(4− y)dy
−∞

∞

∫

=
1
2

u(z− y)u(1− z+ y)dy
2

4

∫



Example, sum of two uniforms 

!   Let X ~ U(0,1), Y~ U(2,4), Z = X+Y, X     Y. 
!     fXY(x,y) = (0.5)u(x)u(1-x)u(y-2)u(4-y). 
!     

! 

fZ (z) = fXY(z" y,y)dy
"#

#

$   for 2 %z%5, 0  else

=
1
2

u(z" y)u(1" z+ y)u(y " 2)u(4 " y)dy
"#

#

$

=
1
2

u(z" y)u(1" z+ y)dy
2

4

$

=
1
2

dy
max(2,z" 1)

min(4,z)

$ =
y
2 max(2,z" 1)

min(4,z)

  for 2 %z%5, 0  else
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2 5 

fZ(z) 

z 



Sum of independent RVs 

!   Let z = g(X,Y) = X+Y. 
!   Let X and Y be independent. 

)()(),( yfxfyxf YXXY =



Sum of independent RVs 

!   Let z = g(X,Y) = X+Y. 
!   Let X and Y be independent. 

!   Wow!  This is just convolution! 
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Back to the last example 

!   X ~ U(0,1), Y~ U(2,4), Z = X+Y, X independent of Y. 

* =      ? 
1/2 2 

fX(x) 

x 

1 

1 

1/2 

2 5 

fY(y) 

y 



Back to the last example 

!   X ~ U(0,1), Y~ U(2,4), Z = X+Y,   X independent of Y. 

!   Demo: pdfConvSumRv.m 
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What about our original problem? 

!   The quadrature square law detector: 

" [n] 

!  

a 

Channel 

attenuation noise 

Received echo pulse 

!  

!  

Matched 
filter, h[n] 

Matched 
filter, h[n] 

(  .  )2 

(  .  )2 

cos $n 

Note we could use  
the convolution rule  
here too! 

X 

Y 

Z 

Gaussian Chi squared, 
1 degree of 
freedom 

sin $n 



Apply the convolution theorem 

! 

fX (x) =
1

2" a# 2
x$1/2e

$
x

2a# 2 , x > 0, fY (y) =
1

2" a# 2
y$1/2e

$
y

2a# 2 , y > 0

fZ (z) = fX (z) * fY (z)



Apply the convolution theorem 

€ 

fX (x) =
1

2πaσ 2
x−1/2e

−
x

2aσ 2
, x > 0, fY (y) =

1

2πaσ 2
y−1/2e

−
y

2aσ 2
, y > 0

fZ (z) = f X (z) * fY (z)

=
1

2πaσ 2
1

z− x−∞

∞

∫ e
−

z−x

2aσ 2
u(z− x)

1
x

e
−

x

2aσ 2
u(x)dx



Apply the convolution theorem 

! 

fX (x) =
1

2" a# 2
x$1/2e

$
x

2a# 2
, x > 0, fY (y) =

1

2" a# 2
y$1/2e

$
y

2a# 2
, y > 0

fZ (z) = fX(z) * fY (z)

=
1

2" a# 2
1

z$ x$%

%

& e
$

z$x

2a# 2
u(z$ x)

1
x

e
$

x

2a# 2
u(x)dx

=
1

2" a# 2
1

(z$ x)x0

z

& e
$

z

2a# 2
dx for z ' 0 =

=
1

2" a# 2 e
$

z

2a# 2 dx
(z$ x)x0

z

&  for z ' 0 =
1

2a# 2 e
$

z

2a# 2
 for z ' 0

'  

This is exponential! 
(or Chi squared, 2 degrees 
of freedom) 

(note: See written notes for integral evaluation and example 3.3-8 p.149 for a different approach) 



pdf for Sum of two squared 
Gaussian RVs 

! 

fZ (z) =
1

2a" 2 e
#

z

2a" 2  for z$ 0

'  

This is exponential! 
(or Chi squared, 2 degrees 
of freedom) 

(note: See written notes for integral evaluation and example 3.3-8 p.149 for a different approach) 
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Product of two RVs 

!   Let z = g(X,Y) = XY. 

!   Find region where 
g(x,y)= xy # z 

!       
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Product of two RVs (cont.) 

!   Evaluate the derivative using fundamental theorem. 
"   Two forms of fundamental theorem: 

"   Now substitute: 

! 

fZ (z) =
d
dz

FZ(z) =
d
dz

0

"

# fXY(x,y)dxdy+
$"

z/y

# d
dz

0

"

# fXY(x,y)dxdy
z/y

"

#

=
1
y

fXY(z/ y,y)dy
0

"

# +
$1
y

fXY(z/ y,y)dy
$"

0

#

=
1
y

$"

"

# fXY(z/ y,y)dy, z> 0.

! 

d
dz

f (x)dx= f (h(z))
dh(z)

dz
,

d
dz

f (x)dx= " f (h(z))
dh(z)

dz
,

h(z)

#

$
"#

h(z)

$

Note: for z < 0 the region of  
integration looks like  



This applies to modulation, and 
random gain terms: 
!   Consider our original problem 

" [n] 

!  

a 

Channel 

attenuation noise 

Received echo pulse 

!  

!  

Matched 
filter, h[n] 

Matched 
filter, h[n] 

(  .  )2 

(  .  )2 

cos $n 

X 

Y 

Z 

Transmitted 
signal 

s[n] = (X[n] * h[n]) cos $n 



More examples 

!   Ex. 3.3-3 from text. 

!   pdf for height of center on a basketball team. 
"   see notes. 

Figure: 



Synthesizing Y with  
arbitrary fY(y) 
!   Let X ~ U(0,1).  This is easy to generate! 
!   You want to synthesize samples of  Y ~ fY(y). 
!   Consider Z= g(Y) = FY(Y).  (this is weird)  



Synthesizing Y with  
arbitrary fY(y) 
!   You want to synthesize samples of  Y ~ fY(y). 
!   Consider Z= g(Y) = FY(Y).  (this is weird)  
!      
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Synthesizing Y with  
arbitrary fY(y) 
!   This transform yields uniform Z, so invert it  to create Y with 

the desired pdf.   

!   Define transform  Y=h(Z) = FY
-1(Z) 

!   FY
-1(Z) always exists if FY(Y) is monotonically increasing. 

!   Uniform RVs like Z are easy to generate! 

!   Example from notes, synthTrianglepdf.m 

g(Y) = FY(Y) 
Z ~ U(0,1) Y ~ fY(y) 

h(Z) = FY
-1

 (Z) 
Z ~ U(0,1) Y ~ fY(y) 

This transform reveals the relationship  
between arbitrary Y and uniform Z 

Build the corresponding inverse transform in  
software to create arbitrary Y from uniform Z  


