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Transformations of Random Variables
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Problem Statement BYU
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Assume X Is a random variable for which we
know fy(X).

Assume Y is a function of X, Y = dX), andwe
donOt knowf,(y). FIND f(y).

+ This happens all the time in engineering
applications.

X —> gl vV

Figure 3.1-4

Input/output view of a function of a random variable.



The problem we want to solv
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Radar receiver square-law detector output
~ fo(p) = I( 1 (p)+/(p-1)), fA(8) known (e.g. Rayleigh)

f.(") =N(0,#.%), and h[n] known.
Find f,(y)!

Received echo pulse

A 4

(.

(.

i YIn]

Channel
Z[n|
= (X[n] *h
sin] = (X[n] *h[n]) cos$n o + e Matched
' : filter, h[n]
g N]: transmitted signal.
X[n]: random symbol, a "In] cos$n
P = (1or 0). attenuation noise Matched
X[n=$ p,"[n#kN] filter, h[n]
k
h[n]: pulse shape, length N.

cos$én: radio carrier



Findingf\(y) BYU
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Define an event around a point y, over a
small interval increment, dy.

y+dy
Ply<Y<y+dy]= | 1, (#)ad#" 1, (y)dy
y
- This used the rectangle area approximation, and
IS exact for incremental dy.
The inverse image of this event in Y maps to
an event in X with the same probability.



Findingf(y) BYy.
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y = g(x)
y + dy
y
X
fx(x)
— 777 %\
A
X1 O X2 X
— Xy + dxy

X — |dxq]

Figure 3.2-11

The event {y < Y =y + dy} is the union of two disjoint events on the probability space of X.

) © 2002 Prentice Hall, Inc.
figure: Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Findingf\(y) BYU
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Points between y and y+dy map in this
example to 2 corresponding segments In X,
thus the corresponding event is disjoint:

{y<Y<y+dy# {3x"[dx|<X<x}! {x <X <x,+dx}
Therefore:
Ply <Y <y+dy]

= P[x, ! |dx)| < X <x]+P[x, <X <x, +dx,]

) © 2002 Prentice Hall, Inc.
f|gure: Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Findingf(y) BYy.

UNIVERSITY

fy(y)

y = g(x) o
y + dy
7 y
Ply<Y<y+dy]
X
\ fi(X)
PLx! ] < X <dx] \L
T . %.
X1 O X2 ‘ X

Plx, < X <dx —Xp T dx
X — |dxq] L%, 2]

Figure 3.2-11

The event {y < Y =y + dy} is the union of two disjoint events on the probability space of X.

) © 2002 Prentice Hall, Inc.
figure: Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Derivation continued BYU
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Express prob. for intervals on X in differential form:

F)[Xk < X< X, +ka] ! fx (Xk)‘d)(k‘ | | because sonx

are negative

dy maps to dx through local slope of g(x):

dy a(x)
g'(X)dx =dy—dx =———,
g (Xk) dy { /
— gl)=2
, d dy
where = — 0(x -7
g (X) dXg( ) i, o

dx



The final result BYU
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Now substitute back:

Ply<Y <y+dy] = P[x, " |dx| < X <x]+P[Xx, < X < x, +dx,]

dy
g x,)

= f, (y)dy= f,(x) dy +1,(%;)

gx,)

Divide by dy, and extend to general form:

Notes:
f (%) f. (X)) 1. We exploited fact that
fy(y) =+ Tt dy is always positive.
9 (X1)| 9 (X”)| 2. X, ... X, are then roots of

y =g(X) giveny.



square law detector

Channel

Received echo pulse

o | |
>
!

a n [n]
attenuation noise

» |
.

Matched
filter, h[n]

cos$n

-

Matched
filter, h[n]
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square law detector

Signal model (with scaling c):

Y:qxﬂ c>0.

Y~ 777

X~ N(0,#?) X ——i¢( . Yr— Y

Find the roots and slope:
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square law detector

Signal model (with scaling c):

2
X~ N(0,#?) X ——lc( . B Y Y=cX]", c>0.
Y~ 227
Find the roots and slope:
X1=\/§,X2=—\/y y>0
C C . _
1%=0 y=0 g(x) =2cx

none y<O
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square law detector

. Substitute into general form




GGGGGGGGGGGG
IIIIIIIIII

square law detector

Substitute into general form

7))

f =
v () 2C+ly/C 2C4/y/cC 2

L {n )+ i)

Substitute in known density for X
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square law detector

Substitute into general form

fxla/y/c) fx("+/y/c
e = () 57

2Cc4ylc 2c4y/c

fy (y) =

Substitute in known density for X

f ( ) 1 $2),;22 f ( ) 1 %$2Z¢2 $2>,;7L‘2’(k 0
x (X) = e , Ty(Y)= € +e T y>
\2'"# 2 \/8"0#2\/§& )

$ y

1
fy(y) =
N 2" c#? This is weird!




An example: Gaussian througpe
square law detector

Special case: c=1,#=1

Y
|
1 o2

()= u(y)

n

2"y

This is central Chi
Squared, "?, one
degree of freedom

- (see equation 2.4-20
and MATLAB function
chi2pdf)
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—nN

——n=
—n=
-~ n=

= 1 degree of freedom
2
3
4




Additional examples to work BYU
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Example 3.2-8 from text/notes
Example 3.2-10 from text/notes



Problems of the forra= g(x,y)
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Given fy(x,y) find f,(2).
The event{Z#2z$ {g(X,Y) # Z={( X,Y) % C}

Y

dz ~a g(xX,Y) =z
CZ
g(X,Y) =z+dz
X
M//
9, |




continued BYU
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Thus F,(2) = P[(X,Y)" C,] =11 T,, (X, y)dxdy

CZ

So{z#Z#z+dd $ {(X)Y) %&C}, implying:

Plz # Z# z+dZ = P[(X,Y) % &C,], equivalently:
f2(2)dz = 1 £y (x, y)dxdy

C

Find dz3& C, and solve this for f,(2).



Alternate method BYU
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The previous approach was similar to what
we did for transformations of 1 RV.

Often it is easier to do the following:
- Recall: F,(2)=([f.,(X y)dxdy
Z !;[ XY

d d
- S0: fz(z):d—ZFZ(z):d—z!!fXY(x,y)dxdy

C:Z

+ Must express integration region, C, as a function
of z



Example: Sum of two RVs

BYU

BRIGHAM YOUNG

UNIVERSITY

z=g(X,Y) = X+Y. y
F,(2) = | fyy (X, y)dxdy dy z
C,:x+y"z /// / // . S
// %
x+y$z% x$ z#vy, so: (ﬁ%
" z#y 7 Z X
F,(2)= | | f,(xy)dxdy /
y=H#" x=#"
" d Z#y
f,(2) = | — | fyy (% y)dxdy /
y=#" d X=#" %
= | fXY(Z# Y, y)dy Figure 3.3-7
#T- The region C, (shaded) for computing the pdf of Z AX+vY

Figure: © 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Example: Sum of two RVs  BYu
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" d Z#y Y
f,(2)= 1 dz | fyy (X, y)dxdy
y=H#" X=#"

_If (Z#y y)dy /] Z AN y=2z—Xx
- . XY 1 % 7
: 7
Here we used the Z F; X
fundamental theorem /
of calculus
% | f(x)dx= f(z+c) %
-

Figure 3.3-7
The region C, (shaded) for computing the pdf of Z AX+vY.

Figure: © 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.
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Let X ~U(0,1), Y~ U(2,4),Z = X+Y, X LY.

fidX,y) = (0.5u()u(1-x)u(y-2)u(4-y).
f,(2)= f for(Z- Y, y)dy

= %j u(z- y)u(d-z+ y)u(y - 2)u(4 - y)dy

=%f u(z- y)Jul-z+y)dy
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Let X ~U(0,1), Y~ U(2,4),Z = X+Y, X LY.

fevfXY) = (0.5u(u(1-x)u(y-2)u(4-y).
f-(2) = Pfyy(z" y,y)dy for2%z %5, 0 else

i
1 #
=2 Pu(z" y)u" z+y)u(y" 2)u(4" y)dy
ny f(2)
L,
=— PU(z" y)u@" z+y)dy 1/2
> il
2 VAN
| min4.2) min(4,2) L, 5
=2 $dy =5 for 2%z %6, 0 else

max(2,z" 1) max(2,z" 1)
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Sum of iIndependent RVs BYU

Let z=g(X,Y) = X+Y.
Let Xand Y be independent.

iy (X, y) = T (X) £, (y)



Sum of iIndependent RVs BYU
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Let z=g(X,Y) = X+Y.
Let Xand Y be independent.

S (0, 9) = [ (6) £ (¥)

#

f2@2)="f(z! y,y)dy

I #

="fo (2! Y)Wy = [ (2)* f,(2)

Wow! This is just convolution!



Back to the last example
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X~U(0,1),Y~U(2,4),Z = X+Y, Xindependent of Y.

fx ()

1/2 +

1/2 -

f\(y)




Back to the last example BYU
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X~U(0,1),Y~U(2,4),Z = X+Y, Xindependent of Y.

f (X) fly) fA(2)

1/2 + 1/2 —+ 1/2 +

Demo: pdfConvSumRv.m



What about our original problegy®
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The quadrature square law detector:

Channel

ol | |
>
!

Received echo pulse

e Matched

/[n]

attenuatio noise

/

Note we could use
the convolution rule
here too!

Q’ fiter, hn] | ¢ )
cos$n z
Matched ( )2

»
»

@ filter, h[n] '
sin$n / \

Gaussian Chi squared,
1 degree of

freedom




X

$

1
fy(X) =
\2"a#?

fz(2)=fx(29* fy(2)
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Apply the convolution theoremBYu
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. Y

1 12, 9352 1 12, 2252
fy (X) = X" e 280" x>0, fy(y)= y ‘e 207 'y 0
\2mao? 2mac?
f2(2)=tx (@~ Tv(2)

e )

1 1
=2na02'£ Z-X

— 1 - '
e 28.0‘2 u(Z_ X)_e 2a0 u(X)dX
Vx




Apply the convolution theoremBYu
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X y
$
2 A

fy (X) = —— fy(y) = ——y
X Y ) ) Y I
\2" a#t? \2"a#?

f2(9=1x(@* fy(2

1 % $ z$X $ X
= 2 S Za#Zu(z$x)Te 2347 (X)X
$%
Z $ 2 This is exponential!
— & ! e 2#°dxforz' 0= (or Chi squared, 2 degrees
2"a#? (% X)X / of freedom)
z ' z
1 o> dx 1 9
= e 2a#° & forz' 0= e 22#° forz' 0O

2" a#? 0 );ﬁ/ 2a#°

(note: See written notes for integral evaluation and example 3.3-8 p.149 for a different approach)



pdf for Sum of two squared

Gaussian RVs

0.8

0.3F

0.1¢

0.7-
0.6/
05

0.4F

02

——n=1degree of freedom
——n=2
—n=3
- n=4
6 8 10
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e <@ orz
2an 2

f,(2) =

This is exponential!
(or Chi squared, 2 degrees
of freedom)

(note: See written notes for integral evaluation and example 3.3-8 p.149 for a different approach)



Product of two RVs

Let z=g(X,Y) = XY.

Find region where
g(X,y)= Xy # Z

F (2 =f(ffxv(x’ y)dx)dy

— 0

zly

0 o
+f[ffXY(x, y)dx]dy forz=0.

BYU
GGGGGGGGGGGGG
y
7
p dy]
GO »
Y =%

,/

Figure 3.3-3
The region xy = z for z > 0.

4
X

Figure: © 2002 Prentice Hall, Inc.

Henry Stark, John W. Woods.

Probability and Random Processes with Applications to Signal Processing, 3E.



Product of two RVs (cont.) BYU
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Evaluate the derivative using fundamental theorem.

Two forms of fundamental theorem

d e
$f(x)dx () 12, j B (x)dx="f(h(2)

Zh(2)

dh(z)

Now substitute: 471
(2 =— Fz( z) = # #fxv(x y)dxdy+ # #fXY(X y)dxdy
O $ 0 Zz/y
A °.$1
= H#= fy(2/y,y)dy+ H#— fy(z/y,y)dy Note:forz< O the region of

0 Yy g y mtegratloyks like
1
= #ﬂfXY(Z/Y1y)dY1Z>O- Q

J




This applies to modulation, a

random gain terms:
Consider our original problem

Transmitted
signal
gn] = (X[n] *h[n]) cos$n

»
o

attenuation noise

Channel

Received echo pulse

“[n]

cos$n

neYy

BRIGHAM YOUNG
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Matched X
filter, [n]
Z
Matched v
filter, h[n]

=



More examples BYU
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Ex. 3.3-3 from text.

0.5 frorermemermererene o :

0.693 z

Figure 3.3-6

The pdf of the maximum of two independent exponential random variables.

pdf for height of center on a basketball team.
see notes.

Figure: © 2002 Prentice Hall, Inc.
Henry Stark, John W. Woods.
Probability and Random Processes with Applications to Signal Processing, 3E.



Synthesiziny with _BYu
arbitraryf,(y)

Let X~U(O,1). This Is easy to generate!
You want to synthesize samples of Y ~ f(y).
Consider Z= g(Y) = F(Y). (thisis weird)



Synthesiziny with BYU,
arbitraryf\(y)

You want to synthesize samples of Y ~ {(y).
Consider Z= g(Y) = F(Y). (this is weird)

Wow!
£,(z) = fY,(yl) _ Sy () _ Sy () —1for0=z=<1=U(0J). —
‘g (yl)‘ ‘dF( ) Sy ()
dy y W1
. Fuy)
Notethattheris oneroot: ] /;
y,=F*(z) forOsz=<1
y

y.=Fy* (2



Synthesiziny with _BYU
arbitraryf,(y)

This transform yields uniform Z, so invert it to create Y with
the desired pdf.

Define transform Y=h(Z) =F,*(2)

F, (2) always exists if F\(Y) is monotonically increasing.
Uniform RVs like Z are easy to generate!

Example from notes, synthTrianglepdf.m

Y ~ ~ ~ ~
" gy =Ry [ZTHOD 20 UON oy pagy | YO

This transform reveals the relationship Build the corresponding inverse transform in
between arbitrary and uniformZ software to create arbitraifrom uniformZ



