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Sample average vs. expectation  BYY
The notion of an "average” for random quantities
makes sense to us: ~
1 Agrees with our experience.
+1 Represents what we can “expect” on average.

1 e.g. the average high temperature in SLC

in July is 91° F. We expect it to be hot in July.
Given N random numbers (i.e. samples, outcomes)
X{,X,,! X, drawn from a random variable X ~ f,(X),
their average (sample mean) is

C



Musings on expectation BYU

BRIGHAM YOUNG

How do we express this same intuitive concept without
having a bunch of samples? \

1 Note that something more is going <<
on here than just picking the midpoint:
Record high temp for July is 107° F.
Record low high is 65° F.

Mid range for high is 86° F, but average is 91° F!
How does the sample mean get it right?



Musings on expectation BYUL

How do we express this same intuitive concept without
having a bunch of samples? \

1 Note that something more is going <<
on here than just picking the midpoint:
Record high temp for July is 107° F.
Record low high is 65° F.

Mid range for high is 86° F, but average is 91° F!

How does the sample mean get it right?

In the average sum, relative frequency plays a roll since
values of X which are more likely appear more often.

Can we use f,(X) to recreate this effect?
Should be possible since fy(x) contains all info on X.



Example 1 BYU

UNITVERSITY

Loaded die

-1 For fair die the expected value is the \
average of the equally likely outcomes: @ /
E[X]= u= (1+2+3+4+5+6)/6 = 3.5 =

1 For a loaded die we must =
weight each outcome by
its relative probability:

0.151

u=!6 k P[k]

k=1

Demo: loadedDieMean.m

0.1

0.05r




Definition of expectation BYY
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Definition of mean, or expected value:

DiscreteRV: E[X]=pu=" xP[x]

alli

#
ContinuouRV: E[X]=pu =[x f, (X)dx
$#
Note that we have no samples here, just all possible
values, x or x;, of the RV, and the pdf or pmf.



Example 2 BYU
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Classroom exercise:

-1 Generate 4 samples of X ~ 0,60)by looking at
clock.

1 Convert them to ramp pdf by transform

Y=g(X)=+vX
+1 Compute sum of your four samples Y.

-1 Compute average across class, ..

-1 Compare with true expectation mean and the
midpoint.



Example 2 (cont.) BYU
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Derivation of ramp pdf:

()= f)f(xl) , X, = y* for 0=y < \/@, g'(x) =
"y ‘g (xl)‘

Derivation of the mean:
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Example 2 (cont.) BYU

Derivation of ramp pdf:

L) =L 2 02460, glr) -—

") g'(x) 24x
fr(y) = 1/160 for Osys\/@ =%for Osys\/@
2.y

Derivation of the mean:



Example 2 (cont.) BYU
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Derivation of ramp pdf:

_ Jx(x) — .2 ey — 1
L AOE T for 01 y! V60, 1) =——

fr(y)= 1/160 for 0! y! /60 :% for 0! y! /60

20y

Derlvatlon of the mean:
m 7.75

y . _y
U= dy= 1 y=— =5.16
#yfy(y) ly = y30 dy = 50,
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FExample 3: Gaussian expectation , BYY

$
E[X]= #<
o

+ +

1+x%u °
>R g‘%ﬁx

Let z= IOH ,

x=! z+u, dx=! dz

expl%—%’ dz

E[X] = #' z+u)i



FExample 3: Gaussian expectation , BYY

g 1 1/x-u\
HLX]- fwx( g )]]dx

X-u

Let z= — xX=0z+U, dx=0dz

oA S5

=0 smcefunctlonls odd

1S|ncej: f7(2)dz=1



FExample 3: Gaussian expectation , BYY
Let X ~ N(u,0°)

g 1 1/x-u\
E[X]=£X(Wex;{—2( - ))]dx

X-u
O

E[ X] = }(G Z+ u) (\/%e ;{—Z;]]odz

IOPRORI - kv v 3 iacd v |

what parameter =0 sincefunctionis odd _1smcef_ f, (2)dz=1

meant!
u \

Let z=

— X=02+u, dx=0dz

= u



Expectation of functions of RVs B

Let Y =g(X), then the theorem states:

E[Y|=Ey|Y]= Ig(x)fx(x)dx

#"

Why is this important?

BYU
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Expectation of functions of RVs B

Let Y =g(X), then the theorem states:

E[Y]=E,[Y]= | g(x) fx (x)dx

#"

Why is this important?

BYU

UNITVERSITY

1+ The only other way is to calculate f,(y) using transformation

of variables, then
E[Y]= 1y fy(y)dy

#II



Expectation of functions of RVs  BYU
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Let Y =g(X), then the theorem states:

E[Y]=E.[Y]= Ig(x)f (X)dx

Why is this important?

1+ The only other way is to calculate f,(y) using transformation
of variables, then

E[Y]= 1y, (y)dy

~1 If we only need E[Y] we save time avoiding computation of

fy(y).
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Example 3 BYU

Let X ~N(0,069), Y =g(X) = X *.

E[Y]—$x2 f (X) dx= $x22ﬁ& sz" 1'2;+++dx

Let zz% - X=&%7, dx=&dz

L2

E[Y]= $827 —d & $7 e ?,d
a $&Z)H)& 2 “ $Ziﬂ ;04




Example 3 BYU
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Now integrate by parts:

"udv=uv# "vduy,

u=z du=dz dv= £ e#zzzdz, v="_7% e#zzz dz= #1 e#zzz
’ \2$ \2$ \2$
: & 22)
1 #%
E[Y]=9%" 7 e 2+dz
YI=96" 2 poe 7
& ) Now we know
( 2| 2+ what parameter
:0/02( HZ 9#7 #," #l e#fdz-l-:o/o2 o’ meant!
E«/2$ 5, V28 B

—y *
-0 =#1



Example 3 BYU
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What does this tell you about the mean of a
Chi squared RV of one degree of freedom?



Example 4, mean ot a Poisson RV BYY
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Consider the server problem:
1 Packets arrive at rate of A per second.
1 Probability of k arrivals in T seconds is:

-AT

€ k
Y (AT)

PK(k) =

K is a discrete random variable, 0 < K < oo,
What should E[K] be”? Let’s test the definition!



Example 4, mean ot a Poisson RV BYY
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Consider the server problem:
1 Packets arrive at rate of A per second.
1 Probability of k arrivals in T seconds is:

I" )
K is a discrete random variable, 0 < K < oo,
What should E[K] be”? Let’s test the definition!

#
e
P (k)= x

% " % % "
E[K]= &k—(#$) &k—(#$) = #%e #$& (#$) 1
o K - K (k 1)

%
= #%e #$& ~(#9) = #e "™ = 43
| 0



An important property

Expectation is linear in the argument.

N

#IN & 11
E?$/Cl) gi(Xi)l(: Eg,(X;)],

i=1 i=1

E[ *h())g(X.) )d) | = *h0) )E[¢(X.) )] d)
Example

Received echo pulse

\ 4

(.

Channel
Z[n|
gn] = X[n] h[n] coswn =@_»@ Q‘ Vatched
filter, h[n]
s[n]: transmitted signal. A
X[n]: random symbol, nln] coswn

A\ 4

BYU
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(.

_ Complex gain noise

=por0. and phase, RV Matched
h[n]: pulse shape. filter, h[n]
COSwnN: radio carrier
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The expected value of Y[#]: BYU

Assume that in the absence of a
received pulse (i.e. X[n]=0), N

B[n] and By[n] ~i.i.d. N(0,0,2). (7 ,TL i
Boln —»

C.¥Y

Solution?
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The expected value of Y[#]: BYU

In the absence of a received pulse
(i.e. X[n]=0), B,[n] and By[n] ~ i.i.d. s

N(0,0,°). 7 i VI
Boln —»

C.¥Y

E|Y[n]]= E[Z g (Bl.)} - E[(B[[n])z + (BQ[n])z:

_ E[(Bl[n])2]+ E[(BQ[”])Z]

2 2 2
=0, +0, —2(7,,,



An integration example BYU
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X~N(u,) ), h(()=(, gX,()=X+(

_ & #
find: Eg A(()g(X.()d( !
% ;



An integration example BYU
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X ~N(uwo?), h(@=a, gXa)=X+a

find: E =E

1
f h(a)g(X,a)da
0

1
fa(X +a)da
0

1 1 1
=faE[X+a]da=fa(E[X]+a)da=fa(u+ a)do
0 0 0




Expectation of functions of

2 random variables
Let Z = g(X,Y).

E[Z]= !ZfZ(Z) dz

#

=1 1g(x,y) fiy(x,y) dxdy

#' #

Work example 4.1-5, p. 177.

UNIVERSITY



