Lecture 9

Conditional Expectation and Moments
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Definition of conditional BYU

expectation

Example applications:

1 Average height of astronauts.

1 Average resting heart rate of marathon runners.

1 - These conditionals define sub populations.

Definition 3

E[X|B]" O fys (x| B)dx
#$

E[X|B]" &XPg(X |B)

Example 4.2-1
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Discrete RV case
-1 Definition:  E[YIX=x]1=" ¥R (%)

Now use BayesO rule on unconditional mean:
E[Y]:" yjPY(yj)

]
]

= Y ! Py (%,Y;)

] [

# &
="y Ry DOP) =" %y Ry (Y, )P (%)
i $

E[Y]=" E[Y|X=x]P(x)



GGGGGGGGGGGGG

UNITVERSITY

Continuous RV case: $
-1 Definition: E[Y [ X=x]" O f,,(y|x)dy

#$

Now apply BayesO rule to unconditional
mean:

$ $ & ) $ S
E[Y]" O f, (v)dy= O ( Uy (x,y) dxidy= OB f, . (Y1) f, (x) dy dx

#$ #$ #$ #$ #$

$ 'S / $
= (). U oy 1)yt = QALY X =] () dx

#$ T#$ #$



Example, Joint Gaussian RVs BYU
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Let Xand Y be correlated jointly Gaussian RVs
_ 1 X +y°! 2(xyf
foy (X Y) = exp§‘ s
x9) 2%) 210 (2 B 2) (@ () -
Marginal densities are zero mean:

$ x?
1 #—
f.(X)=1,(X)= 04 (X, y)dy= e 2

Conditional is computed as we did before:

1 exp% x>+ vy 2(xy
oyt 29T DR () 1 o (9° f
™ f, (X) 1 exr% X ¢ 029 2@ (D % 2 ()
Jor) 2 gy 2) 2



Conditional expectation is thus

#

Ely| X =x]="y Ty (y[X)dy=!x

$#

by inspection.
Note that the conditional mean is not zero!
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Conditional expectation example: our

original digital comm/radar receiver

Received echo pulse
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; Yin]

Channel
zimp &) Z[n]
s[n] = X, h[n-kN] cos / n o + o | Matched o (. )
' filter, h[n] '
S[N]: transmitted signal. " it
e “[n I'n
X,: random symbol at k" random gain [ : o Zoln]
symbol period, =bor 0. | and phase noise Matched o (. )
h[n]: length N pulse shape. filter, h[n]

cos / n: radio carrier .
-sin/ n

Z,Tn]

Sample at n = kN for best matched filter SNR in
symbol period k, i.e. Y, = Y[kN], X, = X[kN].
What are E[Y, | X, =0], E[Y, | X,=b] and E[Y,] ?
If we can compute these we can design a detector
to decide if X, =b or X, = 0 given observation Y.



Hold on to your hats: definitions BYu
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X,. symbol (echo) = 0 or b. X[n] Is constant over N samples.
X, ~ fx(X) = pd(x-b)+(1- p)d(x), p=~10"
p= probability of an echo in symbol peri&

#, $. channel gain and phase. Represent propagation loss,
delay, and reflection effects.

" ~ Rayleigh, Ricean,Swerling, etc. 1. ,.#2 ;. $~U(0,2%)
"[n]: Gaussian channel noise. ! [n] ~N(0," ?)

n[n]: pulse shape. A symmetric length N low pass filter to
limit transmit bandwidth. Constrained so h[n]! h[n]| _ =1.

h{n] /\ X, h[n-kN]
. n 'r/\{ . A/\L

N N 2N 3N 4N 5N
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Z[n] =$X h[n%kN]cosl n+#)+"[n]
Z8&n) = ($X h[n %kN]cos( n+#)+"[n])cos! n
= $X h[n%N](cosQ! n+#)+cos#)l 2+"[n]cos! n
Z8n) = $X hn YN1(Sin@! n+#)+sin#)/ 2% [n]sin! n



Hold on to your hats: signal analysy
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Z[n]="X hn#KkN]cos($n+ %+ & n]
Zi[n]=("Xhh[n#kN]cos($n+%+&n])cos$n
= "X h[n#kN](cos(2$n+ % +cos /2 +&nJcos$n
Zo[n1="Xh[n#kN](sin(2$n+ 99 +sin /2 #&n]sin$n

h[n# kN]cos(2$n+ %),

" )(
Z [kN]=—X:h 2h
[KNI==X, [n1(+ +h[n# KN cos(% . [n]( (&n]cos$n)

n=kN
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Z[n] =" X h[n#kN]cospn+%+&nj
Z,[n] =(" Xh[n#kN]cos@n+ %+4&n])cospn
="Xh[n#kN](cos@$n+ %) +cos%/2+&n]cossn
Zo[n] =" Xh[n#kN](sin2$n+ 9% +sin%/2#&n]sin$n

Z [kN] = Xh[n]()(h[rlﬁ[:'\glfﬁffsn %) '+ 2h[n] &[n]cosfb’n

E X, c0s%t+ & [KN] =0, because h[n] is a
lowpass filter.

=" [KkN], by definition

= cos P, because
hin]" hin! kN]| _  =1.



Distribution for baseband noiseaYv
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I ~N(O," 2) ) (Just trust me on this, you
= ’ ’ - ,
don’t want to know why, yet.)

" 24 " 2 andpassbanevidth of h[n]

Likewise

#o
Zo[kN] =7 X, sin” +/ g[kN].

!'\[KN] and !/ ,[kN] are I.i.d. due to
orthogonality of sin and cos functions.



Now compute expectations  BYY
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E[Y, | X, =0] = Eh/ix cos#+$, [kN]£ +'— X, sin#+$ [kN]£2 X, =0C
&2 ) & ) £

= E[$7[kN]+$5[kN]| =21°

D Cool! Simple! Did not

need to compute f(y)!



Now compute expectations  BYU
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E[Y, I X, 0]—E4D/EX cos#+$, [kN]£ — X, sin#+$, [kN]fX :Ot
82 & )|

= E[$[kN]+$5[kN]| =217

D Cool! Simple! Did not
need to compute f(y)!
Yo 2 (
C X2 co§#+$2[kN]+ X, cos# $, [KN] *
E[Y, | X, =b]=E 4, X, = b*
+—X25|n277l7f+$2 KN]+— X sin#$,[kN .
o ZIKN] JdkN]




Now compute expectations  BYU
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E[Y, | X, =0] = Eh/ix cos#+$, [kN]£ +"— X, Sin#+$ [kN]fX =0
&2 ) &2 ) [

= E[$7[kN]+$5[kN]| =21°

T Cool! Simple! Did not
need to compute f(y)!

% (

— XZcoS #+$7[kN]+— X cos# $,[kN] *

E[Y, | X =b]=E" 4, X, =b*
§7X55|n2#+$é[kN]+§xk sin# $,[kN] '

2 "2
b"E[" "] E[coS #+sin” #] + 2+°

4
b ; ](E[cos#i E[$, [KN]] + E[sin#] E[$Q[kN]])



Now compute expectations  BYU
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L C.w_ (° -
E[Y, | X, =0]= E:'&E X, COs#+$, [kN]) +'&E stm#+$Q[kN]) X, =0C

= E[$7[kN]+$3[kN]| =21° —_

Cool! Simple! Did not
need to compute f(y)!

% 2 " (
' — X2 cos” #+F [kN]+— X, cos#$, [KN] *
ELY, I X, =b]=E 4, 2 X, =b*
o X sin” #+ S KNI+ X, sin# o[ KN] ;
=1

b*E["*] ) / ] 5 Expectations factor

E 7 +2+
_ 4 [cos” s 7] since #, $and ", are
+ 25U (Ejcos ) E[$, [KNII+ Elsin# El$g[kN]])  independent

T,
=0



Now compute expectations  BYU
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2

E[Y, | X, =0]= Eh/gx cos#+9, [kN]i +'— X, sin#+$ [kN]g
&2 ) & )

X, = 0C
: £
= E[$7[KN]+$3[kN]| =21°

D Cool! Simple! Did not

need to compute f(y)!

%2 (
—X2 c052#+$2[kN]+ X, cos#$, [KN] x
E[Y, | X, =b]=E 4, X, =b*
+—Xzsn #+$2[kN +—X sin#$.[kN .
o 2 ! $o[KN] 5 " in# $,[KN] §
2 n2
~ bEl ]E[cosz#+sin2#]+2+2 _b2(+?+/,l?)+2+2

+hE[" ](E[cos#] E[$, [KN]] + E[sin#] E[$Q[kN]]) 4



Conditional expectation as RVBYv
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A little difference In interpretation:
1 Consider Equation 4.2-12 (slide 4):

_ _ Subscript ‘Y’ reminds us
E[Y]= #!. E[YIX=X] 1, () dx ~—— which variable we are

taking expectation over
-1 Since E[Y | X = X] is a number, dependent on x,
we can view it as a function g(x) = E,[Y | X =x], and
we recognize the above equations is just
E[Y]=1 9(x) T, (X) dx =E,[g9(X)]

. g(X) is an RV!

E[Y] = Ex[E/[Y [ X]]



IIIIIIIIIIIII
UUUUUUUU

E[E[Y | X]] = E[Y]
If Xand Y are independent E[Y | X]=E[Y]

E[Y [ X = x]-lyfle(y|x>dy Iy fo(( )y) y

-1y h (fy)(f )(X) dy = lyf (y) dy=E[Y]

E,[E,[Z]X.Y]|X]=E,[Z|X]

(over for proof)



Conditional expectation propertiesyu
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E,[E,[Z1X,Y]|X]=E,[Z | X]

1 5w
E[ZIX=x]= $z f,x(z1x) dz= $z Pfyzx(zYy|X) dydz

"# " "#
#
_ fzyx(ZYX) 4 fzvx(ZY,X¥) fyx(¥.%)
;& e ;& ;$ ¥ 0
# #
= $ Ptk v (21%.y) fyix (¥ 1%) dzdy
"#"#
# U (
=% $ Z fz2ix v (ZIX,Y) dzf fyix (Y 1%) dy= Ey[Ez[ZIX.Y]IX =X]
"# #

\ for all x



Expectations continued BYu
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E[Y.] = Ex[E[Y | Xil] = E[Y [ X =O0]P(X =0) + E[Y, | X\ =B]P(Xy =b)

B2#E 1) | 0

=(1" p2#2+p
1" p) +|O& 4 :

_ oy 4 PO°(#5 + 1i5)
A



Expectations continued BYU
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E[Y,]=E[Y, | X, =0]P(X, = 0)+E[Y, [ X, =b]P(X, =b)

2 2 2
=(1-p)2o”+ p(b (G‘f He | 202)

2, pbz((fi "‘Mé)
4

What if we had to do this the direct way?
EYd = [y fy (e, TR

=20




Expectations continued

E[Y, ] = E[Y, | X, =0]P(X, =0)+ E[Y, | X, =b]P(X, =b)
)
& 4 )
_ o2 4 PO (#s + )
A

=(1" p)2#°+p

What if we had to do this the direct way?
E[Y,]1="y f,(»)dy, DUBNISYON

) (

Y, :%Xk cos++*,[kN]1iz +§;5Xk sin++*Q[kN]f£2

UNIVERSITY



Expectations continued BYU
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E[Y, ] = E[Y, | X, =0]P(X, =0)+ E[Y, | X, =b]P(X, =b)
)
& 4 )
_ o2 4 PO (#s + )
A

=(1" p)2#°+p

What if we had to do this the direct way?
E[Y,] = fy f, (y)dy, _ Trig transform

, ) . Squaring transform

Y, - (92~<k COSp +1 [kN]) + (% X, sing +nQ[kN])

Lo 1\

Discrete I Uniform
binary  ym

Yikes!

Rayleigh Gaussian



Conditional pdfOs are much easiesyu
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fux (Y[ X=0) = Y, =n"[kN] +n_[kN]

This 1s Chi-squared, 2 degrees
eV 2"Zu(y) «— of freedom. See p. 179 in text.

fv|x(Y| X, =0)=

20°°



Conditional pdfOs are much easiesyu
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f(YIX, =0) $ Y, =" 2[kN]+" 2[kN]

This 1s Chi-squared, 2 degrees
e"'? u(y) <« of freedom. See p. 179 in text.

fY|X(y|Xk =0) = K

(& [N+ (ab/2)cos$)

b (Y1X, =b." =a#=9) % Y,=
YIX K K .|.(&Q[|<N]+(ab/2)sin$)2

" 1 2+ P2 S,
fox(YI X, =b," =a,#=%) =, (yI X, =D, :a):Fe(( Ve 'o?ﬂ’\Nﬁ;U(Y)

/'

(since in the end this pdf did not depend on % 2= #
integrating out %6does not change the pdf.)

b & #ab . & a’
cos’( +%%sm (= 1

o



Conditional pdfOs are much easiesyu
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f(YI1X, =0) $ Y, =" 2[kN]+" 2[kN]

1 This 1s Chi-squared, 2 degrees
fox (Y] X, =0) = e"'? u(y) <« of freedom. See p. 179 in text.
2! ?

Zeroth order

(&. [kN] +(ab/2) cosog)z modified Bessel

function of

(Y| X =b" =a,#=%) % Y = :
Y|X k K + (& [kN]+(ab/2)S|n$)2 the first kind.

i (YIX=b" =a#=8)=f, (yIX =b" =)= e““”’z oﬁf,zu(y)

This is non-central Chi-squared, 2 degrees , #ab ”& #ab . "& a’b?
of freedom. See J.G. Proakis, Digital S = éogz cos’( +é052 sin"( = 4

Communications®@ed., McGraw Hill, p. 46



Conditional pdfOs are much easiesyu
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f(YI1X, =0) $ Y, =" 2[kN]+" 2[kN]

This 1s Chi-squared, 2 degrees
ghvi2 u(y) <« offreedom. Seep. 179 in text.

fyx (Y X, —O)—

& [kN]+(ab/2)coss)’
(& )

01X, =b," =a,#=$) % Y, =
Fn 1% SRR +(&Q[kN]+(ab/2)sin$)2

" n 1 s+ 2
fy|X()’|Xk :b’ :a,#:$):fy|x(y|Xk :bl :Cl):2— (( NIz +\/> M(Y)

o . , #Hab & #ab . & a¥%’
This is the non-centrality parameter (squared).  »S" = %27 cos’( +%&sm (=
SP=pl+ps,  ELY X, =b," =a]=#2+¢ 2 2 4



Example detection statistics  BYUY

Assume &2 =1,
S=).

If y> #decide
X, =p,l.e.an
aircraft echo is
present.

X =[0:0.02:10];

05;

BRIGHAM YOUNG

UNIVERSITY

0.451

0.4f

0.351

0.3r

0.251

0.2

0.151

0.1r

005

0

Detection
threshold, #

K UI%=0]

—fyk(y | X, =p)

0

plot(x,chi2pdf(x,2),x,ncx2pdf(x,2,5))



Definition of moments BYU
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rth moment, continuous RV

%SE[X"]= IX fy(¥)dx r=0,1,23!
o
rth central moment, continuous RV

m $E[(X#U) = | (X# E[X]' fx(x)dx, r=0,1,2,3,
o
rth moment, discrete RV

& =E[X"T="Y % Px(x)
i
rth central moment, discrete RV

m #E[(X" 1) ]=1 06" E[XiD)" P (%)



How are moments used? BYU
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These are OsummaryO parameters of the
distribution, they tell us important properties.

The full probabilistic behavior Is expressed In
f(X), but sometimes with enough moments
(i.,e. 0 $r $ R) we can uniquely identify fy(x).
First and second central moments (", = L,

m, = &%) have very useful physical meanings:
1 Average.

1 Power,y/m, = deviation from average, i.e.
randomness scale.



Example: Gaussian BYU
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Let X~ N(1, &?2).

’ | — :ua

m, =&

For Gaussian.

", and m, completely characterize fy(x)!

General rule (not just Gaussian):

—_ "2
m,=",#"]



Example: Uniform BYU
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Let X ~ U(0, 1).

$ $
"= O fy (X)dx= O u(x)u(L# x)dx
#$ #$

mp =7

m, =2

m, =7



Example: Uniform

Let X ~ U(0, 1).

1 1

1= xdlex2 =1
: 2 2
0 0
m, =7
=7

Mg

my =?

GGGGGGGGGGGG
UNIVERSITY



Example: Uniform BYU
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Let X ~ U(0, 1).

1
1

1 1,
& =fxdx=§x
0

0
1

my = [ (x=1/2)? dx="?
0

m, =7

m, =7



Example: Uniform

Let X ~ U(0, 1).

: 1,1
"1=1 xdx==x% ==
i 2 2
0 0 .
1
m2=f(x—1/2)2dx=éx3—lx2+ix _1
0 3 2 4 12
0
m =7

m, =7

BYU

BRIGHAM YOUNG
UNITVERSITY
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Example: Uniform BYU

Let X ~ U(0, 1).

1 1 1
" =l xdx==x°
; 2
! 1.1, 10 1
m, ="(x! 1/2)%dx==x>1 =x?+=x =—
0 3 2 4 . 12

1

0

1 L3, 3 .1
my = Hx" 1727 dx= " SxP+=x" —dx =2
0 0 2 4 8

m, =7



Example: Uniform BYU
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Let X ~ U(0, 1).

; 1, 1
"= Ixdx==x4 ==
i 2 2
01 0 1
m, = "(x! 1/2)2 dX:lXS! 1X2+EX :i Skew: measures
37 27 47 12 asymmetry
0 0 /
1 1 1 14153 1

mg =""(x! 1/2)3dx:"x3! §x2+§x! —dx==X X2+ %21 }x =

. . 478 4" 27 8" 87,

1 1
m, = H(x" 1/2)* dx= #x* " 2x3+§x2" %x+— dx="7?
0 0



Example: Uniform BYU
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Let X~ U(0, 1).
1 1
”1:|xdx:1x2 =1
. 2
01 0 1
m, = "(x! 1/2)2 dX:lXS! 1X2+EX :i Skew: measures
3 2 4 12 asymmetry
0 0 /
1 1 1
mg ="(x! 1/2)3dx:"x3! §x2+§x! 1a’x:lx‘l! 1x3+§le }x =
0 0 2 4 8 4 2 8 8 o
y y 3, 1 1
my =f(x—1/2)4dx=fx4—2x3+—x2——x+— dx
5 5 2 2 16

1 Kurtosis: measures
1o 1y, X3 L X2 + i X = L — “weirdness” (non normality)
5° 27 27 4" "16'], 80



Example: guantization error  BYU
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Consider an analog to digital converter (ADC) with
gauntization step size q.

Qauntization error, (=Y - X is well modeled as
( ~U-02, 9/2).
How much error power is due to quantization?




Example: guantization error  BYU
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Consider an analog to digital converter (ADC) with
guantization step size q.

Quantization error, (=Y - X is well modeled as
( ~ U-0/2, g/2).
How much error power is due to quantization?

Let Z=¢/q+1/2, Z~U(0,1), '
El(e-w)’]=E[e’]=E[(a[Z-1/2)°]  * | —
~PE[(Z-1/2] =qPm,, - q’ ( }, i‘;:::::::::::::""'"%
=12 y .
X 2




Definition of joint moments  BYY
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ith jth joint moment, continuous RV
% %

”ij #E[Xin] = &&iyijY(X’Y)dXdy
$%3$%

ith jth joint central moment, continuous RV
$ $

m; " EIOXE i)' (Y ) 1= # H#X ) (! iy)! Ty (% ) dxdy
I1$!3
Ith jth joint moment, discrete RV

# U EIXYIT=1 1 Xyl Py (X, Yim)

| m
ith jth joint central moment, discrete RV

my " EICX ! px) (Y ) = # (4 ELXD (Ym ! ELYD ! Py (X, Yim)

| m



Covariance and Correlation: BYU
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Correlation (sometimes called cross correlation)
rxy " #11= E[XY]

Covariance
c= CoX,Y]" myq=E[(X#ux)(Y #y)] = B11# 310 $o1 = rxy # Uy Ly

Correlation coefficient

m,, C - You have seen
o= = - this before!
\/ m,,M,, 1/ o i O \2(

Properties of )
#1" $" 1 $=0! X andY areuncorrelatd,

\$\ =1! X andY arecompletelycorrelategfunctionaly related



Properties of uncorrelated RV$YY
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Definition: X and Y are uncorrelated iff Cov[X,Y]=0.
If Xand Y are uncorrelated and Z =X +Y,

2 1 2 2 :
P'7=Ix+!'y «—— Can you prove this?

If X and Y are independent, they are uncorrelated.

CoV[ X,Y] = E[XY]" E[X]E[Y]. (whether independent or not)
Can you prove this?
If independent E[XY] = E[ X]E[Y], so CoyX,Y]=0.

Can you prove this?
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Example: linear regression | BYY

Let X be the distance in miles you live from your parents.

Let Y be the number of times you visit them during the 8
month school year.

Are Xand Y
correlated? can we ,
use X to predict Y? ) X Xxx/xx

. .- X
Linear prediction: X x| X ¥ XX /X

— T x XX Y, =aX+P
Yo # "X+
X
Figure 4.3-2

Pairwise observations on (X,Y ) constitute a scatter diagram. The relationship
between X and Y is approximated with a straight line.



Optimization £% = E[(Yp -Y)?]

criterion )
@, P = argmiﬁn E[(aX + B -Y)?]

Expand the expectation

"2 = E[Y?|# 2$E[ XY] # 29%&[Y] + 2$%E[ X] + $°E[ X?] + %

Solve the minimization

IIIIIIIIIIIII

UNIVERSITY
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Optimization £% = E[(Yp -Y)?]
criterion

@, /§5= argmiﬁn E[(aX + —Y)2]
Expand the expectation

"2 = E[Y?] # 28E[ XY] # 29&[Y] + 28%E[ X] + $2E[X?] + 96

Solve the minimization Set%zo, !Iiiz:o



Minimize mean squared error BYU
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Optimization £% = E[(Yp -Y)?]

criterion )
@, P = argmiﬁn E[(aX + B -Y)?]

Expand the expectation

"2 = E[Y 2] # 2$E[ XY]# 29%&[Y] + 2$%E[ X] + $°E[ X?] + %
=&y + 1y # 25 (CO X, Y]+ puypt, ) # 296 + 2894, +$° (&5 +1u3) + %6

Solve the minimization Set%zo, !Iiiz:o



Continued: BYU
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Take derivatives, get simultaneous equations

é =9%RCo\ X,Y] YUy Ly + 28Uy +25(° )2< +IJ>2<) =0

ézo@ﬂ\( +2%Uy +2&=0 ( &=y Yy

Back substitute:

Try it In class: regression.m



Continued:

Take derivatives, get simultaneous equations
—f: =9%RCo\ X,Y] YUy by +2&Ux +25(’ )2( + /J)Z() =0
"

=Ry + 28Uy +2&=0 (&= Ly Yy

Back substitute:

"COM X, Y™ pyldy + Uyl " #5 +#(S5 + 1y ) =0

Try it In class: regression.m

BYU

BRIGHAM YOUNG
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Continued:

Take derivatives, get simultaneous equations
"—#2 =%RCo\ X,Y] Y2y Ly + 28Uy +25(° )2( + IJ>2<) =0

=%y +28Uy +2&=0 (&= py Yy
Simplify and back substitute:

" CoX.Y]" /uﬁu/;w #f #(S2 + ,4/ )=0

_Coy X,Y] . Co[X,Y] Y]
7 $2 ' $2 Hx
Try it In class: regression.m

BYU

BRIGHAM YOUNG

UNITVERSITY



Chebyshev Inequality BYU
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A powerful tool!

2
p[ ‘)( /J‘ # $] 0/0&— Note that this is true for any fy(X) !

Proof

$
= 0 ) fy () dx &  Ux# ) fy (%) dx
#$ | Xt | &

&' Oy () dx = 'P[X#U&']
| X# &



Resistor manufacturing toleramg;g{m

[[[[[[[[[[

From sampling you know that manufacturing deviation in
resistor value is %= 0.02R.

What is the probability, P, that a 1k resistor will not be
accurate to within 5%?7

An upper bound on P Is sufficient to project manufacturing
COsSts.

If you assume normal distribution (a wild guess):
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From sampling you know that manufacturing deviation in
resistor value is %= 0.02R.

What is the probability, P,
accurate to within 5%7?

An upper bound on P,
COSts.

If you assume normal distribution N(R, (0.02R)?) (a wild guess):

#1.05/(1000" 1000& rf%%( 0.0124¢
"¢ (0.02(1000

If you make no assumption on f,(X):

that a 1k resistor will not be

IS sufficient to project manufacturing

P

reject

=1"2e
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From sampling you know that manufacturing deviation in
resistor value is %= 0.02R.

What is the probability, P,
accurate to within 5%7?

An upper bound on P,
COSts.

If you assume normal distribution (a wild guess):

§(0.09/(1000 54
Rejea=1' 2erf 00 (10001# 2erf§‘@ 0.01244

that a 1k resistor will not be

IS sufficient to project manufacturing

If you make no assumption on f,(X):

£(0.02)(1000

=0.160
$40.05)(1000) -

Reject = P[‘X ) 1OOQ( (0.05(1000]"



Schwarz inequality BYU
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Cov*(X,Y)" I 519

When does equality hold?



Schwarz inequality BYU
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Cov?(X,Y)" I £ 1%

When does equality hold?
+1 Only when X and Y are functionally related.

Example: covariance and self power for two
separate antennas receiving a deep space
radio astronomy signal.

+1 Using covariance suppresses noise!

+1 Show ASTRON synthesis imaging animation



