
Chapter 1

Radiation

We are now going to look at the properties of radiating currents. Ultimately, this understanding will lead us
into the basics of antenna design and analysis.

1.1 Scalar Green’s Function

The problem we are examining is: given a current distribution, what are the fields radiated. In statics, fields
have a simple enough behavior that we can write down the form of the field and solve for unknown constants
using Ampere’s law or Gauss’s law. With time-varying fields, the solutions are more complicated, so we
need a more powerful approach.
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Figure 1.1: A half-wavelength dipole antenna.

As an example, consider a dipole antenna that isλ/2 long and where the wire is in thêz direction, as shown
in Fig. 1.1. We can approximately express the current on the wire as

J(r) = δ(x)δ(y)ẑJo cos kz (1.1)

wherek is our wavenumber. (In general, we don’t know the current on a wire antenna exactly, so thecos kz
dependence is an approximation. We will look at some other approximations as well...) Note that this
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current goes to zero atz = ±λ/4 which is at the ends of our wire. We now wish to compute the electric and
magnetic fields radiated by this dipole antenna.

To simplify this analysis, we appeal to our knowledge of linear system theory. Recall that if you have a
system, and you inject into this system an impulse at timet = 0 of the formδ(t), then the outputy(t) = h(t)
of this system will be the system impulse response. Then, if I wish to know the response of the system to an
arbitrary excitationx(t), I simply perform the convolution

y(t) = h(t) ∗ x(t) =
∫ ∞

−∞
x(t− τ)h(τ)dτ (1.2)

The point is that the temporal impulse response completely characterizes the system, and therefore I can use
it to determine the output foranypotential input.

h(t)x(t) x(t)*h(t)

Figure 1.2: Linear system with impulse responseh(t). The output is obtained by convolving the input with
the impulse response.

In electromagnetic analysis, we have been working the in the frequency domain (sinusoidal steady state), and
therefore we are not so interested in the temporal impulse response. In other words, our excitations at this
point are a sinusoid, and so we only need to know the system response for a sinusoid. However, in our case,
a current distribution has aspatialcharacteristic. Just like in the analysis of temporal signal characteristics,
an arbitrary temporal function varies in time, in our case our excitation varies inspace. Therefore, we would
like to construct aspatial impulse response for the system. This should provide us with a mechanism for
determining the radiation for any current distribution.

This spatial impulse response is named theGreen’s Function. We will first solve for this function, and
subsequently use it to determine the radiation from arbitrary currents.

1.1.1 Magnetic Vector Potential

One way to find this impulse response would be to work directly with Maxwell’s equations. This can be
done, but it is rather difficult. An easier approach is to use the simpler wave equation,

∇2E + k2E = jωµJ (1.3)

The catch to this is that the wave equation has nonphysical solutions likex̂e−jkx which do not satisfy
Maxwell’s equations (longitudinal waves). To sidestep this problem, we will come up with another vector
quantity which also satisfies (1.3) and from which we can deriveE. This quantity is the magnetic vector
potentialA, which can be thought of as a mathematical construct to assist in the analysis of electromagnetic
fields.

The magnetic vector potential is defined based upon Gauss’ law∇ · B = 0. Since there is a vector identity
stating that

∇ · (∇×A) = 0 (1.4)
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for any arbitrary vectorA, then we can expressB as

B = ∇×A (1.5)

In other words, if the divergence of a vector field is zero, then we can express it as the curl of another vector
field.

Now, we can solve forA from Maxwell’s equations. From Faraday’s law

∇× E = −jωB = −jω∇×A (1.6)

∇× (E + jωA) = 0 (1.7)

Now, we also have an identity that states
∇×∇φ = 0 (1.8)

for any scalar functionφ, so that if the curl of a vector field is zero, then it can be expressed as the gradient
of some scalar. Therefore, we will rewrite the right hand side as

∇× (E + jωA) = −∇×∇φ (1.9)

E + jωA = −∇φ (1.10)

E = −jωA−∇φ (1.11)

The functionφ here is the scalar electric potential that you encountered in beginning electromagnetics. The
difference here is that we are looking at dynamic fields (whereas you mainly used this function for static
fields previously).

Now, using Ampere’s law, we have

∇×H = ∇× 1
µ
∇×A = J + jωεE (1.12)

∇×∇×A = µJ + jωµεE (1.13)

∇(∇ ·A)−∇2A = µJ + jωµε(−jωA−∇φ) (1.14)

= µJ + ω2µεA− jωµε∇φ (1.15)

Now, we have specified that the curl ofA must equalB. However, this does not completely specifyA. There
is a theorem in vector calculus that indicates that to completely specify a vector, we must specify its curl
anddivergence. In looking at (1.15), we see that our result would be significantly simplified if we choose

∇(∇ ·A) = −jωµε∇φ (1.16)

or
∇ ·A = −jωµεφ (1.17)

We call this condition theLorentz Gauge. There are other ways to specify the divergence ofA (other gauges),
but this is the best for our current problem. Using this gauge in (1.15) leads to a Helmholtz equation forA
in the form

∇2A + k2A = −µJ (1.18)

Notice that this equation is similar to the wave equation (1.3).
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1.1.2 Spatial Impulse Response Solution

Let’s assume that the solution to this differential equation can be written as a convolution form, that is

A(r) =
∫

J(r′)g(r − r′) dr′. (1.19)

In this convolution the termg(r) is the impulse response of the system. This impulse response relates the
magnetic potentialA to the current densityJ of the antenna. As shown in Fig. 1.3 the primed coordinates
correspond to the source terms and the un-primed coordinates to the observation point.
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point
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origin

Figure 1.3: The coordinant system.

The equation that we need to solve becomes

(∇2 + k2)
∫

J(r′)g(r − r′) dr′ = −µJ(r) (1.20)

Brining the terms inside of the integral results in
∫

(∇2 + k2)J(r′)g(r − r′) dr′ = −µJ(r) (1.21)

Since the termJ(r′) does not vary withr,
∫

J(r′)(∇2 + k2)g(r − r′) dr′ = −µJ(r) (1.22)

We can create the same integral on the right hand side by using a delta function as given by
∫

J(r′)(∇2 + k2)g(r − r′) dr′ =
∫
−µJ(r′)δ(r − r′) dr′ (1.23)

Eliminating the integrals and dividing both sides byJ results in

(∇2 + k2)g(r − r′) = −µδ(r − r′) (1.24)

We callg(r − r′) theScalar Green’s Function. It is essentially the impulse response of the antenna that
relates the spatial magnetic vector potentialA to an impulse current density.
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It is important to notice that the functions depend onr − r′. By symmetry,g(r − r′) really must depend
only on the distance between thesource pointr′ and theobservation pointr. We can therefore first solve
the equation forr′ = 0, and then replacer → r − r′ after the final solution. In spherical coordinates, then,
we have

g(r − r′)
∣∣
r′=0

= g(r) = g(r) (1.25)

Now, expanding our Laplacian in spherical coordinates and recognizing thatg(r) is not a function of the
coordinatesθ or φ, we obtain

1
r

d2

dr2
[rg(r)] + k2g(r) = −µδ(r) (1.26)

If r > 0, the right hand side is zero, so

d2

dr2
[rg(r)] + k2 [rg(r)] = 0 (1.27)

which leads to the solution
rg(r) = Ce−jkr + Fejkr (1.28)

For an outgoing wave, we must haveF = 0. Therefore, our Green’s function is expressed as

g(r) = C
e−jkr

r
(1.29)

where we still do not know the value of the constantC. This wave is simply a spherical wave that is
eminating from a point source.

To computeC, we need to integrate our differential equation (1.26) over a sphere of radius∆ in order to
include the effect of the delta function. For simplicity, however, we will go back to our Laplacian form so
that ∫

V
∇2g(r) dv + k2

∫

V
g(r) dv = −µ

∫

V
δ(r) dv = −µ (1.30)

Notice that we can write the first term in this equation as
∫

V
∇2g(r) dv =

∫

V
∇ · ∇g(r) dv =

∮

S
∇g(r) · n̂dS (1.31)

where we have used the Divergence Theorem, andn̂ is the outward unit normal to our spherical integration
surface (̂n = r̂). Using an expansion for the gradient in spherical coordinates leads to

∇g(r) · n̂ = ∇g(r) · r̂ = −C
e−jkr

r2
(jkr + 1) (1.32)

Also, in spherical coordinates we have

dv = r2 sin θ drdθdφ (1.33)

ds = r2 sin θ dθdφ (1.34)∫ 2π

0

∫ π

0
sin θ dθdφ = 4π (1.35)

Finally, our integrated differential equation becomes

−
∫ 2π

0

∫ π

0
C

e−jkr

r2
(jkr + 1)r2 sin θ dθdφ + k2

∫ ∆

0

∫ 2π

0

∫ π

0
C

e−jkr

r
r2 sin θ dθdφdr = −µ (1.36)

−4πCe−jkr(jkr + 1)
∣∣∣
r=∆

+ 4πk2

∫ ∆

0
Ce−jkrrdr = −µ (1.37)
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If we let ∆ → 0, we obtain

−4πC = −µ (1.38)

C =
µ

4π
(1.39)

so that

g(r) =
µ

4π

e−jkr

r
(1.40)

If we then letr′ 6= 0, we obtain

g(r − r′) =
µ

4π

e−jk|r−r′|

|r − r′| (1.41)

A(r) =
µ

4π

∫
J(r′)

e−jk|r−r′|

|r − r′| dr′ (1.42)

In these equations ther′ term is the source (the current) and ther term is the observation point (see Fig.
1.3).

As an example, consider an Infinitesimal Dipole (Hertzian Dipole). The current is given as

J(r) = ẑIdδ(r) (1.43)

This corresponds to a wire antenna with a constant current distribution on each side of the antenna and a
short length relative to the electromagnetic wavelength. The magnetic vector potential is then easy to find,
resulting in

A(r) =
µ

4π

∫
ẑIdδ(r)

e−jk|r−r′|

|r − r′| dr′ (1.44)

= ẑ
µId

4πr
e−jkr = (r̂ cos θ − θ̂ sin θ)

µId

4πr
e−jkr (1.45)

The fields and Poynting vector are

H(r) =
1
µ
∇×A(r) =

jkId

4πr
φ̂

[
1 +

1
jkr

]
sin θe−jkr (1.46)

E(r) =
1

jωε
∇×H(r) =

jkηoId

4πr

{
r̂

[
1

jkr
+

1
(jkr)2

]
2 cos θ (1.47)

+ θ̂

[
1 +

1
jkr

+
1

(jkr)2

]
sin θ

}
e−jkr (1.48)

S(r) = ηo

∣∣∣∣
kId

4πr

∣∣∣∣
2 {

r̂

[
1 +

1
(jkr)3

]
sin2 θ (1.49)

− θ̂

[
1

jkr
− 1

(jkr)3

]
sin 2θ

}
(1.50)
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1.1.3 Far-Field Approximation

We should note that we generally cannot perform the integration to computeA given a currentJ due to the
complexity of the Green’s function inside the integrand. Furthermore, in most applications, we are interested
in the fields far from the antenna. We therefore can use an approximation to simplify the mathematics.

Let r̂ be the unit vector in the direction of the observation vectorr. For a pointr very far from the source
point r′, we can approximate the value

|r − r′| ≈ r − r̂ · r′ (1.51)

So, for the phase term in our Green’s function, we can write

e−jk|r−r′| ≈ e−jkrejkr̂·r′ (1.52)

For the magnitude, we can simplify this expression even further by neglecting the termr̂ · r′ to write

1
|r − r′| ≈

1
r

(1.53)

We therefore have our far-field approximate form of the magnetic vector potential given as

Aff (r) =
µ

4π

e−jkr

r

∫
J(r′)ejkr̂·r′ dr′ (1.54)

Furthermore, when we take the curl ofAff to obtain the magnetic and electric fields, we neglect any terms
that come from this expression that decay faster than1/r (i.e. terms that behave as1/r2, 1/r3, etc.):

Bff = ∇×Aff

=
r̂

r sin θ

[
∂

∂θ
Aφ sin θ − ∂Aθ

∂φ

]
+

θ̂

r

[
1

sin θ

∂Ar

∂φ
− ∂

∂r
rAφ

︸ ︷︷ ︸

]
+

φ̂

r

[
∂

∂r
rAθ

︸ ︷︷ ︸
−∂Ar

∂θ

]

' − θ̂

r

∂

∂r
rAφ +

φ̂

r

∂

∂r
rAθ

' θ̂jkAφ − φ̂jkAθ

= −jkr̂ ×Aff (1.55)

Similarly, the electric field is

Eff =
1

jωε
∇×Hff ≈ − jk

jωε
r̂ ×Hff ≈ jωr̂ × (r̂ ×Aff ) (1.56)

(1.57)

Consider again the Hertzian dipole. If we neglect all terms that decay faster than1/r we obtain

Hff (r) =
jkId

4πr
φ̂ sin θe−jkr (1.58)

Eff (r) =
jkηoId

4πr
θ̂ sin θe−jkr (1.59)

〈Sff 〉 =
1
2

Re
{
S

}
= r̂

ηo

2

∣∣∣∣
kId

4πr

∣∣∣∣
2

sin2 θ (1.60)
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It is important to note that only the real power gets to the far-field. All of the reactive power falls off faster
than1/r, so it is confined to the region near the antenna and goes to zero in the far field.

Also, notice thatE andH are orthogonal in the far field, much as with a plane wave. This type of wave is
known as a spherical wave, because the constant phase fronts of the wave are spheres.

1.2 Antenna Definitions

There are several quantities that are important in defining the radiation behavior of antennas.

1. Power Radiated to the Far-Field:

Prad =
∮

S
〈Sff 〉 · n̂ds (1.61)

where the surfaceS encloses the antenna. The vectorn̂ is the outward normal to the surface. Typically,
we use a sphere for this surface.

2. Radiation Resistance:

Rrad =
Prad
1
2 |I|2

(1.62)

whereI is the current injected into the antenna terminals. This is the effective load seen by the
antenna’s feed transmission line.

3. Radiation Efficiency:

ηrad =
Prad
Pin

(1.63)

wherePin is the power delivered to the antenna terminals. If the antenna is made of lossy materials,
then this quantity is less than one. For many antennas, conductive losses are small, so thatηrad' 1.

4. Directivity:

D(θ, φ) =
Power density at(θ, φ)

Power density of an isotropic radiator
=

〈Sff 〉 · r̂
Prad/4πr2

=
G(θ, φ)
ηrad

(1.64)

Large directivity in a given direction means that the antenna radiation is tightly focused. An ideal
isotropic (omnidirectional) antenna has a directivity of one in all directions. For a highly directive
antenna, the maximum value of the directivity in dB is often specified,

5. Gain:

G(θ, φ) =
Power density at(θ, φ)

Power density of an isotropic, lossless radiator
=

〈Sff 〉 · r̂
Pin/4πr2

(1.65)

Gain differs from directivity only if the radiation efficiency is not equal to one.

6. Radiation Pattern:

p(θ, φ) =
G(θ, φ)

max{G(θ, φ)} =
D(θ, φ)

max{D(θ, φ)} (1.66)
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7. Beamwidth

The beamwidth is the angular width of the main lobe (largest directivity peak). There are several ways
of quantifying this: half power (3 dB point) full width, half power half width, and null to null width.

8. Sidelobe levels

For a highly directive antenna, low sidelobes are generally desirable, so a common specification is
maximum sidelobe level relative to the maximum directivity in dB.

Dmax

Angle

Sidelobe Level

Null−Null Full Beamwidth

Null−Null
Half Beamwidth

3 dB

Half−Power
Half Beamwidth

Half−Power
Full Beamwidth

B
or

es
ig

ht

Figure 1.4: Antenna pattern definitions. The curve shown is a slice through the directivity patternD(θ, φ).
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1.3 Wire Antennas

Let’s consider a wire antenna of the type shown in Fig. 1.1. We can express the current distribution on the
antenna as

J(r) = δ(x)δ(y)ẑI(z) (1.67)

whereI(z) = 0 for |z| > d/2, andd is the length of the antenna.

We now want to compute the fields radiated by this antenna. We will do this using the magnetic vector
potential in the far field, which from Eq. (1.54) is given by

Aff (r) =
µ

4π

e−jkr

r

∫
J(r′)ejkr̂·r′dr′

In the far field, it is convenient to express the components ofr̂ in terms of the anglesθ andφ of the spherical
coordinate system (we will need to take a dot product withr′, so we leave the unit vectors in the same
coordinate system asr′). Since the pointr′ will be integrated over the antenna, we expressr′ in a coordinate
system that best matches the antenna (in this case, rectangular):

r̂ = x̂ sin θ cosφ + ŷ sin θ sinφ + ẑ cos θ (1.68)

r′ = x′x̂ + y′ŷ + z′ẑ ⇒ z′ẑ (1.69)

r̂ · r′ = z′ cos θ (1.70)

Using this result,

Aff (r) =
µ

4π

e−jkr

r

∫
δ(x′)δ(y′)ẑI(z′)ejkr̂·r′dx′ dy′ dz′

= ẑ
µ

4π

e−jkr

r

∫ d/2

−d/2
I(z′)ejkz′ cos θdz′ (1.71)

For the Hertzian dipole example,I(z′) = I is constant and the lengthd is much shorter than the wavelength
(d ¿ λ). Because the length is small, the exponential term in Eq. (1.71) is approximately equal to one, and
the integral evaluates toId. The magnetic vector potential becomes

Aff (r) = ẑ
µId

4π

e−jkr

r
= (r̂ cos θ − θ̂ sin θ)

µId

4π

e−jkr

r
(1.72)

If we useHff = −(jω/η)r̂ × Aff andEff = jωr̂ × (r̂ × Aff ) to find the far magnetic and electric fields,
we obtain the results found in Eqs. (1.58) and (1.59). From the radiated fields, we can compute all of the
antenna parameters (power radiated to the far field, radiation resistance, directivity, pattern, beamwidth, and
so forth).

The constant current assumed in the Hertzian dipole example is merely an approximation to the true current
on a wire antenna. A better approximation is found in Eq. (1.1). The radiated fields and antenna parameters
for this current distribution can be computed by using (1.71). The directivity and radiation resistance found
using this more exact current model will be different from that of the Hertzian dipole, and closer to actual
measured values for a real wire antenna.
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1.4 Aperture Diffraction

We now are prepared to use our theory to examine aperture antennas. An aperture is nothing more than
an opening in an otherwise inpenetrable sheet orscreen, which is illuminated from behind (Fig. 1.5). The
radiated electromagnetic wave emanates from this opening or aperture.
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Incident wave

Diffracted Fields

Figure 1.5: An aperture antenna, consisting of a hole in a conducting screen illuminated by an incident
wave. The fields above the screen are diffracted by the aperture.

We will express the incident field as a nonuniform plane wave traveling in the+z direction, so that

E
i = x̂Eo(x, y)e−jkz (1.73)

Note that we allow this plane wave to have variations in thex-y plane, and it is therefore not auniform
plane wave like we have looked at in the past. An example of this type of wave is a mode of a rectangular
waveguide. This wave is incident on an aperture in an infinite ground plane lying in thex-y plane atz = 0.
We wish to determine the fields radiated by the aperture.

1.4.1 Equivalent Current

The difficulty is that the radiation integral derived previously is only valid for radiation by currents in free
space. We need to transform the aperture problem from a screen and incident wave to an equivalent current
in free space (which radiates approximately the same fields in our region of interest above the screen) as
shown in Fig. 1.6

To solve this problem, we make 3 key assumptions or observations:

1. The fields in the aperture are the same as the incident field distribution over the aperture

2. The currents induced on the conducting ground plane don’t contribute significantly to the radiation

3. We are not concerned with thereflectionbehavior in the regionz < 0.
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Js

Figure 1.6: Equivalent current for an aperture antenna. The fields radiated by the current are approximately
the same as the diffracted fields above the screen.

Item 3 above allows us to set up an equivalent problem that will create a field forz > 0 consistent with our
assumptions, even if it does not provide the correct field forz < 0. Using Item 2, we will therefore create an
equivalent problem of a current sitting in space within the aperture. We can then remove the ground plane,
and work with the current distribution that has replaced the aperture. To determine the form of this surface
current, we recognize from Item 1 that it must create fields just beyond the aperture (z = 0+) that are the
same as the plane wave fields. In other words:

E(z = 0+) = x̂Eo(x, y) (1.74)

H(z = 0+) = ŷ
Eo(x, y)

η0
(1.75)

Since we have replaced the aperture with a current, it must also radiate into the spacez < 0. Furthermore,
it will radiate symmetrically in both directions, with the exception that the fields will travel in the opposite
direction. Therefore,

E(z = 0−) = x̂Eo(x, y) (1.76)

H(z = 0−) = −ŷ
Eo(x, y)

η0
(1.77)

The equivalent current density in the aperture can now be determined using the continuity conditions onH
atz = 0, or

Js(x, y) = ẑ × {
H(z = 0+)−H(z = 0−)

}

= −x̂

{
Eo(x, y)

η0
+

Eo(x, y)
η0

}

= −x̂
2Eo(x, y)

η0
(1.78)

wherex, y are restricted to the region defined by the aperture. From now on, we will denote this region by
the symbolS.
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1.4.2 Far-Field Radiation

Using (1.54) leads to

Aff (r) =
µ

4π

e−jkr

r

∫

S
Js(x′, y′)ejkr̂·r′ dx′ dy′ (1.79)

For this problem, we can expand our vectors as

r̂ = x̂ sin θ cosφ + ŷ sin θ sinφ + ẑ cos θ (1.80)

r′ = x′x̂ + y′ŷ (1.81)

r̂ · r′ = x′ sin θ cosφ + y′ sin θ sinφ = sin θ(x′ cosφ + y′ sinφ) (1.82)

For notational simplicity, let us define

kx = k sin θ cosφ (1.83)

ky = k sin θ sinφ (1.84)

kr̂ · r′ = kxx′ + kyy
′ (1.85)

We can therefore write

Aff (r) = −x̂
µ

4π

e−jkr

r

∫

S

2Eo(x′, y′)
η0

ej(kxx′+kyy′) dx′ dy′ (1.86)

Finally, using (1.56) leads to

Eff = jωr̂ × (r̂ ×Aff ) = E(r, θ, φ)F (θ, φ) (1.87)

where

E(r, θ, φ) = −r̂ × r̂ × x̂
jωµ

4π

e−jkr

r
(1.88)

F (θ, φ) =
∫

S

2Eo(x′, y′)
η0

ej(kxx′+kyy′) dx′ dy′ (1.89)

Clearly, the first term results from thêx polarization of the incident wave, but is otherwise independent of the
incident wave. The second term,F (θ, φ), represents the influence of the incident wave. What mathematical
transform does this term look like?

Example: Constant rectangular aperture distribution. Suppose thatEo(x′, y′) = Eo = constant. Let’s
also assume that the aperture is rectangular, defined by−Lx/2 ≤ x ≤ Lx/2 and−Ly/2 ≤ y ≤ Ly/2.
Then

F (θ, φ) =
2Eo

η0

∫ Ly/2

−Ly/2

∫ Lx/2

−Lx/2
ej(kxx′+kyy′) dx′ dy′ (1.90)

=
2Eo

η0
LxLy

sin(Lxkx/2)
Lxkx/2

sin(Lyky/2)
Lyky/2

(1.91)

The radiated power for this field can be computed as discussed above. However, in this case, we know
the fields immediately in front of the aperture to be those of the incident plane wave. Since the real power
density for a plane wave is given as|E|2/2η0, we can in this case simplify our computation as

Prad =
∫

S

|Eo(x′, y′)|2
2η0

dx′ dy′ =
|Eo|2LxLy

2η0
(1.92)
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The gain is therefore given as

G(θ, φ) =
|Eff |2/2η0

Prad/4πr2
(1.93)

=
4π

λ2
LxLy(cos2θ cos2φ + sin2φ)

[
sin(Lxkx/2)

Lxkx/2

]2 [
sin(Lyky/2)

Lyky/2

]2

(1.94)

=
4π

λ2
LxLy(cos2θ cos2φ + sin2φ)

[
sin(kLx sin θ cosφ/2)

kLx sin θ cosφ/2

]2 [
sin(kLy sin θ sinφ/2)

kLy sin θ sinφ/2

]2

(1.95)

In going from the first line to the second line, we have used the relationships

x̂ = r̂ sin θ cosφ + θ̂ cos θ cosφ− φ̂ sinφ

|r̂ × r̂ × x̂|2 = cos2 θ cos2 φ + sin2 φ

Notice that the maximum gain is

Gmax =
4π

λ2
Area (1.96)

This relationship is often used to define an effective aperture area for other types of antennas (for example,
what is the effective area of a Hertzian dipole)? A theorem in antenna analysis is that the power received by
a matched load for any antenna is equal to the product of the incident field power density and the effective
area of the antenna in the direction of the incident field.

With the same graphical method that is used for plotting antenna array patterns (visible window method),
it is relatively straightforward to sketch the gain in the planesφ = 0 andφ = π/2. Let’s considerφ = 0.
Sincesin 0 = 0 andcos 0 = 1, our gain expression becomes

G(θ, 0) =
4π

λ2
LxLy

[
sin(kLx sin θ/2)

kLx sin θ/2

]2

=
4π

λ2
LxLy

[
sinux

ux

]2

(1.97)

whereux = kLx sin θ/2. Note that the zeros of the function occur atux = mπ, wherem = ±1,±2, . . .,
and the maximum is atux = 0. Therefore, it is easy to sketchG as a function ofux.

Now, in order to transform from a plot ofG(ux) to a plot ofG(θ, 0), we create anotherux axis the same
length as the one used to plot the gain. Sinceux = πLx/λ sin θ, by trigonometry we can draw a semi-circle
of radiusπLx/λ centered on your newux axis. The angle from the vertical axis will represent the value of
θ. It is then straightforward to sketch the gain as a function ofθ.

What happens as the size of the aperture is increased (or the operating frequency is raised)? From the
equations above or the graphical pattern, it is easy to see that the main lobe of the pattern will grow narrower
and higher. This means that a wider aperture in general has a narrower pattern and higher gain. This is why
radiotelescopes are so large! Mathematically, this also follows from the behavior of the Fourier transform
in Eq. (1.89), since the transform of a broad function is narrow.
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πL/λ

ux

θ

πL/λ sinθ

Figure 1.7: Visible window method for sketching an aperture antenna pattern.
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1.5 Circular Aperture

Let’s now consider that our aperture is circular with a radius ofa instead of rectangular. In this case, we
must integrate in cylindrical coordinates, which leads to the expressions

x′ = ρ′ cosφ′ (1.98)

y′ = ρ′ sinφ′ (1.99)

r̂ · r′ = x′ sin θ cosφ + y′ sin θ sinφ

= ρ′ sin θ(cosφ cosφ′ + sin φ sinφ′) = ρ′ sin θ cos(φ− φ′) (1.100)

Eq. (1.89) then becomes

F (θ, φ) =
2Eo

η0

∫ a

0

∫ 2π

0
ejkρ′ sin θ cos(φ−φ′) ρ′ dφ′ dρ′ (1.101)

We start with theφ′ integration. There is an integration rule that states
∫ 2π

0
ejt cos(φ−φ′)dφ′ = 2πJ0(t) (1.102)

whereJ0(t) is the zeroth-order Bessel function of the first kind. We therefore have

F (θ, φ) =
4πEo

η0

∫ a

0
ρ′J0(kρ′ sin θ) dρ′ (1.103)

Usingx = kρ′ sin θ anddx = k sin θdρ′, we obtain the integral

F (θ, φ) =
4πEo

η0

1
(k sin θ)2

∫ ka sin θ

0
xJ0(x) dx (1.104)

We now use a second integration rule
∫

xJ0(x)dx = xJ1(x) + C (1.105)

to obtain

F (θ, φ) =
4πEo

η0

1
(k sin θ)2

ka sin θJ1(ka sin θ) (1.106)

=
4πEo

η0

a

k sin θ
J1(ka sin θ) (1.107)

=
4πEoa

2

η0

J1(ka sin θ)
ka sin θ

(1.108)

We also know that

Prad =
∫

S

|Eo(x′, y′)|2
2η0

dS′ =
|Eo|2πa2

2η0
(1.109)

Eff = −r̂ × r̂ × x̂
jωµ

4π

e−jkr

r

4πEoa
2

η0

J1(ka sin θ)
ka sin θ

(1.110)

= −r̂ × r̂ × x̂jkEoa
2 e−jkr

r

J1(ka sin θ)
ka sin θ

(1.111)
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The magnitude of the power density in the far field is

|Eff |2
2η0

=
k2a4|Eo|2

2η0r2
(cos2 θ cos2 φ + sin2 φ)

[
J1(ka sin θ)

ka sin θ

]2

(1.112)

The gain (assuming a lossless aperture) is therefore given as

G(θ, φ) =
|Eff |2/2η0

Prad/4πr2
(1.113)

=
4π

λ2
πa2(cos2 θ cos2 φ + sin2 φ)

[
2J1(ka sin θ)

ka sin θ

]2

(1.114)
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