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1. Perform Arithmetic Operations with Fractions: (i) We expand the fraction by/10:
(&) We apply the rules for adding, subtraction, mul- o ) = 5 \/E 5v/10
tiplying and dividing franctions and obtain step V10 \F V10 vio 10
by step that _ 5\/> B 1
(E_l);2_5*1;2:é;2
2) 77 2 T 7T 277 i )
2.2 _2.7_27 (i) We expand the fraction by02/3:
17 1 2 1.2
=U_gq 5 5 10*%  5.10%°
Y10 101/3 "102/3 ~ 101/3.102/3
(b) _ 5 10%/3 _ 5 102/3 1975
(c) Here, we observe that the integeris identified 101/3+2/3 10 2 ’

with the fractiony. Therefore, multiplying or
dividing mixed terms can be easily reduced to
working with fractions:

(k) We expand the fraction by’5 — /6 and use the
identity (a + b)(a — b) = a® — b*:
3 _ 3(v5 - V6)
V56 (VB +6) (V5 - Vo)

12+l_12.4_12.%_ﬁ_478

1= 17— 1 - 11 71
— 48 _3(V5-V6)
(V5)" - (V6)?
(d) 3(v5 - V6)
2. Simplify (and Rationalize) Expressions Involving Ex- 5-6
ponents and Radicals: ~ 3(vV5 - V6)
=——"
@ V65
(b) =3/6-v5)
3. Simplify E i Involving Absolute Value:
(c) Here, we apply the laws of exponent and obtain implify Expressions Involving Absolute Value
step by step (a) Since—5 < 0, we have| — 5| = —(—5) = 5.
Moreover sinces > /5, |t follows that + <
(7@)7% _ 7(@)7% f, since the function — |s order—reversmg.
i ! ) - Hencei — % < 0 and thus|5 \1[) =
=—(55)° RERTYT =3 ~(5 = Jz) = —5 + - Therefore,
1 1 1 1
d S —|=-Z+-—F2-5
" R e
(€) _ L i1 5o
(f) \/5 5 5
(@ (b)
(h) (©)



4. Simplify Expressions Involving Factorials: (b)
@ (b) ©) (c) We use the formulae?® + 2ab + b = (a + b)?
anda® — b? = (a — b)(a + b) to factor the poly-
5. Manipulate Logarithmic Expressions: nomial:
0=4z* +42% +1

(a)
(b) = (22%) +2(20%) - 1+ 12
(c) Recall that the base-2 exponential funcian, 9 1 2, 1y)2
is the inverse function ofog,. Applying exp, ( 7+ )2 ( (@"+ 2>)
on both sides of the equation, we see that = 4(a? 2)
log,43 =y & 29 = 43 = (22)3 = 25, Since =4(z+4 f) (z — f)Q,
exp, IS one-to-one, it follows thag = 6.
(d) Hence,z = —£v2 orz = £./2 are double
(e) roots of the given polynomial.
(H Using the logarithmic rules, we obtain (d)
3 [logs y + 2logg(y +4)] —logs(y — 1) ()
= slomsytlogsly+47] —loaly-1) s d find the Vert
. Complete the Square and find the Vertex:
= 3 logg (y(y +4)%) —logg(y — 1) P a
1/3
= logg (y(y + 4)2) —logg(y — 1) @
o, (L2 0) ®)
- Og8 _ 1 N
Y y = 32% — 62 + 12 = 3(2% — 22) + 12
(g) We apply the We!l-known logarithmic rules step _ 3((x 12 (_1)2) 112
by step and obtain
=3z -1 -3+12
4In6 —3In2+2In3 —In8 = :3(£_1)2_~_9.

=4In(2-3) —3mn2+2In3 — In23

= 4(1112 +1n 3) —3n2+2ln3—3n2 The vertex of a parabola is its local extremum,

— 424+ 4n3— 32+ 23— 32 which is clearly attained when the tefim— 1)?
has its minimum, henc¥ = (1, 9).

—(4-3-3)In2+ (4+2)In3
= —2In2+In3. ©
y = 22% 4+ 20z + 3 = 2(2% + 10x) + 3

(h) We apply the logarithmic rules and obtain
=2((z+5)>—25)+3

51n6—1n30+1n% =

=5In6—In(5-6) —In5 =2(z +5) — 47,

=56~ (In5+W6) ~In5 hence the vertex i§ = (=5, —47).
=5In6—-In5—-In6—1Inb

=4In6 —2In5. 8. Solving Quadratic Equations by Factoring or Using

) the Quadratic Formula:
6. Factor a Polynomial and Solve:

(@) We us the formula? — v* = (a — b)(a + b) to (@
factor the polynomial: (b) We use the formula? + (a + b)x + ab =
0=9z2 —4=(3z)% — 2 (x + a)(z + b) to factor the polynomial:
=3z —2)(3x + 2).
( ) ) 0=a?—2—-2=(z—2)(x+1),
Hencedz—2 = 0or3z+2 = 0and thuss = 2
2 hencex =2orz = —1.



(c) We use the formula; aox? + (a1 B +aa By )z +
0182 = (a12+61) (asx+32) to factor the poly-
nomial:

0=22%—-52x—3=(2z+1)(z —3),

hence2z+1 =0orz—3 = 0 and thuse = —1

r(0) < 0,7(2) >0, r(3) < 0andr(7) > 0.
Hence, we conclude that

<0, ze€

(

r(x) >0, z€(1,2
(
(

<0, z€(2,6

(d) Thus, the solution set of the given inequality is
(e) Using the Binomial formula, we can easily fac- S:=(1,2) U (6,00).
tor the given polynomial (f)
0=a—6z+9=(z—3)? 10. Solving Inequalities Involving Absolute Values:
which implies thatr; = x5 = 3. (@)
() We use the “quadratic formula” to solve the (b)
guadratic equations, since it does not have a ra- (c) We are asked to find all € R that satisfy the
tional zero: inequality7 < |8z — 72|. First note that
B E VAPl 8z 72,  Sr—72>0
Tr = — — >
2-1 8x—72|:{x ’ roies
72:&\/_7472:&21'71:‘:1. —(8x—172), 8x—72<0
2 2 ' 8z —72, x>9
@) -8z +72, z<09.
9. Solving Inequalities: We will therefore solve the inequality on the
subdomaing; := [9,00) andDs := (-0, 9),
@) where|8z — 72| can be expressed witholt |,
(b) separately:
(c) (i) First, letx € Dy = [9,00), then|8z — 72| =
d) 8r — 72 and

(e) We consider the left side of the inequality as a
rational function and set

1 4 5r—10
T(w)ix—1+x—67(x—1)(x—6)
5(z — 2)

" (@ 1)z 6)

Clearly, the domain of is D, := R\ {1,6}. As

a rational function- is continuous on its domain
D, and by the Intermediate-value Theorem of
Calculus can only change its sign (change from
positive values to negative or vice versa) at its
only zeroxzy = 2 or at its singularitiess; = 1
andz, = 6.

In order to determine the sStof all such points

x € D, for whichr(z) > 0, it suffices to de-
termine the sign of at one “test point” of each
of the subintervalg—oc, 1), (1,2), (2,6) and
(6,00) of D, obtained by removing the zeroes
of the numberator and denominator »ofrom

R. We choose the points 37 3,7 as test points
on those intervals and find (please verify!) that

7 < |8z — T2
is equivalent to the following inequalities

7T<8x—T2
79 < 8x
79 .
8 <z,
which implies that the solution set of the given
inequality onD; is S := (%2, 00).
(i) Next, letz € Dy = (—00,9), then|8zx —

72| = —8x + 72 and similar as in the preceed-
ing case

7 < |8z — T2
is equivalent to the inequalities

7T< —8x+ 72
8r < 65

65
LIJ<§,



(d)

from which follows that the solution set of the
65

given inequality onDs is S5 := (—o0, ).
The solution set of the inequalify< |8z — 72|
on R is therefore the union of the solution sets
on the subdomains, i.e.

S:=5US; = (%, 00) U (—o0, %)
We are to determine all € R satisfying the in-
equality|z — 3| — |z + 1] < z. To this end, we
first observe that

T —3, r—3>0
|z — 3| =
—(x—3), z—3<0

)z =3, >3
N —rz+3, x<3
and

z+1, z+1>0
o 1] =
—(x+1), z+1<0

_Jxz+1, x> -1
B —zrz—1, xz<-1

Therefore, we will subdivide the domakinto
the subregiondD;;= [3,0), D2 = [-1,3)
andDs; := (—oo, —1) on which the termgr — 3|
and|z + 1| can be simultaneously replaced by

absolute value free expressions. On these sub-

domains, the given inequality can be rewritten
without absolute value expressions:

() Letxz € Dy = [3,00),then|x—3\ =x—3
andlz + 1| =z + 1land
2 =3 —|z+1 <=

in turn is equivalent to

r—3—-(z+1) <z
r—3—-rz—-1<zx

and thus to
—4 <z,

which implies that the solution set of the given
inequality onD; is Sy := Dy = [3,0).

(i) Next, letz € Dy = [-1,3), then|z — 3| =
—z+3andjz+1]=z+1and

e =3|—]z+1 <=z

is equivalent to the following inequalities

—x+3—(x+1) <z
—2x+2<«x

x§3x7§ <z,

from which follows that the solution set of the

given inequality onD; is S5 := [2, 3).

(iii) Finally, let x € D3 = (—o0,—1), then

|t — 3| =—z+3and|z+ 1| = —x — 1. Then
e =3|—]z+1] <=z

is again equivalent to the following inequalities

—z+3—-(—z—-1) <z
—zx+34+z+1<z
5 <z,
from which follows that the solution set of the
given inequality onDs is empty, i.e.S5 := 0.
The solution set ofz — 3| — |x + 1] < zonR
is therefore, the union

S=5USUS;
=[3,00)U[2,3)U0
= [3.00)

11. Solve Exponential and Logarithmic Equations:

(a) Since the (base-2) exponential function is one-

to-one, the identit® +37 = 1024 = 210 im-
plies

10 = 22 4 3z
and therefore
0=2a?+3z—10 = (z +5)(z — 2),

hencer = -50rz = 2.

(b) Clearly, the exponential equation

6(2°*71) -7=9

is equivalent to

231—1 _ 16 _ 273
2.3 3
and thus to
23274 _ 1
3

Applying the logarithmic functiorlog, to this
equations first yields

3z —4=—log,3
and then

T = %(4—10g23).



(c) The exponential equation ®
0=e* —4¢® -5 )

can be reduced to a quadratic equation by thel2. Find the Equation of a Line:
substitutiony := e”:

0=y?—4dy—5=(y—5)(y+1) @
=y —dy-5=u-5)w+1)
(b)
The solutions of the quadratic equation gre- ©
5andy = —1. We have to resubstitute the
permissible values of back into the equation (d)
y = e*. The first solutiory = 5, produces the
equation5 = e* which implies thatr = In5, ©)
while the second solutiop = —1 vyields the ) ] S ]
equation—1 = ¢* which has the complex so- 13. Find the Distance and Midpoint between Two Points:
lution z = i.
e) (b)
() (©
(9)

(h) First, we observe that the given equation has do—l4' Graph the Quadratic Equation (Conic):

main (0, 00). Thus, ifz € (0, 00), we can con-

clude using the logarithmic rules that (@) We transform the equation

2 —
1:21n(x+2)f%1nx4 vm—6r4+2y+9=0

=2In(z+2) -2z into normal form by “completing the square”

:2(1n(as—|—2)—lnz>
(x—32-9+2y+9=0

42
=21 . 2 _
Dividing the equation by, yields hencey = —1(z — 3)%, which is the equation
of a parabola opened downwardly with vertex at
1 (w + 2) (3,0).
—=In
2 T

(b) We transform the equation

Applying the natural exponential functiasp
(which is the inverse function ofn) on both
sides of the equation yields

( (m+2)> T+ 2
=exp | In =
T x

162 4 16y* — 162 +24y —3 =0

into normal form by “completing the square”

W=

e

16(2? — x) + 16(y* + g) =3

Iirgtnf(;/ﬁg\lﬁgtggtmult|ply|ng the equation by 16((1: _ %)2 _ i) F16((y + i)z _ %> -3
16(z — 3)> +16(y + 3)* = 16.

zve=x+2
Division by 16 yields
and then
Plve-1)=2 @-H++H =1
hence,
> = 2 . which is the equation of a circle of radius 1 and
Ve—1 center(1, —3).



(©)

(d)

We transform the equation
2 4y*—20-31=0
into normal form by “completing the square”
(x? —2z)+y*—31=0

(z—1)2-1+9*>-31=0
(x — 1) +y* = 32,

which is the equation of a circle of radids/2
and cente(1,0).

We first transform the equation

—92% — 24z +4y®> — 8y +16 =0

into normal form by “completing the square”

—9(2% + 82) +4(y* —2) = —16
“9(( 47 =) + (- 17 - 1) =16
9z +4) +16+4(y 1) —4=-16
9@+ 5 +4(y—1)% = 28
(x+3)° w-1?_,
28 7 o
9
Clearly,
2

is the equation of a hyperbola obtained from the
hyperbola

$2

y2
= — = =1, 2
x 7 2)
which is in standard position, by a shift by the
vector(—3,1).
We will first determine the asymptotes, vertices,
center and foci of the hyperbola (2). Recall that
the asymptotes of (2) can be easily determined

from the modified equation

3]

2
€T Y
Z__Z =0
27
by solving fory. Clearly,y? = Z2z% = a2
Therefore, the asymptotes of the hyperbola (2)

are given by the equations
Y= :t%:t.

Moreover, the foci(+c,0) can be determined
from the equation? = a? + b2, wherea? =

2 andb? = 7. Sincec = \/@ —
1v28 4+ 63 = /91, the foci of (2) are given
by

F = (-3V91,0), F=(3V91,0).

The vertices(+a,0) are obtained fromz =
\/ 2 =2yTandare

V= (-3V7.0), V= (3VT.0)

Clearly the center” of the hyperbola (2) is at
(0,0) and constitutes the midpoint of the trans-
verse axis determined by the faEj and Fs.

In order to find the asymptotes, foci, vertices and
center of the hyperbola (1), we only have to shift
the corresponding equations or points, respec-
tively.

Thus the asymptotes of (1) are

15. Find the Composition of Two Functions:

16. Find the Inverse of a Function:



(d) Clearly, the functiory : R — R defined by
flx)=a2?+92+5= (a:+%)27%
(note that its graph is a parabola!) ist not injec-
tive (one-to-one), since, for example,
2
G =G+3) -%

S S

_ 19 . 9\2 29 _ 19

=(=%+3) - F =73
Therefore,f is not invertible onR. However,
we can, for example, restrict it to the subinter-
val [-3,00). This restriction, which we will

also denote byf, constitutes a bijectiory

[f%, o0) — [724—9, oo) as can be easily verified.

We will detern;ine its inverse: To this end, first
sety = (z+35)"—2. Nextinterchange andy,

which leads to the equatian— (y + 2)* — 2.

Then solve fory: Taking the square root of
(v +3)° =2+

yields

y+3l=yz+ %

and

yta=y\r+ %

sincey € [—5,00), implies|y + 2| =y + 3.

Thus
y=—3+\r+%

Hence, the inverse function
f_l : [—%,OO) - [—%,OO)

is given by

fFlay==-53+/z+2

forz € [-22, 00).
We conclude by showing thgt! is indeed in-
verse tof on[—3,00): Letz € [—2,00) then

F@) =1 (@97 - %)

2
=39 -2
=3+ o+ 3]
=-3+z+3

= X.

Conversely, let: € [-22, o) then

FU @) = F(=3+ 2+ 2)
= (gerrEey) -2

—rt -7
= .
(e)
17. Find the Domain and Range of a Function:
(a)
(b)
(c)
(d)

(e) (i) Domain off: The domain off is the largest
subset ofR for which

V99— V9—a?
/(@) 22-3z+2 (z—2)(xz—1)
V9 — a?

is well-defined. Therefore, we have to eliminate
thosez € R for which0 = 22 — 3z +2 =
(z —1)(z—2),i.e.z = 1landz = 2, and
confine ourselves to those € R for which
0<9—22=B-2)3+x),iexel-33
Thus

Dy =1[-3,3]\{1,2}.

(i) Range of f: To determine the range df,

we will first compute the range of its restrictions
to each of the subdomains given by the intervals
[-3,1), (1,2) and(2, 3]. Note that theonly ze-
roes of f are the boundary points3, and3 and
also note thaf is continuous on its domain. We
can therefore apply the Intermediate-value The-
orem to each closed subinterval of its domain:

We begin with the subintervdl-3,1). Since
f(=3) =0, f(z) > 0forall z € [-3,1) and
lim,_,,- f(x) = oo, as can be easily verified,
we conclude using the Intermediate-value The-
orem that the range of the restriction to the
interval[—3,1) is [0, c0).

We will now consider the behavior of on
the subinterval(1,2). Clearly, lim,_,;+ =
lim, - = —oo and f(z) < 0 forall z €
(1,2). It can be easily verified thaf attains
its global maximum on the subintervél, 2)
where the denominator of which is given by



the paraboldxz — %)2 — 1 has its smallest value
which is precisely ag where the parabola has
its vertex. The corresponding function value of

fis

iy =V

Hence, again by the Intermediate-value Theo-
rem, the range of the restriction ffto the inter-
val (1,2) is given by the interva]—6+/3, —c0).
Finally, consider the interva(2,3]. Clearly,
f(z) > 0forall z € (2,3], f(3) = 0 and
lim,_,,+ = 0o, as can be easily verified. Hence,
again by the Intermediate-value Theorem, the
range of the restriction of to the interval(2, 3]

is [0, 00).

The range off on its total domainD; =
[-3,1) U (1,2) U (2,3] is therefore the union
of the ranges of the restrictions ¢f Hence

range(f) = [0, 00) U [—6+/3, —00) U [0, 50)
= [-6V/3, —00) U [0, c0).

(f)

18. Determine Whether a Function is Even, Odd or Nei-
ther:

(a)
(b) We computef (—z) and check whether it equals
f(z) or—f(x) or neither:

fl=a) = (=2)V/1 = (=2)?
~ (~evT=7)
= —f(=)
Since,f(—xz) = —f(z) forallz € R, fis odd
onR.
(€
(d)

(e) We computef(—x) and check whether it equals
f(x) or — f(x) or neither:

3(—x)3 —7(—x)
(—x)t —2(—x)2 -7
—3x3 +7
x4 — 222 -7
323 -7
St — 2227

= —f(@).

Sincef(—z) = —f(x) forall z € R, f is odd
onR.

fl=z) =

(f)

(9) We computef (—z) and check whether it equals
f(x) or — f(x) or neither:

fl-a) = (-a)* =5 = —a* =5

which is clearly not equal to eithef(z) or
—f(x) for all x € R: Choose for example
x = 1. Then,f(—1) = —6 while f(1) = —4.
Hence,f is neither odd nor even dR.

(h) We computef (—z) and check whether it equals
f(x) or — f(x) or neither:

f(=z) =1+ (—x)? cos(2(—x)) + (—x)

=1+a%cos(2z) — 2

Again, we see thaf (—z) is not equal to either
f(x) or f(—x) for all z € R: Choose, for in-
stancex = I, thenf(—3) = 1 — %, while

f(%) =1+ Z. Hencef is neither odd nor even

4
onR.

19. Graph Exponential and Logarithmic Functions:

@)
(b)
(©

20. Manipulate Complex Numbers:

(@)
(b)

(c) We expand the fraction by the conjugate of the
doniminatorl — 2i:

6-7i 6-—Ti 142
1—2 1—-2 1+2i

_6-1+ (—74)(26) +6- 20 + (—T7i)1

1—(24)2
_6+14+0(12-7)
B 1+4

20 + 57 )
= =4 +41.

5

(d) We first simplify the fraction and then expand
by the conjugate of the denominator:

~3—i _ —(3+i) _ 3+
—1-2i —(1+2i) 1+2
C3+4i 1-2i
T 1+2 1-2i
_3+24i0(—641)
N 12 — (2i)2
0T g
5



(e) We first add the two fractions and then transform
the sum into standard form by expanding by the
conjugate of its denominator:

i 20 i(3+ 8i) + 2i(3 — 24)
35-2i "318i (3 — 2i)(3 + 8i)
_ 3i—8+46i+4
© 9416 +i(24—6)
4+ 9
25+ 18i

—44+9; 25— 18i

25+ 18i 25 — 18i

—100 + 162 + (72 + 225)
625 + 324

62 + 297i

949
62 297

919 " o19"
21. Finding Powers and Roots of Complex Numbers Us-
ing D’'Moivres Theorem:

(a)

(b) We will first transform—1 — /34 into polar
form. Since the point represented by the com-
plex number—1 — /3 is located in the 4th
guadrant, we can compute its argument by

arg(—1 — V/31i) = arctan <\{§>

= arctan V3 = g
Its modulus or absolute value is
=1 Vil =/ (-1)2+ (-V3)? =2.

Therefore,—1 — /31 has the polar representa-
tion

1 —V3i=2e50

and by d’'Moivres Theorem

(*1 - \/3:2)3 = (2e%i>3 — 9335
= 8™ = 8(cos7r + ¢ sin 7r)
= 8((—1) + Oi) = —8.
(c) Recallthatifn = 4k + r with 0 < r < 4 then
i — Ak Ak (i4)kir — 1k

= Z‘T7

and thus
1 n=0 (mod4)
)i n=1 (mod 4)
E n=2 (mod 4)
—i n=3 (mod4)
In particular, sincg9 = 4 - 9 + 3, we have

(d) We first transform16 + 124 into polar form.
Since the point corresponding to the complex
numberl6 + 12i is located in the 1st quadrant,
its argument is given by

¢ = arg(16 + 12i) = arctan(12)

= arctan(%).
Its modulus or absolute value is

|16 4 12i| = 4|4 + 3i| = 41/42 4 32
= 4/25 = 20.
Thus
16 + 12i = 20e¥".

By d’Moivres Theorem, the two square roots of
16 4 12¢ are given by

20 =V 20e3t = 2\/56%i
and
20 = V20e 215 = 2\/BeBitT,

(e) Since64 = 2% is a real number, its argument
arg(64) = 0. Thus its polar representation is

64 = 2607,

By d’Moivres Theorem, the six roots ofl are
given by the equations

0i | 2wki ..
2 =2e6 716 :2(cos%+zsm%k)

fork=0,1,...,5

Explicitely

20 =2

21 =2(cos T +isin %)
=2(3+iv3)=1+iV3

z3 = 2(Cos %’T + 4 sin %’T)
=2(-i+iV3)=-1+iV3

zZ3 = -2

24 =—1—-14V3

zZ5 = 1-— Z\/g

Note that the six roots of 64 are equally spaced
around the circle of radius 2 starting with the
angle 0 with counterclockwise increments of

/3.



