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. Two-Sided Limits: Find the Following Limits if they
Exist:

(&) We first reduce the argument of the limit opera-
tor and obtain the expression

whose limit clearly equals
=2

by (R 3:3a).

(b) Letg(z) := 2® — 62 — 9. As can be easily ver-
ified, ¢(3) = —18 # 0, hence3 € D,., where
r(z) = (z — 3)/(2? — 62 — 9). Hence, we can
evaluate the limit of-(z) at the pointc = 3 us-
ing (R 3:3d) and obtain

z—3 3-3
lim =
zadxz—Gx—Q 32-6-3-9
=0.

(c) Since the polynomiaf(z) = 22 — 5x + 4 is
zero atc = 1, as can be easily verified, we can-
not apply (R 3:3d) to compute the given limit.
Therefore, we try to reduce the fraction:

i r—1 T r—1

m  -—-————=11M —0

rx—1 ;I,‘2—5$U+4 rz—1 (.’L’—l)(.ﬁl}—él)
1

m
z~>1x—4

The denominator of the reduced fraction is dif-
ferent from zero at = 1. Hence, we can apply
(R 3:3d) and obtain

(d) Expanding the fraction by yields

NSRS ST
lim T = lim ———3<
:v—)Ol—i—; :v—>0([;(]_—|— )
r—1
= lim
z—0 1T+ 1

which satisfies the assumptions of (R 3:3d).
Hence the limit can be determined by evaluat-
ing the argument function at= 0

_0-1
01

(e) By (R 3:3e) in conjunction with (R 3:2c),
lim,_2vz—1=+2-1=1+#0, hence we
can evaluate the given limit using the quotient
rule for limits (R 3:2(a)iv)

lim S 38 ii_%gf_?’
=2 y/x —1 ]imz\/x—l
_3-2-3

=3
1

by (R 3:3c) and the initial computation.

() We combine the fractions in the denominator
and factor the denominator using the identity

z—2=(yz—V2)(Vz + v2), then follows

11
lim Y2 V= _
r—2 x—2
Va—v?2
= lim vz
= (E V) (VE T VD)
V-3

= lim

VI ()
"o 2x(f+f)

The limit of the denominator can be computed
using the product rule and summation rule for



limits (R 3:2(a)iii) and (R 3:2(a)i) in conjunc- Hence,
tion with (R 3:3e) and (R 3:3c¢)

L

lim V22 (v + v2) = =1 -1 °
h) Clearly,
= lim \/Qx(limz Va + lim \/5) " y

I tan? x oy sinx sinx
:\/@( /lirr12x+\/§) Tz b\ 2 o2z
T— T—

=V2: 2(‘/5 + ﬂ) =4v2#0. and by the product rule (R 3:2(a)iii)
Hence, by the quotient rule (R 3:2(a)iv) — lim sinz lim sin x

z—0 x  2—0cos2x

1
lim ————— = since both limits exist. In fact, by (R 3:3j)
—>2 . ! -
’ 25”(‘/5 + \/i) lim, .o *>* = 1 and since by (R 3:3g)
B lim 1 1 lim,_gcosz = 1 # 0, by (R 3:2(a)iv) and
lim Var(va +v2) V2 (R 3:2(201)
= : lim sinx
- iva i S22 SHTT_0
vm0cosT (lim cos 33) 1
Hence, z—0
1 1 The last limits were evaluated using (R 3:3f)
lim Y2 Y% _ 1./5 and (R 3:3g) again. Continuing the computation
T2 T —2 from above, we see that
(g) We first factor and reduce the argument of the . sinx . sinzx
limit operator: lim——-lim ——— =
o223 — lim o0 Jim = 1.0 =0,
lim = z—0 I z—0 COS“ T
z—1 x—1
y (x1/3 . 1) ($1/3 4 1) hence
= 11m 2
z—1 (1’1/3 — 1) (.%'2/3 + x1/3 + 1) III% tan® z =0.
=1 /3 41 et
BRI 4+ gl/3 41 (i) Rewriting the limit using the substitutiop =
. x — 7, we see that
Since by (R 3:2(a)iii), (R 3:3¢e) and (R 3:3c)
lim sinz lim sin(y + )
i%(x2/3+x1/3+1)= z—rm T — T y—0 Y
) 2/3 ) /3 . " .
= (hm x) + (hm a:) + lim 1 which, by the addition formula fasin, equals
x—1 r—1 z—1
=14+14+1=3#0, i siny cos m + sin 7 cosy
= 111m
. . . y—0 Y
we can use the quotient rule (R 3:2(a)iv) to fin-
ish evaluating the limit above. Therefore, by an- and, sinceinm = 0, cosm = —1,
other application of (R 3:3e) and (R 3:3c), we )
obtain _ i —S0Y
y—0 Yy
. z/3 41
lim o NIpS YN and
l_iinl(xl/?’ +1) Y siny
— z = — lim =1
lim (%% 4+ 2'/% + 1) =0y
1/3 by (R 3:2(a)ii) and (R 3:3)).
(lim x) +1 9
_ rx—1 -z
3 3



() Clearly,

sin 2x (sin 295) 2z
i - = lim -
z—0sin3x z—0 2zsin3x

I (sin 2LL‘) 3m§
= lim ———=

z—0 2xsin 3z

sin 2x
= lim | =22 .2
z—0 | sin3x 3
3

which by (R 3:2(a)ivand (R 3:2(a)ii)) equals

. sin2zx
lim
2:v~>0 2x
3 .. sin3z
lim
3z

x—0

and

Wi
e B
Wb

by (R 3:2c) and (R 3:3j). Note that we could

only apply the quotient rule (R 3:2(a)iv) because

the limit of the denominator is unequal to zero!

(k) Coming soon ..

() We will use the “Squeeze Play” (R 3:2e): Since
—1 <cosz < 1forall z € R, it follow by mul-
tiplying the double-inequality byx| > 0 that

—lz| < |z|cosx < |z| forallz € R.

Since by (R 3:3e) and (R 3:2(a)iii)
lim |z| = lim Va2 (1imsc)2:\f0:(),
z—0 z—0 z—0

it follow by (R 3:2e) that also the limit of the ex-
pression in the middle of the double-inequality
above has to be zero, i.e.

lim |z|cosz = 0.
z—0

(m) Coming soon..

. One-Sided Limits: Find the Following Limits if they
Exist:

(a) Coming soon..
(b) Clearly,

forall z € R, z > 0. Hence by (R 3:2(a)iii)

. sinx . sinx
lim = lim Ve
rz—0t T r—0t xT
. sin
= lim lim z
r—0t X 2x—0t

which by (R 3:3j) and (R 3:3e) equals
=1 V wli%l‘*' v
=1-0=0

by (R 3:3b).
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..

3. Limits atoco: Find the Following Limits if they Exist:

(&) Coming soon..

(b) Clearly,
.zt 22 (14 %)
lim = lim ———%¢
T—00 I — T—00 ;1;2(24—;%)
1+ 2

= lim

which in turn by (R 3:2(a)iv), (R 3:2(a)i) and
(R 3:2(a)iii) equals

lim 1+

_ x—00

" lim 24

r—00

( lim

Tr— 00

( lim

r—00

and by (R 3:3a) and (R 3:3I) finally

_1+0r

2402 %

(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..
(g) Coming soon..
(h) Coming soon..
(i) Coming soon ..
4. Squeeze Play, Pinching Theorem: Find the Following
Limits:
(a) Coming soon..
(b) Coming soon..



which satisfies the assumptions of Bpital’s

(c) Clearly,e/n < 1foralln € Nwithn > 3 i > M
Hence Rule (R 3:2(g)i) as can be easily verified and
therefore equals
o _leee e ¢
nl €234 n—-1n o (—5)
. Trrta x
eee e 1 JE{}O< _1 )
= — —— — x2
23 34 noln 3 = lim ar
<% 1.1..1 1_e1 T e T ta
- 2 n 2n . T-a
= lim =
for all n € N with n > 4. Therefore, we have a—oo (1 + %)
established that — lim % .
n 3 z
0 S i S 671 = a = Qa
P= 2m 1+0
foralin € Nwith n > 4. Since by (R 3:2(@)M), (R 3:2¢) and (R 3:3l). By
3 3 3 (R 3:3h),
hme—lze—hm—— 0=0

lim e¥ = e%,
by (R 3:2(a)ii) and (R 3:3I), we can apply the y—a
“Squeeze Play” (R 3:2e) and obtain that the mid-

ay g . hence by the Substitution Rule (R 3:2c)
dle expression in the double-inequality above

also has to be zero, i.e. lim e*(1+3) — oo,
6" T— 00
WILH;O i 0 Therefore,
xT
(d) Coming soon.. lim (1 + 9) = e”.

(e) Coming soon..

() Coming soon .. (c) Coming soon..

: . . - d) Comi .
5. L'Hopital’s Rule: Find the Following Limits: (d) Coming soon

(e) Coming soon..

(@) Sincef(z) := 3% andg(z) := Inz are dif-
ferentiable in a neigborhood af = oo and
lim, iy 3% = limg oo ernT = oo py

(R 3:3n) andlim, .., Inz = oo by (R 3:30),
we can apply L'Hbpital's Rule (R 3:2(g)ii) and

(f) Coming soon ..
(g) Coming soon..
(h) Coming soon..
(i) Coming soon ..

conclude
3w 3103 (j) Coming soon ..
Jm o — = lim — (k) Coming soon ..
= lim (zgm 1n3) () Coming soon ..
. ZOO (m) Coming soon..

6. Continuity, Removable Discontinuities, and Jump

(b) We first rewrite the argument of the limit opera- Discontinuities:

tor in terms of the natural exponential function:

(42 -

We now apply the Substitution Rule (R 3:2c) to

(a) Coming soon..
zln(l+<
¥ In(1+5) (b) Coming soon..

(c) Coming soon..

this expression and first compute the limit of the
interior functionf(z) := xIn(1 + 2):

In(1+ 2)

T
1

xT

lim zIn(1+ g) = lim
Tr—00 X Tr—00

(d) Coming soon..
(e) Coming soon..
() Coming soon ..
(g) Coming soon..



7. Recall and interpret the Intermediate Value Theorem:
The real valued, continuous functighis defined on

the closed and bounded interJal b]. Which of the
following must be true?

(&) Coming soon..

(b) Coming soon. .

(c) Coming soon..

(d) Coming soon..

(e) Coming soon..

(f) Coming soon ..

(g) Coming soon. .

(h) Coming soon..

8. Pick the correct Statement of the Mean Value theo-

rem:

(&) Coming soon..
(b) Coming soon. .
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
(f) Coming soon ..
(g) Coming soon. .
(h) Coming soon..
(i) Coming soon ..

() Coming soon ..

9. Recall and Interpret the Extreme Value Theorem
The real valued, continuous functighis defined on
the closed and bounded interyal b]. Which of the

following must be true?

(a) Coming soon..
(b) Coming soon..
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
(f) Coming soon ..
(g) Coming soon. .
(h) Coming soon..

(i) Coming soon ..

10. Find the Equation for the Lines Tangent and Normal
(Perpendicular) to the given Curve at the given Point

(@)

(b)

Clearly, the derivative of is given by

f(x) =cosz
for z € R. The slope off at (%, 1), which by
definition is the slope of the tangent(, %), is
thereforem = /(%) = cos 7 = 3v/3. With
the point-slope form of the line equation, which
is given by

Y—Yo Zm($—3ﬁo)7

we can now easily compute he tangent line at the
point (%, 3):

y—5=3V3(z—%)=3V3r - 5V3.
Hence the tangent line is given by
T(z) = (2V3)z + (3 — 5V3)

forall z € R.

The normal line off at(, %), can be computed
the same way. Recall that the slope of the nor-

mal at(%, 1) is given by
N 1 1
m = —— = —
mo (%)
1 2 2 /3
=——==-—==-2%V3
V-V A

We can now compute the normal line pat the
point (%, 3):

y-b=-3V3( )= -3VA+ 5V
and obtain

N(z) = (-2V3)z + (3 + TV3)

forall z € R.
Since the derivative of is
fla)= =
IONEE

the slope off at(3,2) is

1

1
3v3+1 6

Moreover, the slope of the normal line & 2)
is given by

m=f(3) =



(c

~—

(d)

With the point-slope forny—yo = m(x—xzo) of ~ 11. The Derivative:

the line equation, we obtain—2 = (z —3) =

iz —Jandy —2 = —6(z—3) = —6z + 18. (a) Coming soon..
Thus, the tangent line of at (3, 2) is given by (b) Use the Definition to compute the Derivative of

T(x) = %x + % the following Functions at:
i. Coming soon..

while the normal line off at(3,2) is . .
ii. Coming soon ..

N(z) = —6x+ 16 iii. Coming soon...
for z € R. iv. Coming soon ..
The derivative off is f/(x) = e~%, hence the (c) Determine whether each Function(ig) differ-
slope of the tangent of at the point(0, 0) is entiable(3) continuous atrg:
m=f0)=e=1 i. Coming soon ..

ii. Coming soon ..

while the slope of the normal gf at (0, 0) is iii. Coming soon. ..

mt = —% = —% =-1 12. Taking Derivatives Using the Differentiation Rules:
We can therefore compute the equations of the (a) Polynomials and Rational Functions
tangent and normal line with point-slope form of . .
the line equation and obtain-0 = 1-(z —0) = I. Coming soon ..
zandy —0= —1-(z —0) = —z, respectively. ii. Coming soon ..
Hence, the tangent line and normal line foat iii. Coming soon. ..

(0,0) are given by iv. Coming soon ..

T(x)=x v. Coming soon..
vi. Coming soon..

and . :
vii. Coming soon ..
N(z) = —=z, viii. Coming soon. ..
respectively. iX. Comi_ng soon..
The derivative off is f’(z) = 1, hence the X. Coming sgon..
slope of the tangent and normal p&t the point (b) Trigonometric Functions
1+1n3)i . .
(3,1+In3)is i. Coming soon ..
m=f(3)=3 ii. Coming soon ..
and ili. Coming soon. ..
. ) iv. Coming soon ..
mt=—-—=—-%=-3, v. Coming soon. .
m 3
3 vi. Coming soon ..
respectively. With the point-slope form of the vii. Coming soon . .

line equation, we again obtajn— (1 +1n3) =
iz —3) = iz —1landy — (1 + In3) = _ _
—3(z — 3) = —3z + 9. Hence ix. Coming soon ..
x. Coming soon. .

xi. Coming soon..

is the equation of the tangent line ¢fat the xii. Coming soon ..
(3,1 +1n 3), while the eation of the normal line
of f at the same point is given by

viii. Coming soon...

T(z) = 3z +1n3

(c) Exponential and Logarithmic Functions

i. Coming soon ..
ii. Coming soon ..
forz € R¢, iii. Coming soon...

N(z) = -3z + (10+1n3)



iv.

Coming soon ..

(d) Misc.

iv.
V.
Vi.

Vii.
viii.

iX.
X.
Xi.

Xii.
Xiii.

XIV.
XV.

Coming soon ..
Coming soon ..
Coming soon. ..
Coming soon ..
Coming soon. .
Coming soon ..
Coming soon ..
Coming soon. ...
Coming soon ..
Coming soon. .
Coming soon ..
Coming soon ..
Coming soon. ...
Coming soon ..
Coming soon. .

13. Implicit Differentiation

(a) Finddy/dx in terms ofz andy:

i. Coming soon..
ii. Coming soon..
iii. Coming soon. ..
iv. Coming soon ..
v. Coming soon..

(b) Find Equations for the Tangent and Normal
Lines at the indicated Point, respectively:

i. Coming soon ..
ii. Coming soon ..
iii. Coming soon...

14. Find the Critical Numbers and Classify the Extreme
Values (as Local/Global):
(a) Coming soon..
(b) Coming soon. .
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..

(g) Coming soon..
(h) Coming soon. .
(i) Coming soon ..
15. Describe the Concavity of the Graphfoénd find the
Points of Inflection:
(&) Coming soon..
(b) Coming soon. .
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..
16. Find the Intervals on whicfiincreases and the Inter-
val on whichf decreases:
(a) Coming soon..
(b) Coming soon..
(c) Coming soon..
(d) Coming soon. .

17. Sketch the Graph of the Functign

(&) Coming soon..
(b) Coming soon..
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..

18. Maximun/Minimun Problems

(&) Coming soon..
(b) Coming soon..
(c) Coming soon..
(d) Coming soon..
(e) Coming soon..
() Coming soon ..
(g) Coming soon..
(h) Coming soon. .



