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1. Integration By Parts: multiple of the original integral:
(a) We use integration by parts (R 4:6c) in the form /ex sinzdr = / e” sinx dx
=~~~
/uv’:uv—/u’v _ oz / x
=e’sinx — e’ cosx dr
N
and try to reduce the factarin the integrand to
1 by choosingy = z: =e'sinz — (ez cosz + /ex sin daz)
2e® da — v o da :ex(sinx—cosx)—/exsinxdx
=~
o Collecting the terny’ e® sin = dz on the left side,
= 1z e —/ 1 e¥ dx we obtain
==~ ~ =~
2/61 sinx dx = ex(sinx — cosx)
= xe®” — /ex dx
=gze¥ —e*+C and thus
(b) /e”” sinwdr = & (sinz — cosz) + C.

(c) We use integration by parts (R 4:6¢) in the form ©)

/uv’:uv—/u’v ((;))

and try to reduce the factarin the integrand to (h)

1 by choosing: = z: ()

@)

/a:sinzdx:/ r sinz dx (k)
=~

A 0]

= z(—coszx) — /1 - (—cosz)dx (m)

(n)

= —a:cos;v+/cosxdx (o)

(P)

which by R 4:5c) equals (o)

. 0

= —xcosx +sinz + C. (s)

(t)

(d) We will use integration (R 4:6¢) by parts twice
and will see that the remaining integral will be a 2. Trigonometric Integrals:



(a) Using the Second Pythagorean identity, we ob-
tain the equation

tan® z sec® x = sec? x tan® 2 (sec x tan x)

= sec?(sec’ x — 1)(sec x tan ).

Thus

/tan3 rsecd x dx =

sec?(sec’ x — 1)(sec x tan z) dx

sect z(sec z tan x) dx

——

7/SeC2 x(secx tanz) do

which by the Generalized Powerrule (R 4:5b)
equals

:%secsx—%sec?’x—i—a

(b)
(c) Using the first Pythagorean identity, we obtain

cos® x = cos? xcosx = (1 —sin® z) cos .

Hence
/sin4 xcos® z dr =
= /sin4 x(1 — sin® z) cos x dx

=/sin4xcosxdm—/sinﬁxcosxda:

which by the Generalized Powerrule (R 4:5b)
equals

:%sin5x7%sin7x+0

(d)

(e) First Method: We demonstrate first, how the
integral can be solved by reducing the power
of cos: To this end, we first use (R 2:6b) and
(R 2:7c¢) and reduceos® A:

cos® A = cos Acos? A
= Jcos A(1 4 cos 2A)
= %cosAJr %cosAcos2A

(R?7 : %cosA—i— iCOSA—&— icos?)A
e

= %COSA-F icos3A.

Then

6 2 3 1 3
= jz
COS™ T (COS .T) ( : b) [2 ( COS :E)}

= é[l + 3cos 2z + 3 cos? 2z + cos® 21;]

which by (R 2:6b) and the computation above
equals

= %[1—&—3(:032374— % + %cosllx
+ %cos2x—|— %cosz]

= %[% + %cos2x+ %COS4ZL’+ icosﬁx].

Therefore,

6 _ 175 15
/cos rdr = 8[2x+ < Sin 2z
+ 3 sindax + 55 sin6z] + C
8 24
- 5 15
= 15T + 51 Sin 2z

+ g’jsinélx—i— ﬁsinGx—i—C.

Second Method: We will now show how the
integral can be solved using the recurrence for-
mula (R 4:50)

/cos" rdr = % cos" lzsinz

+ ”T_l cos" 2z du.

Note that the recurrence allows us to compute
| cos™ x dz provided we have already computed



[ cos" 2z dx.

/cosoxdx =z

/0081 zdr =sinz

/COSQl‘dJ?: %cosxsinx—i—%/cosoxdx

=Lcosasinz + %x

2
/cos?’xdx =
/cos4xdx =

cos? xsinx + %/Coslxdx

cos? xsinx + % sinx

N ot L

cos® rsinx + %/COSQZEdQS

cos® x sin x

W=

+ 3 (L coszsinz + )

cos® xsinx + %cosxsinx—i— %x

N

/COS5 T dr = % cos* xsinx

4/(1 3 2 o
—|—g(§cos msmx—i—gsmm)
:%cos4a:sinx

+ 145 cos2xsm:1c—|— smx

[

/c056 xdr = L cos® zsinz

[=2]

(l cos® xsinz + 2 cosxsinz + §)
1 8 8
= gcos5xsinx

+ 54 cos3xsmx+ —cosxsmx—i— —x

+
= oot

(f) We will use the trigonometric identities

sinz cos x = 1 sin(2z) (1)
cos®z = (1 + cos(2z)) (2)
sin®z = (1 — cos(2z)) 3)

to reduce the number of factors of the inte-
grand (at the expense of creating higher “fre-

(9)
(h)
0]
0)
(K)
0]

(m)

(n)

(@)
(b)
(©)
(d)
(e)
(f)
(9)

guencies”).

/sin4 xcostz do =

4 2
(T) /(% Sin2x) = %fj/(sin2 Qx) dx

=1 (1(1 — cos4x)>2dx
5 16 2

:— (1—20084m—|—cos 4x)d
? 6i/ 2cos4x+%—|—%0058x)da:

= %L/ s —2cosdx + 5 cosSac)d

= %(% — 2s1n4x—|— 6s1118x) +C

=3 - g sindx + 4sm8x—|—C.

128 1 102

3. Substitution:

Using the substitution (R 4:6b)

y = sin~!(2z)
2dzx
dy = ———
V1 — 422
and thus
@ - dx
21— 422
follows immediately that

s -1
sin” 2z 1
Vit o

=42 +C

2
= i(sin_l(%c)) +C
=1sin7?(22) + C.



(h)

0]

)

(k)

U]
(m)

(n)

(0)

()

(@

(r)

(s) The substitution (R 4:6h) = e%, dy = e®dx

leads to the reduction

[ [
Ve IV

This integral can be solved using trigonometric
substitution (R 4:6(b)iii). With the substitution
y = 3sinf, df = 3 cos 6 we obtain

7/ 3cos b db _3 " cos 0 db
V9 —9sin® 0 \/9(1 — sin® )
cos 6 df

_3/ cosfdf
v9cos? 0 cos

:/d0:0+0

provided thatos 6 > 0. Thus, solving the equa-
tion e* = y = 3sinf for theta, we find that
0 = sin~" (1e®) and conclude

el‘
——— dx =sin" ' (%e%) + C.
/\/9 — g2z (5¢%)
(t) We first “complete the square” in the radicant:
2?2 + 4z + 13 = (2 +2)% + 9. Then the integral

x+3

—_dz =
vVa?+4z +13
rz+3

~ Verre

and with the substitution (R 4:6h) = x + 2,
dy = dx

y+1

= [ ——d
VY2 +9 Y

With the trigonometric substitution (R 4:6(b)iii)
y = 3tan @ which impliesdy = 3sec? 6 df the
last integral changes to

3tanf +1

B V9tan26 49
3tan6 + 1

—3 | ="
V9(tan? 4 + 1)

1
=3 M(se@ 0)do
\/9sec? 6)

_ [3tanf+1,
—/W(Sec 9)d9

(3sec? 0) do

(sec ) db

providedsec 6 > 0, recall thatv' A2 = | 4|, and
thus
= /(3tan0 + 1)secddo

:3/secﬁtan9d9+/sect9d0

=3sech +In|sech + tand| + C

=vVa2+4r+13+Injz+2+ Va2 +4x +13

since3tanf = y = x + 2, implies that

tanf = 1(z + 2)
sec = 11/9 + (z + 2)2
=iVa? 4z +13

as can be easily verified consulting the following
right triangle:

A
M‘N

3

(u)
(v)
(w)

)



(y) With the substitutionz = atanf anddx = 0}

asec? 0 df, cf. (R 4:6(b)iii), follows 0
/ _dw (k)
22\/a? + 22 ()
2
_ / asec” 0 db (m)
a? tan® 0v a2 + a2 tan® 6 ")
B / asec? 0 df
a?tan?0y/a2(1 + tan? 0) ©
B / asec? 0 df (P)
a?tan? /a2 sec? ) @
_/ asec?df _i/sec@dﬁ (r
) a3tan?Osecld a2 tan? 6 (s)
(t)
u
provideda > 0 andsec§ > 0 and thus E ))
v
1 Cols g do 1 cos 6 (w)
=2 sin? @ =3 29d0
@ cos? 6 @ Si (X)
1
=— /cot@csc@d@ v)
a
1 5. Improper Integrals:
=5 0sC 0+C
(a)
by (R 4:5g) and equals (b)
\/m ©
a X
=—-———7F5—+C (d)
a=x
. _ , (e)
sincer = atan 6 impliestan § = £ and thus (f)
csch = Va2t a2 6. Applications of Integration:
X

as can be easily verified consulting the triangle. @ Ar'ea Between Two Curves:

I
b

3 ii.
ﬁ i
a (b) Volume By Slicing:
i.
@) i
4. Partial Fractions: iii.
iv.
(a) v
(b) (c) Volume By Shells:
© i.
@ ii.
() i,
® iv.
(9) V.
(h) (d) Arc Length:



i.
ii.
(e) Surface Area:
i.
ii.
iii.
iv.
(f) Mass From Density:
i.
ii.
iii.
iv.
(g) Center of Mass and Centroid:
i.
ii.
iii.
iv.
V.
Vi.
Vii.
viii.
iX.
(h) Fluid Pressure:
i.
ii.
(i) Work:
i.
ii.
iii.
iv.
7. Parametric Curves:

(a) Express the Parametric Curve by an Equation in
x andy:
i.
il.
iii.
iv.
V.
(b) Find a Parametrization =
t € 10,1] for
i.

(©)
(d) Find the slope of the given curve at the given
point and give an equation of the tangent line:
i.
ii.
(e) Find the Length of the Parametric Arc:
i.
ii.
8. Polar Coordinates:

(a) Write the Equation in Polar Coordinates:
i.
il.
iii.
(b) Write the Equation in Cartesian Coordinates:
i.
ii.
iii.
(c) Sketch the Polar Curves:
i.
il
iii.
iv.
V.
Vi.
(d) Calculate the Area enclosed by the Polar Curve:
i.
il.
iii.
iv.
V.
(e) Find the Slope of the Polar Curve:
i.
ii.
iii.
(f) Find the Length of the Polar Curve:
i.
il.



