Review
Fundamental Concepts and Techniques of Calculus

Solutions to the Exercises: Differential Calculus

Last updated: 040924

1. Two-Sided Limits: Find the Following Limits if they 5. L'Hopital's Rule: Find the Following Limits:
Exist:

(@) oo
(@) 2 (h) O (b) e
(b) 0 (i) 1 © i
©) —3 N2

@ 0 2 (d) 0

@) 3 (k) -4 (®) -3

) %\/5 Mo ORY

© 3 (m) 0 @ 1

(h) 1

2. One-Sided Limits: Find the Following Limits if they (i) €
Exist: .

O

(@ -1 (d) -o0 (k) O

(b) O (e) 0 ORY

(©) oo () o (m) -2

6. Continuity, Removable Discontinuities, and Jump

3. Limits atoo: Find the Following Limits if they Exist: Discontinuities:

@ 1 (a) no discontinuities
() % (b) infinite discontinuity atr = —3, removable dis-
(c) -1 continuity atz = —1
(d) 0 (c) infinite discontinuity atc = —4
© 3 (d) infinite discontinuity at: — 3
(f) oo (e) no, division by zero is invalid
@ 2 (f) no, division by zero is invalid
((h)) ; (g) no, division by zero is invalid
i

7. Recall and interpret the Intermediate Value Theorem:
4. Squeeze Play, Pinching Theorem: Find the Following  The real valued, continuous functighis defined on
Limits: the closed and bounded interyal b]. Which of the
following must be true?

@ o

(b) O (a) true
(c) O (b) false
(d) 0 (c) true
(e) 0 (d) false
o (e) false



(f) false (b) Use the Definition to compute the Derivative of
the following Functions at:

(g) true
(h) false e s 3
8. Pick the correct Statement of the Mean Value theo- i o= T
rem. iii. cos(x);1
(a) false iv. 2zsin(1) —cos(1) — 2z + 1
(b) true (c) Determine whether each Function(is) differ-
(c) false entiable() continuous aty:
(d) false i. differentiable, continuous
(e) false ii. differentiable, continuous
(f) false iii. continuous
(9) false 12. Taking Derivatives Using the Differentiation Rules:
(h) true
(i) false (a) Polynomials and Rational Functions
(j) false i. 1623 — 1222 + 2z
i 1 2
9. Recall and Interpret the Extreme Value Theorem T T Graand
The real valued, continuous functighis defined on Lo 3(2°—1)a
the closed and bounded interval b]. Which of the W 2551 — @2
following must be true? iv. 4(L+2)BBE+2)(-%-3)-2)
2
(a) false V. zgﬁil _ (@ &ﬁiﬁ??l)
(b) false Vi, 2tk5_ _ (1245t44)(2t41)
© 124120 (t2+t—20)2
(C) false vii 5a*—2x+3z° _ 4(m5+1371271)m3
(d) false ' zt41 (z1+1)2
i 3 2
(e) false VI 22 — 23
(f) false iX. 5(-752 - :1:31+1) (2$ + (x3+1)2)
12(4z+3)* 15(4z+3)>
(g) :::22 X (5z—2)3 ~ (5z—2)%
((,)) (b) Trigonometric Functions
i) true
i. cos?(z) — sin’(x)
10. Find the Equation for the Lines Tangent and Normal ii. 2z cos(z) — 22 sin(x)
(Perpendicular) to the given Curve at the given Point L sec(n) tan(X)
m. — tan2(z)+1
(a) TangentlineT'(z) = (1v3)z + (3 — V3 .
Normal line: N () = E Y 3)x (( +;2\/§)) V. g)sec(tan(x))(z/?’) tan(tan(z))(tan®(z) +
: 515 . i
(b) L?)?%Z“llr:ge]{{;g; Giaé;_; 16. V. (1+tan?(sec(z+1)))sec(z+1) tan(z+1)
(c) Tangent lineT(x) — vi. 4z tan(x) sec(zs) ;— 222 (tan?(x) +
Normal line: N (z) = —z 1) sec(z) 4 22 tan?(z) sec(x)
' ' vii. —sin(sin(z)) cos(x
(d) TangentlineT'(z) = tz +In3 Cis(x)( )) cos(a)
Normal line: N (x) = —33: + (10 +1n3). VIl 5 in () @7

ix. seci (tan(z)) tan(tan(z)) (tan2(z) 4 1)
6 cot(2v/3z+1)(—1—cot?(24/3x+1))

11. The Derivative:

(a) We say thay is differentiableat ¢ if the limit V3z+1
. 3sec(L )tan(%)
o @) = 1) Xi. 2zsec(dy) — ——= 15—
ot m—c Xii. —6 cos?(2z) tan(4z) sin(2z)+cos?(2x) (4+
2
exists. If the limit exists, it is called theeriva- 4tan®(4z))
tive of f atc and denoted by’(c). (c) Exponential and Logarithmic Functions



2(57) gIn(#) 5 (3)
x

i. 5200%) In(2) - 3n(=) 4
i 2
1.

@a+1)
ii. (z+1)"(In(z+1) + %)
iv. 2%%(In(z%) + z In(x) + z)
(d) Misc.

i, —sin(2% +277)(2% In(2) — 277 In(2))
ii. tan(z)™*[(In(z) + 1)In(tan(z)) +

In(z®)(tan?(z)+1) ]

tan(x)
ii. sin(x)cos(‘)[— sin(z) In(sin(z)) + C;iz(%)]
. 2ze(@?+D) . 2
V. \/ﬁ + 2arC81n(l‘ + 1)
e@ Dz In(e)

V. no solution
Vi sec(z) tan(z)+1+tan? ()
' | sec(z)+tan(z)|

—3[1 + tan® (Ve 3)]Ve 3
9 Sec(etan(4+x2)) tan(etan(4+w2) )etan(4+az2) (1+

tan?(4 + 22))x
4ed ()

Vii.
viii.

x
X Qesin(2z)
2 sin(e2®)e?®
cos(e??)
1
) 1
(@) [1- s

o —3+8x
3v1—922+42423—16x%

In(cos(e?*)) + esin(22)

Xi.

Xii.

1
ot (@) 1y (o)
241

1—x?
22+ (22 +1)°

Xiv. —

XV.
13. Implicit Differentiation

(a) Finddy/dx in terms ofz andy:

i. 4/ +y-cos?(yVr+y)—1
i, +1
i, —Y7
T
iv. cos?(zy)—y
36m—§my+3y—2m
8yx2—3x

(b) Find Equations for the Tangent and Normal
Lines at the indicated Point, respectively:
iLy=-3z+6/y= %erg
i.y=—z+3y=c—1
i, y= %[2\/§x+7rf\/§]; y= \/2§a;

14. Find the Critical Numbers and Classify the Extreme
Values (as Local/Global):

16.

V.

VB x

(a) critical point at (2,-3), global minimum
(b) critical points al(if 3.75), local minimums;
critical point at(0,4), local maximum

17.

(c) critical point at(4,0), local minimum; critical
point at(12, 35.4), local maximum

(d) critical point at (0,0), global minimum

(e) inflection point exists atz, 24)inflection point
exists af( ¢, 24)

(f) critical point at (—2,—1%), global minimum;

critical point at(1, £), global maximum

(9) critical point at{—+/2, 2), global minimum:; crit-
ical point at(1/2, 2), global maximum

(h) critical point at( 5 +27n), local maximum; crit-
ical point at(2F + 27n), local minimum;n is
any positive integer

(i) critical point at(—3,2) and (0,2), local maxi-
mums; critical point at (-2,2), global minimum

15. Describe the Concavity of the Graphfoénd find the

Points of Inflection:

(a) f is concave upr > 0, f is concave down
x < 0, with an inflection point at = 0

(b) f is concave up-1 < x < 1 and concave
down —1 > z > 1, with inflection points at
r=-1,0,andl

(c) fisconcave up > —1/2, f is concave down
x < —1/2, with an inflection point atz =
—1/2

(d) fisconcave up-2 < z < 0 and concave down
0 < z < 2, with an inflection point at = 0

(e) f hasinflection points at = 7 + 27n, wheren
is any integer

(f) fis concave dowri—oo,0), concave ugo, 1),
and linear1, co), inflection point atz = 0

Find the Intervals on whicfi increases and the Inter-
val on whichf decreases:

(a) f increaseg—oo, —1) and(1, o), f decreases
(717 1)

(b) fincreaseg$—oo, —%) and(0, o), f decreases
(5%.0)

(c) fincreaseg—oo,—1) and(—
(0,1) and(1, o)

(d) f increases for alt

1,0), f decreases

Sketch the Graph of the Functign

(a) inflection point at (1,1)

(b) asymptote ay = 0 andz = +0

(c) asymptote at = —1, increaseg—oo
(0,00), decreases—1,0)

(d) local maximum at(+1, 3), local minimum at
(0,2)

—1) and



(e) decreases-oo, 2), increase$2, o) (d) 106 x 250 ft.
(f) local maximum at (0,1); local minimum at

(+2,1) (e) -4
18. Maximun/Minimun Problems ) %73 units?
(@) h = 2/3 units,b = 5 units (@ 20D i
g) ==X ynits® paper/volume
(b) (£v2,2) rv2
(c) 2v6 + % ft. (h) 4.0 cubic feet



