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1. Definitions of limits:

(a) Two-sided limit: Suppose the functionf is de-
fined in a neighborhood ofc ∈ R. We say thatf
has limitL asx approachesc and write

lim
x→c

f(x) = L

if and only if for all ε > 0 there exists aδ > 0
such that for allx ∈ Df

0 < |x− c| < δ ⇒ |f(x)− L| < ε

(Df denotes the domain off ).

(b) Left-sided limit: Suppose the functionf is de-
fined in a half-neighborhood of the form(a, c)
of c ∈ R. We say thatf has limit L as x ap-
proachesc from the leftand write

lim
x→c−

f(x) = L

if and only if for all ε > 0 there exists aδ > 0
such that for allx ∈ Df

0 < c− x < δ ⇒ |f(x)− L| < ε

(c) Right-sided limit: Suppose the functionf is
defined in a half-neighborhood of the form(c, b)
of c ∈ R. We say thatf has limit L as x ap-
proachesc from the rightand write

lim
x→c+

f(x) = L

if and only if for all ε > 0 there exists aδ > 0
such that for allx ∈ Df

0 < x− c < δ ⇒ |f(x)− L| < ε

(d) Limit at∞: Suppose the functionf is defined
on an interval of the form(a,∞). We say thatf
has limitL asx approaches∞ and write

lim
x→∞

f(x) = L

if and only if for all ε > 0 there exists aB > 0
such that for allx ∈ (a,∞)

x > B ⇒ |f(x)− L| < ε

(e) Limit at −∞: Suppose the functionf is de-
fined on an interval of the form(−∞, b). We
say thatf has limitL asx approaches−∞ and
write

lim
x→−∞

f(x) = L

if and only if for all ε > 0 there exists aB > 0
such that for allx ∈ (−∞, b)

x < −B ⇒ |f(x)− L| < ε

(f) Positive Infinite Limit: Suppose the functionf
is defined in a neighborhood ofc ∈ R. We
say thatf approaches∞ asx approachesc and
write

lim
x→c

f(x) = ∞

if and only if for all B > 0 there exists aδ > 0
such that for allx ∈ Df

0 < |x− c| < δ ⇒ f(x) > B

(g) Negative Infinite Limit: Suppose the function
f is defined in a neighborhood ofc ∈ R. We say
that f approaches−∞ as x approachesc and
write

lim
x→c

f(x) = −∞

if and only if for all B > 0 there exists aδ > 0
such that for allx ∈ Df

0 < |x− c| < δ ⇒ f(x) < −B

2. Limit theorems: Techniques for computing limits:

(a) Limits and Algebraic Operations:
Suppose the functionsf andg have limits atc
and supposek ∈ R, then

i. lim
x→c

(
f(x)+g(x)

)
= lim

x→c
f(x)+ lim

x→c
g(x).

ii. lim
x→c

(
kf(x)

)
= k lim

x→c
f(x).

iii. lim
x→c

(
f(x)g(x)

)
= lim

x→c
f(x) lim

x→c
g(x).
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iv. lim
x→c

f(x)
g(x)

=
lim
x→c

f(x)

lim
x→c

g(x)
, provided that

lim
x→c

g(x) 6= 0.

v. If lim
x→c

f(x) 6= 0 and lim
x→c

g(x) = 0, then

lim
x→c

f(x)
g(x)

does not exist.

(b) Limits of inverse functions:

If lim
x→x0

f(x) = y0 andf has an inverse nearx0

and lim
x→y0

f−1(y) exists. Then lim
x→y0

f−1(y) =
x0.

(c) Substitution Rule:

If lim
x→x0

f(x) = y0 and lim
y→y0

g(y) = g(y0), then

lim
x→x0

g
(
f(x)

)
= g

(
lim

x→x0
f(x)

)
= g(y0)

(d) Limits and Inequalities:
Iff andg have limits atx0 and if f(x) ≤ g(x)
nearx0 then

lim
x→x0

f(x) ≤ lim
x→x0

g(x).

(e) Squeeze Play: Iflim
x→c

f(x) = lim
x→c

g(x) = L and

if f(x) ≤ h(x) ≤ g(x) nearc, then lim
x→c

h(x) =
L.

(f) If lim
x→c

f(x) = 0 and if g is bounded aroundc,

then lim
x→c

f(x)g(x) = 0.

(g) L’Hôpital’s Rules: (can be applied several
times!)

i. “ 0
0 ”: If f and g are differentiable in

a neighborhood ofc ∈ R ∪ {±∞},
lim→c f(x) = lim→c g(x) = 0 and if

lim
x→c

f ′(x)

lim
x→c

g′(x)

exists then

lim
x→c

f(x)

lim
x→c

g(x)
=

lim
x→c

f ′(x)

lim
x→c

g′(x)

ii. “ ∞∞ ”: If f and g are differentiable in
a neighborhood ofc ∈ R ∪ {±∞},
lim→c f(x) = ± lim→c g(x) = ±∞ and
if

lim
x→c

f ′(x)

lim
x→c

g′(x)

exists then

lim
x→c

f(x)

lim
x→c

g(x)
=

lim
x→c

f ′(x)

lim
x→c

g′(x)

(h) Half- and two-sided limits:

i. If lim→c− f(x) = lim→c+ f(x) = L, then
lim→c f(x) = L.

ii. If lim→c f(x) = L, then lim→c− f(x) =
lim→c+ f(x) = L.

iii. If lim→c− f(x) or lim→c+ f(x) fail to ex-
ist, thenlim→c f(x) fails to exist.

iv. If lim→c− f(x) 6= lim→c+ f(x), then
lim→c f(x) fails to exist.

3. Fundamental limits:

(a) lim
x→c

k = k.

(b) lim
x→c

x = c

(c) If p is a polynomial, i.e. a function of the form
p(x) = a0 + a1x + a2x

2 + · · · + anxn, then
lim
x→c

p(x) = p(c).

(d) If r is a rational function (quotient of polynomi-
als), andc ∈ Dr (i.e. not a zero of the denomi-
nator ofr) then lim

x→c
r(x) = r(c).

(e) lim
x→c

x
1
n = c

1
n , providedx ≥ 0 if n is even.

(f) lim
x→c

sinx = sin c.

(g) lim
x→c

cos x = cos c

(h) lim
x→c

ex = ec.

(i) lim
x→c

lnx = ln c, x > 0.

(j) lim
x→0

sinx

x
= 1.

(k) lim
x→0

cos x− 1
x

= 0

(l) lim
x→±∞

1
x

= 0

(m) lim
x→0+

1
x

= ∞, lim
x→0−

1
x

= −∞.

(n) lim
x→∞

ex = ∞, lim
x→−∞

ex = 0.

(o) lim
x→∞

lnx = ∞, lim
x→0+

lnx = −∞.

4. Extrema

(a) (Global) Maximum, Minimum: We say that
the functionf has a(global) maximumat c ∈
Df if f(x) ≤ f(c) for all x ∈ Df ; f(c) is then
called themaximum valueof f . Similarly, we
say thatf has a(global) minimumat c ∈ Df if
f(x) ≥ f(c) for all x ∈ Df ; f(c) is then called
theminimum valueof f .
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(b) Local Maximum, Minimum: We say that the
functionf has alocal maximumat c if there is
an interval(a, b) containingc such thatf(x) ≤
f(c) for all x ∈ (a, b). Similarly, we say thatf
has alocal minimumat c if there is an interval
(a, b) containingc such thatf(x) ≥ f(c) for all
x ∈ (a, b).

(c) Extremum: A (local or global) extremumof a
function f is a (local or global) maximum or
minimum off .

5. Continuity:

(a) Continuous: A functionf is continuous atc if
and only if for anyε > 0 there is aδ > 0 such
that for allx ∈ Df (Df denotes the domain of
f )

|x− c| < δ ⇒ |f(x)− f(c)| < ε

If S ⊆ Df is a subset of the domainDf of f ,
then we say thatf is continuous onS if and only
if f is continuous at every pointc ∈ S.

(b) If f is an interior point ofDf then

f is continuous atc ⇔ lim
x→c

f(x) = f(c)

(c) Algebraic Operations: If f andg are continu-
ous atc, then

i. f + g is continuous atc

ii. f · g is continuous atc

iii. α · f is continuous atc for anyα ∈ R
iv. f/g is continuous atc providedg(c) 6= 0

(d) Composition: If f is continuous atc andg is
continuous atf(c) then the compositiong ◦ f is
continuous atc.

(e) Discontinuities: A point c ∈ R is called a
point of disontinuityof the functionf if and only
if f is not continuous atc.

Moreover, if limx→c f(x) exists, then we call
the pointc a removablediscontinuity (or remov-
able singularity) off otherwise it is called an
essentialdiscontinuity off .

An essential discontinuityc of f is called a
jump discontinuityof f if limx→c− f(x) and
limx→c+ f(x) exist (and are distinct) otherwise
it is called aninfinitediscontinuity.

6. Extreme Value Theorem: If the functionf is con-
tinuous on the closed interval[a, b], then there exist
numbersc1 and c2 in [a, b] such thatf has a maxi-
mum atc1 and a minimum atc2.

7. Intermediate-value Theorem: If the functionf is
continuous on the closed interval[a, b] andd is any
value between the minimum and maximum value of
f then there exists a numberc ∈ [a, b] such that
f(c) = d.

8. The derivative:

(a) Differentiable, Derivative: Suppose the func-
tion f is defined in an open interval containing
the pointc. We say thatf is differentiableatc if
the limit

lim
x→c

f(x)− f(c)
x− c

exists. If the limit exists, it is called thederiva-
tiveof f at c and denoted byf ′(c).
If f is differentiable at allc ∈ S ⊆ Df , then
we say,f is differentiable onthe setS. If f is
differentiable on its domain, we simply sayf is
differentiable.

(b) Differentiability Implies Continuity: If the
function f is differentiable atc then it is con-
tinuous atc.

(c) Differential: Given a differentiable function
y = f(x), the differential of x is denoted by
dx, thedifferential ofy is defined by

df = dy := f ′(x)dx.

9. Differentiation Rules:

(a) Summation Rule: Supposef andg are differ-
entiable atx thenf +g is differentiable atx and

(f + g)′(x) = f ′(x) + g′(x)

(b) Scalar Multiple Rule: Supposef is differen-
tiable atx andα ∈ R, thenαf is differentiable
atx and

(αf)′(x) = αf ′(x)

(c) Product Rule: Supposef andg are differen-
tiable atx thenf · g is differentiable atx and

(fg)′(x) = f ′(x)g(x) + f(x)g′(x)

(d) Quotient Rule: Supposef andg are differen-
tiable atx andg(x) 6= 0, thenf/g is differen-
tiable atx and(

f
g

)′
(x) =

f ′(x)g(x)− f(x)g′(x)(
g(x)

)2

(e) The Chain Rule: If the functionf is differen-
tiable atx and the functiong is differentiable at
f(x), then the compositong ◦ f is differentiable
atx and

(g ◦ f)′(x) = g′
(
f(x)

)
· f ′(x)
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(f) The Inverse Function Rule: If f is differen-
tiable with inverse functionf−1 thenf−1 is dif-
ferentiable atx if f ′

(
f−1(x)

)
6= 0 and(

f−1
)′

(x) =
1

f ′
(
f−1(x)

)
10. Basic Derivatives:

(a)
(
xr

)′ = rxr−1, (r ∈ R)
(b) sin′ x = cos x,

cos′ x = − sinx

(c) tan′ x = sec2 x,
cot′ x = − csc2 x

(d) sec′ x = sec x tanx,
csc′ x = − csc x cot x

(e)
(
ex

)′ = ex,(
ax

)′ = ax ln a

(f) ln′ x =
1
x

,

log′a x =
1

x ln a
(g) sinh′ x = cosh x,

cosh′ = sinhx

(h) tanh′ x = sech2 x,
coth′ x = − csch2 x

(i) sech′ x = − sechx tanh x,
csch′ x = − cschx coth x

(j) arcsin′ x =
1√

1− x2
,

arccos′ x =
−1√
1− x2

(k) arctan′ x =
1

1 + x2
,

arccot′ x =
−1

1 + x2

(l) arcsec′ x =
1

|x|
√

x2 − 1
,

arccsc′ x =
−1

|x|
√

x2 − 1

11. Rolle’s Theorem: If the functionf is continuous on
the interval[a, b], differentiable in the interval(a, b)
andf(a) = f(b), then there exists at least one point
c ∈ (a, b) such thatf ′(c) = 0.

12. The Mean Value Theorem:If the functionf is con-
tinuous on the interval[a, b] and differentiable on
the interval(a, b), then there exist at least one point
c ∈ (a, b) such that

f ′(c) =
f(b)− f(a)

b− a

13. Applications:

(a) Monotonicity: The functionf defined on the
interval(a, b) is said to be

i. increasingin (a, b) if for all x1, x2 ∈ (a, b):
x1 < x2 ⇒ f(x1) < f(x2) .

ii. non-decreasingin (a, b) if for all x1, x2 ∈
(a, b): x1 < x2 ⇒ f(x1) ≤ f(x2)

iii. decreasingin (a, b) if for all x1, x2 ∈
(a, b): x1 < x2 ⇒ f(x1) > f(x2)

iv. non-increasingin (a, b) if for all x1, x2 ∈
(a, b): x1 < x2 ⇒ f(x1) ≥ f(x2)

(b) Monotonicity of differentiable functions:
If f is differentiable on the interval(a, b), then

i. If f ′(x) > 0 for allx ∈ (a, b), thenf is
increasing on(a, b);

ii. If f ′(x) < 0 for all x ∈ (a, b), thenf is
decreasing on(a, b);

iii. If f ′(x) = 0 for all x ∈ (a, b), thenf is
constant on(a, b);

(c) Concavity: If the function f is differentiable
on the interval(a, b), then we say thatf is

i. concave upwardon(a, b) if f ′ is increasing
on

ii. concave downwardon (a, b) if f ′ is de-
creasing on(a, b). (a, b).

iii. Inflection Point: A point c ∈ (a, b) at
which the concavaity off changes is called
an inflection pointof f .

(d) Suppose the functionf is twice differentiable on
the interval(a, b). Then

i. If f ′′(x) > 0 for all x ∈ (a, b), thenf is
concave upward on(a, b).

ii. If f ′′(x) < 0 for all x ∈ (a, b), thenf is
concave downward on(a, b).

(e) If f has a local extremum atc thenf ′(c) = 0 or
f ′(c) does not exist.

(f) Critical Points: Given a functionf with do-
mainDf . The pointc ∈ Df is called acritical
point of f if either f ′(c) = 0 or f ′(c) does not
exist.

(g) The First-Derivative Test: Supposec is a crit-
ical point off andf is continuous atc. If there
exists aδ > 0 such that:

i. f ′(x) > 0 for all x ∈ (c − δ, c) and
f ′(x) < 0 for all x ∈ (c, c + δ), thenf(c)
is a local maximum.

ii. f ′(x) < 0 for all x ∈ (c − δ, c) and
f ′(x) > 0 for all x ∈ (c, c + δ), thenf(c)
is a local minimum

iii. If f keeps constant sign on(c−δ, c)∪(c, c+
δ) thenf(c) is not a local extreme value.

(h) The Second-Derivative Test:Suppose that
f ′(c) = 0 and thatf ′′(c) exists. Then

i. If f ′′(c) > 0 thenf(c) is a local minimum.
ii. If f ′′(c) < 0 thenf(c) is a local maximum.
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