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1. THE RIEMANN INTEGRAL: (d) We say that a functiofi bounded offa, b] is Rie-
mann integrableor simply integrableif I = 1.

(@) Supremum, Infimum:If A C R is a subset In this case we define

of the set of real numberR, then we define
sup(A) to be the least upper bound dfif A is
bounded above angb it it is not bounded above.
Similarly, we defineinf(A) to be the greatest
lower bound ofA if A is bounded below and
—oo ifitis not bounded below.

/bf(a:)dx::I:I,

called thedefinite(Riemann) integradr simply
theintegral of f from a to b. Moreover, we de-
(b) Partition: Let [a,b] be a closed interval. A fine
subsetP := {xg,z1,...,x,} Of [a,}] is called
apartition of [a, ] if

/aaf(x)dx =0

/baf(x) da = —/abf(x) da.

(e) A bounded functiorf on [a, b] is Riemann inte-
grable if and only if for alle > 0 there exists a
partition P of [a, b] such that

a=x9g<x1 <--<Tp =0

(c) Upper Sums, Lower Sums:
i. Suppose the functioffi is bounded offa, b]
andP := {xg, 1, ...,z,} iS a partition of
[a, b]. Then we set
M;(f) = sup{f(2) | = € [zi—1, 2]}
m;(f) == inf{f(z) | z € [zi—1,z]},

andAx; := x; — z;_1, and call the sums

U(f, P) = L(f,P) <e.

(f) If fis (piecewise) monotonic (either increasing
or decreasing) ofu, b] then f is Riemann inte-

n grable.

U(f,P) =Y Mi(f)Az; ( o _ _
=1 g) If fis (piecewise) continuous dn, b] then f is
n Riemann integrable.

L(f,P) = Zmz‘(f)Axi (h) Supposg is Riemann integrable da, b]. Then

=t for any e > 0 there exists a partitior

upper sumandlower sumof f with respect
to P, respectively.

ii. If P and@ are partitions and i C @
thenU(f,Q) < U(f,P) andL(f,Q) >
L(f,P).

iii. If P and@ are partitions, thed(f, P) <
U(f,Q).

iv. Let

I :=inf{U(f,Q) | Q partition of[a,b]}

{zo,...,z,} of [a,b] such that for any choice
of gz S [‘Ti,l,iti]

b n
/ S(@)dw =3 J(6) A <

The sum)_" | f(&)Az; is called aRiemann
sumof f with respect to the partitio®.

2. ESTIMATING DEFINITE INTEGRALS:
Given an Riemann integrable functighdefined on
[a, b], chooser € N and subdividéa, b] in n subinter-
vals of equal lengti\z := =2, Letz; == a + i Ax.

I :=sup{L(f,Q) | Q partition of[a, b]},

thenl < 1.



(a) Left-Hand and Right-Hand Sums
LHS;(n Z flx

RHS (n Zf ;) A

If the function f is differentiable onfa,b] and
|f'(x)| < Bforall z € [a,b] and someB € R,
then

B(b—a)?
2n

B(b—a)?
2n

b
/ f(z)dx — LHSy(n)| <

x)dx —RHS;(n)| <

(b) Trapezoidal Estimate:

1
TRAP(n) = 5 (LHS s(n) + RHSf(n)).
If the function f is twice differentiable orja, b]
and|f"(z)] < Bforall z € [a,b] for some
b € R, then

B(b—a)3

(c) MidpointSum'
Let p; := (21 + ;) = a+ (i — 1)Az de-
note the m|dp0|nt of théth subinterval ofa, b].
Then

n

> flpi) A,

i=1

MPSf(n) =

If the function is twice differentiable ofu, b]
and |f"(z) < B forall z € [a,b] for some
b € R. then

B(b—a)3
(d) Simpson’s Rule:
SIMP (2n) : = 5 (2-MPS; () + TRAP, (n))

Ax

—Z( wimy A () + S (@) 5

If the function f is four times differentiable on
[a,b] and |fW(z)| < B for all z € [a,b] for
someB € R, then

B(b—a)b

3. PROPERTIES OF THEDEFINITE INTEGRAL:

(a) Linearity: Supposef andg are integrable and
a € R, then

. /abaf(x)dxa/abf(x)dx

i /GB(f( g(x)) dz

/f da:+/ g(z)dx

(b) Interval Property: Supposef is integrable on
the intervall anda, b, c € I, then

/acf(x)d;z:/abf(:r)da:Jr/bcf(x)dx

(c) Order Properties:

i. If the function f is integrable ona,b]
and f(z) > 0 for all x € [a,b], then
f: f(z)dx > 0.

ii. If the functions f and g are integrable on
[a,b] and f(z) < g(x) for all x € [a,b],
thenf: flz)dx < fabg(x) dx

iii. If fis integrable ora,b], then|f| is inte-

grable ona, b] and
b
< [ 1@ d.

iv. If f is integrable orfa,b] andm the min-
imum andM the maximum value of on
[a, b] then

(x) dx

b
m(b—a) g/ f(z)dx < M(b—a).
(d) Symmetry: Supposef is integrable on the

symmetric interval—a, a]. Then,
i. if fisoddon[—a,a], then

RS

i. if fisevenon—a,al, then

/_Zf(x)dsz/oaf(x)dx

(e) Average Value of a Function:If f isintegrable

on|a, b], then
1 b
b—a/ f(x)dx

is theaverage valu®f f on the intervala, b].




(f) The Mean-value Theorem for Integralsif f is
continuous orja, b], then there exists a number
& € [a, b] such that

b
= bia/ f(x)dzx

(g) Second Mean-value Theorem for Integrals:
If f andg are continuous ofu, b andg(z) > 0
for all z € [a,b], then there exists a number
& € [a, b] such that

/a " Fa)gw) dz = £ / gy de.

(h) Anti-derivative: A function F' is an anti-
derivative or primitive or indefinite integralof
the functionf on an intervall if F'(x) = f(z)
forallz € I.

4, THE FUNDAMENTAL THEOREM OFCALCULUS:

(a) If f is continuous ota, b] then the function

/;f(t)dt

is differentiable on(a, b) and

Py =1 ([ 10a) = o)

forall x € (a,b).

(b) If the function f is continuous orja,b] and F’
any anti-derivative off on|[a, b], then

b
/ f(z)dz = F(b) — F(a) = F(x)

a

(c) If f is continuous ora,b] andy, andy. are
differentiable on(a, b) then

2 ()
Glz) = / L

ist differentiable or(a, b) and

P2 (x)
)=+ ( /w I dt)
= f(va(@))¥y(x) — f(Pr(2))vf ().

5. BASIC INTEGRATION FORMULAS:

(a)/x dv = r+1+c r# -l
Injz|+C, r=-1

(© /cosxd:c =sinz + C

/sin:cdx: —cosxz +C

(d) /Secxdx =In|secx + tanz| + C

/cscmdm = —In|cscz + cotz| + C.

(e) /se02 dr =tanx + C

/CSCQxdx:7COt1’+C
® /sechdxz%secmtanx+%ln|secx+tanx|—|—C

/csc3xdx: —icscazcotr — 2 Infesca 4 cot x| + C

(9) /sec:ctana;dx —secz 4+ C

/csca:cot:cdm:—cscx—i—c
(h) /emd:v:e‘”JrC’
/a da:———i—C
Ina
0 [
. 1
0 [ ==
N
1
k -
(k) /w\/xQ—l
0] /coshxdxzsinhx—i—C

1

de:tan_lx—i—c
+x
dr =sin "tz +C

de =sec 'z +C

/sinhxd:c =coshz +C

(m) /sech2 xdx =tanhz + C

/CSChQIEdl’ = —cothx +C

(n) /sechxtanhxdx = —sechz+C
/cschmcothmdx: —cschx +C

2

(0) /cos rdr = = cos lesing cos" " xdx

/sm rdr = —%sin"ilxcosx—&—"T_l/sinnfzxda:

(p) /tan"md:c = ﬁtan”fl T — /tan"*1 xdx

/cot" rdr = ——1 cot" /cot”_1 rdr



(@) /sec" xdr = ﬁ sec" 2 xtanx + Z—*% sec" 2 xdx

n _ 1
/CSC rdxr = 1 csc” LL‘COt.’E+n 1/CSC

. INTEGRATION RULES:

(a) Linearity:

] /af(gc)d;vza/f(z)dx

i /(f(@ (2)) do =

/f da:+/()d

(b) Substitution Rule:

b g(b)
. / f(g(x))g’(w)dw—/() fly)dy

i / £ (o(@)g/ () d = / £(y) dy

iii. Trigonometric Substitutions:

If the integrand involvesva? — z2,

x? —a? or va? + x2, substitutexr =
asinf, x = asec, x = atanf, respec-
tively.

iv. Rationalizing Substitutions:

If the integrand involves an expression of
the form {/ f(x) substitutey = ¢/ f(x) or
equivalentlyy™ = f(z).

If the integrand is a rational expression in
sin z andcos x, substitutey = tan(z/2),
which implies

1—9? _ 2y
cosT = ——, sinx= 5
1+y 1+y
2d
d:::ziy2
1+y

(c) Integration by Parts:

(d) Integration by Partial Fractions: If the inte-

grand is a proper rational function of the form
p(z)/q(x) wherep andq are polynomials (if it
is not proper, first use long division) follow this
procedure:

(STEP 1:) Factorg into a product of linear and
irreducible (oveiR) quadratic factors.

(STEP 2:) Decomposep(x)/q(z) by replac-
ing each linear factor of which has the form
+ (az +b)* (with multiplicity & > 1) by
Ay Az Ay
ar +b * (az + b)? ot (az + b)*

and each quadratic factor qf which has the
form (az? + bz + c)* (with multiplicity £ > 1)
by
Aix + By i Apx + By,
ar? 4+ bz +c (az? + bz + c)k

(STEP 3:) Compute the undetermined coeffi-
cientsA;, B; in the numerators using “compar-
ing coefficients”, limit techniuques etc.

(STEP 4:) Solve the resulting integrals which
are of the form

A A ,
/7j.dgc, /L—Fb]dm
(ax + b)7) (azx? + bx + ¢)J

7. APPLICATIONS

(a) Area between Two Curves: If f andg are

continuous functions ofw, b] such thaty(z) <
f(z) for all z € [a, b], then the regiod (z,y) |
a<z<b g(x) <y< f(x)}is called there-
gion betweery andg over|a, b]. Then thearea
differentialatz € [a, b] is given by

dA(z) = (f(z) - g()) du

and the total area by

A /abdA: /ab(f(m) ~ g(a)) da.

(b) Volume by Slicing:

i. Cavalieri’'s Principle: Given a solidQ
with continuous cross-sectiond(z) per-
pendicular to a coordinate axis whose
points are labeled by. Then thevolume
differential of 2 at the pointz is given by

dV(z) = A(x) dx

and ifa < b are points on the axis, then the
volume of() betweer andb is given by

V:/abdA:/abA(x)dx

ii. Disc/Washer Method: Let ¢ € R and f
and g continuous onfa, b] such thate <
g(z) < f(x) for all z € [a,b]. Moreover,
let 2 denote the solid generated by revolv-
ing the region betweelfi andg over [a, b]



about the axigy = ¢. Then the volume dif-
ferential ofQ) at the pointz € [a, b] is given
by

dV(z) = ﬂ{(f(x)—c) - (g(:c)—c)z] dx

and the total volume df by

2

b
V=[] dVv

= 7'l'/ab|:(f(l‘) - 0)2 — (9(=) —6)2} dz

(c) Volume by Shells: Letc € R, ¢ < a < b,
and letf andg be continuous ofu, b] such that
g(x) < f(x) for all z € [a,b]. Moreover, let

denote the solid generated by revolving the re-

gion betweenf andg over [a, b] about the axis
x = d. Then the volume differential of2 at
x € [a,b] is given by

dV(z) = 2n(z — d)(f(z) — g(x))dz,

and the total volume by

V = /b dVv
b
— o / (z — d)(f(z) - g(x))dz,

(d) Arc Length:

i. Arc, Smooth Curve: If f is continuously
differentiable orja, b] (i.e. f’ is continuous)
then the curve

C:=Cp:={(z,f(z)) |[a<z<b}

is called amarc or asmooth curve.

ii. Arc Length: Let Cy be an arc, defined
by the functionf on [a,b], and letP :=
{z0,...,sn} be a partition ofa, b]. More-
over, let

Asj = \/(xj —xj_1)2+ (f(xj) - f(xj—l))2

=1+ (f(&))? Ax;

for someg; € (z;_1,z;). Then,

s(P):= Z As;
j=1

gives the length of the polygonial arc in-

scribed inC' relative to the partitiorP.

If the set{s(P) | P partition of[a,d]} is
bounded above, thefl; is calledrectifiable
and we define thiengths of C by

s := sup{s(P) | P partition of[a, b]}.

iii. If fis continuously differentiable, then

ds(z) :=1/1+ (f’(x))de

is thearc length differentiabf the curveC';
atz. The total length of the curv€’; is
given by

3=/leds=/ab\/1—|—(f’(x))2dm.

(e) Area of a Surface of Revolution: Letc € R

and letf be continuously differentiable dn, b]

and f(z) > cforall z € [a,b]. Moreover, let

I" denote the surface generated by revolving the
curveC'y about the axig = c. Then the surface
area differential of" atz € [a, b] is given by

dS =2n(f(z) —c) ds(z)
- 27r(f(a:) - c) 1+ (f’(a:))zda:

and the total surface area by

b
S:/da
ab

= [ 2n(t@) = 1+ (@) e

Ja

(f) Mass from Density:

i. Mass of a a Rod: Suppose the projection
of the material solid?) onto the real num-
ber line is given by the intervdk, b], and
suppose(x) is the density of the solid at
x € [a,b] (units: mass per unit length).
Then the mass differential 6f atz € [a, b]
is given by

dm(z) = §(z) dz,

and the total mass 6t by

mzL%mzL%@Mx

ii. The Mass of a Plate: Suppose the projec-
tion of the material solid? in the plane is
the region betweefi andg over the interval
[a,b]. Moreover, suppose that the density
of the solid is given by the (1-dimensional)
functioné : [a,b] — R (units: mass per
unit area); note: we assume the density is
constant along the lines= cfor ¢ € [a, b].



Then the mass differential 6f atz € [a, b]
is given by
dm(z) = (f(z) — g(x))d(x) dz,

and the total mass ¢t by

m = /ab dm
_ / b(f(x) — g(x))8(x) da.

The Mass of a Wire: Suppose the axis of
the wireW is a smooth curve’; defined by
the function f continuously differentiable
on [a,b]. Moreover, suppose thatx) is
the density oV atx € [a,b] (units: mass
per unit length). Then the mass differential
of W atzx € [a, b] is given by

dm(x) = 6(x) ds(x)

2

= 5(a)\/1+ (f'(2)’ da.

and the total mass d¥’ by

b
m:/ dm
ab
:/ 6(z) ds
ab

:/ 51+ (f'(x))? de.

Three Dimensions: Suppose? is a mate-
rial solid desribed by the 3-dimensional re-
gion B in R3 with density functions as-
signing to eachz,y,z) € B its density
d(x,y,z). Then the mass differential 61
at(z,y, z) is given by

dm(z,y,2) = 0(x,y,2)dV(x,y, 2)

and the the total mass 6fby

m:/dm:/é(m,y,z)dv.
B B

(g) Center of Mass and Centroid:

The Center of Mass of a Rod:Given arod
Q2 with density functior : [a,b] — R. We
consider the moment d® with respect to
the pointz = 0. The moment differential
of Q atx € [a,b] (the moment of the:-th
slice ofQ?) is given by

dM(z) = zdm(z) = zé(x) dz

and the total moment @? by

b
M:/ M
ab

:/a xdm(x):/:xa(x)dx.

Thecenter of massf (2 is the unique point
7 € Rsuchthattm = M wherem denotes
the total mass df2. Thus

_/dM_/ab:aS(x)dx
x_/dm_ /le(S(m)d:U.

i. The Centroid of a Rod: If the density of

the rodf2 is constant, it is called aniform
or homogeneous rodts center of mass is
called thecentroidof the rod. Clearly,

T = %(a—i—b).

The Center of Mass of a Plate:Suppose
the Plate is given by the continuous func-
tions f andg on [a, b] and the density func-
tion § on [a,b]. We consider the moment
M, about thexr-axis and the moment/,
about they-axis. Then the moment differ-
entials of2 at z with respect to the:-axis
andy-axis are given by

dM,(z) = gdm(x)

(f(2) + g(=)) dm(z),
dM,(xz) = Tdm(x) = zdm(x),

=

respectively, wherg: andy denote thez-
and y-coordinate of the center of mass of
the (uniform rod) mass differentialm(x)
atx. The total moments df with respect
to thex- andy-axis are given by

=4 [ (@] = [o(@)])oa) da.
M, = /b dM,
= /aba:(f(a?) —g(2))é(z) dz,

respectively. Thecenter of mas®f Q is
the unique point(z,7) € R? such that



Tm = M, andym = M,, wherem de- vii. Center of Mass in Three Dimensions:

notes the total mass 6f. Thus Suppos€ is a material solid desribed by
the 3-dimensional regioB in R? with den-
/dMy /:Edm sity functiond assigning to eactr, y, z) €
T = = , B its densityd(z,y, ). Let(2,9,2) € R3
/ dm / dm denote the center of mass of the mass differ-

entialdm at (x,y, z) € B, then the center
/ dM,, / jdm of mass(z, 7, z) of Q2 is given by

y= = ;
/dm /dm /idm /id(m,y,z)dv

7— B _JB
/dm O(x,y,2)dV
B
respectively. X -
iv. The Centroid of a Region: If the density B /Bydm /B §o(z,y,z)dV
of the plate is constant, we call its center y= =
of mass, theentroid of the regiortovered /dm / 6(z,y,2)dV
by the plate. B
v. The Center of Mass of a Wire:Suppose / Zdm / 26(x,y,2)dV
the axis of the wirdV is the smooth curve z=+8 =B
Cy, f continuously differentiable ofw, b] /dm / dz,y,z)dV
with densityd on [a,b]. The mass differ- B
ential dm(x) has center of masgi, j) = Let T denote the surface d and let again
(z,y). Then the moment differential 6¢ (2,9, 2) denote the center of mass of the
atz with respect to the:-axis andy-axis is mass differentialdm = §(z,y,2)dS at
given by (z,y,z) € T. Then the center of mass
M, (z) = § dm(z) (Z,7,%) of T is given by
=ydm(x) =yd(z)ds, / Zdm / Zo(x,y,2)dS
dM,(x) = & dm(x) z— JS _ Js
=xdm(z) =z d(x)ds, /dm o(z,y,z)dS
S
respectively, and the total moment &f ) R
with respect to the:--axis andy-axis by B /S ydm /S go(z,y,2)ds
y = =
b b
MI:/ de:/ y6(2) ds(z). /dm [35(x7y,z)ds
b b /édm /26($,y,z)ds
M, :/ dM, :/ x6(z)ds(x), z_Js _Js
. ‘ ‘ /dm 0(z,y,2)dS
respectively. The center of mass,y) of s

W is therefore given by viii. Symmetry and Centroid:

b If the (1-, 2-, 3-dimensional) regiof? has
/dMy /a&dm / xd(r)ds axis of symmetry then the centroid of Q

T = = = =t , lies on.
/dm /dm d(x)ds (h) Fluid Pressure:
Z i. The pressurep exerted by a fluid with
/de /ydm / yo(x)ds weight-densityw at depthh is given by
Y= = = =& b 3 N
/dm /dm 6(z) ds p = wh.
“ ii. The force F exerted by a fluid on a (hori-
vi. The Centroid of an Arc: If the density of zontal) surface of ared at depthh is
a wire is constant, it is called theentroid
of the arccovered by the wire. F =pA=whA.



(i) Work:
i. The workWW performed by an object moved

a distancel along a straight line by a con-
stant forceF' is

W = Fd.

()) Money Stream:

i. A money streanis a continuous function
representing the flow of money as a func-
tion of time (units: dollars per unit time).

ii. Future Value:

A. Suppose an amoutit is deposited into
an account at percent interest com-
pounded continuously. Then its value
B afterT years is

B = pPe'T,

called thefuture valueof P after T
years at rate.

B. Now suppose a money streaf(t)
is deposited into an account at
percent interest compounded continu-
ously. Then the “future value differen-
tial” dB(t) attimet is

dB(t) = P(t)dte" ™

and the future value of the entire money
streamP(¢) at timeT is

T T
B= / dB(t) = / P(t)e" =Y dt.
0 0

8. THE THEOREMS OFPAPPUS

() The First Theorem of Pappus:Suppose the
solid €2 is generated by revolving the regidh
about the lin¢/ that does not intersed?. Let7
denote the distance of the centroid®from ¢.
Then

V =27TA,
whereA denotes the area di.

(b) The Second Theorem of PappusSuppose the
surfacel is generated by revolving the at¢
about the lin¢/ that does not intersec€t. Let7
denote the distance of the centroid@ffrom ¢.
Then

S = 27nTs,

wheres denotes the length @f.



