
Review
Fundamental Concepts and Techniques of Calculus

R 5: Summary: Sequences and Series

Last updated: 041013

1. SEQUENCES OFREAL NUMBERS, DEFINITIONS:

(a) Sequence: A real-valued functiona : N → R
from the set of positive integersN into the real
numbersR is called asequence of real numbers
or a real sequence.It is customary to denote
a(n) simply by an and the whole sequence by
(an)n∈N = (a1, a2, a3, . . .) or by {an}n∈N =
{a1, a2, a3, . . .}. Often the notation is simpli-
fied to(an) or {an}.

(b) Boundedness: A (real) sequence(an)n∈N is
said to be

i. bounded aboveif there exists some constant
B ∈ R such thatan ≤ B for all n ∈ N.;

ii. bounded belowif there exists some constant
b ∈ R such thatan ≥ b for all n ∈ N;

iii. boundedif there exists some constantC ∈
R such that|an| ≤ C for all n ∈ N.

(c) Monotonic sequences:A (real) sequence
(an)n∈N is said to be

i. increasingif there exists somek ∈ N such
an < an+1 for all n ∈ N with n > k.

ii. non-decreasingif there exists somek ∈ N
suchan ≤ an+1 for all n ∈ N with n > k.

iii. decreasingif there exists somek ∈ N such
an > an+1 for all n ∈ N with n > k.

iv. non-increasingif there exists somek ∈ N
suchan ≥ an+1 for all n ∈ N with n > k.

(d) Limits of sequences:A (real) sequence
(an)n∈N haslimit L ∈ R, written

lim
n→∞

an = L, an → L,

if and only if, for anyε > 0 there exists some
constantN ∈ N such that for alln ∈ N:

n > N ⇒ |an − L| < ε.

2. SOME L IMIT THEOREMS:

(a) Suppose(an)n∈N and (bn)n∈N are convergent
sequences andα ∈ R, then

i. lim
n→∞

(an + bn) = lim
n→∞

an + lim
n→∞

bn

ii. lim
n→∞

(αan) = α lim
n→∞

an

iii. lim
n→∞

(anbn) =
(

lim
n→∞

an

)(
lim

n→∞
bn

)
iv. lim

n→∞

an

bn
=

lim
n→∞

an

lim
n→∞

bn
, if bn 6= 0 for all

n ∈ N andlimn→∞ bn 6= 0.

(b) Continuous Functions Preserve Limits:Sup-
pose the functionf : Df → R is continuous
and (an)n∈N a convergent sequence such that
an ∈ Df for all n ∈ N. Then the sequence
of images

(
f(an)

)
n∈N also converges and

lim
n→∞

f(an) = f
(

lim
n→∞

an

)
.

(c) Squeeze Play: Supposean ≤ bn ≤ cn for
all n ∈ N with n > k for somek ∈ N.
If limn→∞ an = limn→∞ cn = L, then
limn→∞ bn = L.

(d) Every convergent sequence is bounded.

(e) Every bounded monotonic sequence is conver-
gent.

More precisely: Every non-decreasing se-
quence that is bounded above converges to its
least upper bound, every non-increasing se-
quence that is bounded below converges to its
greatest lower bound.

(f) If the sequence(an)n∈N is monotonic and un-
bounded, then

lim
n→∞

1
an

= 0.

(g) If limn→∞ an = 0 and (bn)n∈N is bounded,
then

lim
n→∞

anbn = 0.

3. SOME IMPORTANT L IMITS :

(a) lim
n→∞

c = c, c ∈ R;

(b) lim
n→∞

x1/n = 1, x > 0;
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(c) Geometric Sequence:

lim
n→∞

xn =


0 |x| < 1
1 x = 1
diverges else;

(d) lim
n→∞

1
np

= 0, p > 0;

(e) lim
n→∞

xn

n!
= 0;

(f) lim
n→∞

lnn

n
= 0;

(g) lim
n→∞

n1/n = 1;

(h) lim
n→∞

(
1 +

x

n

)n

= ex;

4. INFINITE SERIES:

(a) Infinite Series: Let (an)n∈N be a (real) se-
quence. Theinfinite series

∑∞
k=1 ak is defined

to be the sequence(Sn)n∈N of n-th partial sums

Sn :=
n∑

k=1

ak.

The coefficientsan are called thetermsof the
series.

(b) Series of Positive Terms:The series
∑∞

k=1 ak

is called aseries of positive termsif ak > 0 for
all k ∈ N.

(c) Convergent Series: Let
∑∞

k=1 ak be an infinite
series andS ∈ R. The series

∑∞
k=1 ak con-

verges toS if the sequence(Sn)n∈N of partial
sums converges toS. If limn→∞ Sn = S, we
call S thevalueof the infinite series and write

∞∑
k=1

ak = S.

(d) Absolute Convergence:The series
∑∞

k=1 ak is
said to beabsolutely convergentif the series∑∞

k=1 |ak| converges.

(e) Conditional Convergence: If the series∑∞
k=1 ak converges, but not absolutely, then

it is calledconditionally convergent.

(f) Combinations of Series: If
∑∞

k=1 ak and∑∞
k=1 bk are convergent series andα ∈ R, then

i.
∞∑

k=1

(ak + bk) =
∞∑

k=1

ak +
∞∑

k=1

bk;

ii.
∞∑

k=1

αak = α
∞∑

k=1

ak.

5. CONVERGENCETESTS:

(a) Divergence Test: If the series
∑∞

n=1 an con-
verges, thenlimn→∞ an = 0. Equivalently: If
limn→∞ an 6= 0 then

∑∞
n=1 an diverges.

(b) Integral Test: If f is a positive, continuous and
decreasing function on the interval[K,∞) for
some constantK ∈ N, then

∞∑
k=K

f(k) conv.⇔
∫ ∞

K

f(x) dx conv.

(c) Comparison Test: Suppose the series of posi-
tive terms

∑∞
k=1 bk dominates the series of pos-

itive terms
∑∞

k=1 ak, i.e.bk ≥ ak for all k > K
for someK ∈ N. Then

i. If
∑∞

k=1 bk converges, then
∑∞

k=1 ak con-
verges;

ii. If
∑∞

k=1 ak diverges, then
∑∞

k=1 bk di-
verges;

(d) Limit Comparison Test: Suppose
∑∞

k=1 ak

and
∑∞

k=1 bk are series of positive terms and

0 < lim
n→∞

an

bn
< ∞, then

∞∑
k=1

ak conv. ⇔
∞∑

k=1

bk conv.

(e) Alternating Series Test: If (an)n∈N is decreas-
ing, positive andlimn→∞ an = 0, then

i.
∑∞

n=1(−1)n+1an converges;

ii. |S − Sn| < an+1 for all n ∈ N, whereS
denotes the value of the alternating series.

(f) Ratio Test: Let
∑∞

n=1 an be a series and let

% := lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣, then

i. If % < 1 then
∑∞

n=1 an converges abso-
lutely;

ii. If % > 1 then
∑∞

n=1 an diverges;

iii. If % = 1 then the test is inconclusive.

(g) Root Test: Let
∑∞

n=1 an be a series and let
% := lim

n→∞
|an|1/n, then

i. If % < 1 then
∑∞

n=1 an converges abso-
lutely;

ii. If % > 1 then
∑∞

n=1 an diverges;

iii. If % = 1 then the test is inconclusive.
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6. IMPORTANT SERIES, ETC. (FOR COMPARISONS

ETC.):

(a) Geometric Series:

∞∑
n=0

rn =


1

1− r
|r| < 1

diverges else

(b) p-series:

∞∑
n=1

1
np

converges⇔ p > 1

(c) Telescoping Series:

∞∑
n=1

1
n(n + 1)

= 1

(d) Useful Estimate: For all k ∈ N there exists a
constantbk such that forx ∈ (bk,∞)

lnx ≤ x1/k

7. TAYLOR SERIES, POWER SERIES:

(a) Taylor Series (Expansion):Supposef pos-
sessess derivatives of any order on the interval
I containingx0. Then the series

P (x) :=
∞∑

j=0

f (j)(x0)
j!

(x− x0)j

is called theTaylor seriesor Taylor expansionof
f centered atx0;

(b) Taylor Polynomials: Then-th partial sum

Pn(x) =
n∑

j=0

f (j)(x0)
j!

(x− x0)j

of the Taylor series expansion off atx0 is called
the n-th Taylor polynomialof f centered atx0

(which exists iff has derivatives up to ordern
on I).

(c) Taylor’s Remainder Term: SupposePn is the
n-th Taylor polynomial off centered atx0.
Then the term

Rn(x) := f(x)− Pn(x)

for x ∈ I is called then-theTaylor’s remainder
for f atx.

(d) Taylor’s Remainder Theorem:If f possesses
derivatives up to ordern + 1 on the open inter-
val I containingx0, then for eachx ∈ I

Rn(x) =
1
n!

∫ x

x0

f (n+1)(t)(x− t)n dt.

(e) Lagrange’s Form of Taylor’s Remainder:If f
possesses derivatives up to ordern + 1 on the
open intervalI containingx0, then for each
x ∈ I there exists a numberξ betweenx and
x0 such that

Rn(x) =
f (n+1)(ξ)
(n + 1)!

(x− x0)n+1

(f) Power Series:

i. Power Series inx: An infinite series of
the form

∞∑
n=0

bnxn

is called apower seriesin x.

ii. More General Power Series:If g is any
function, then an infinite series of the form

∞∑
n=0

bn

(
g(x)

)n

is called apower seriesin g(x).

(g) Radius of Convergence, Interval of Conver-
gence: Let

∑∞
n=0 bnxn be a power series inx.

Then there exists a uniquer with 0 ≤ r ≤ ∞
(note:r can be∞ !) such that

i.
∑∞

n=0 bnxn converges absolutely for all
x ∈ (−r, r);

ii.
∑∞

n=0 bnxn diverges for allx 6∈ [−r, r].
This r is called theradius of convergence
of

∑∞
n=0 bnxn. The interval

{
x ∈ R

∣∣∣ ∞∑
n=0

bnxn converges
}

is called theinterval of convergenceof the
power series

∑∞
n=0 bnxn.

(h) Computing the Radius of Convergence:If∑∞
n=0 bnxn is a power series inx, then its ra-

dius of convergence is given by

i. r = lim
n→∞

∣∣∣∣ bn

bn+1

∣∣∣∣
ii. r =

1

lim
n→∞

n
√
|bn|

(Hadamard)

(i) Differentiation and Integration: Suppose∑∞
n=0 bnxn is a power series with radius of

convergencer > 0. Let f(x) =
∑∞

n=0 bnxn.
Then
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i. f is differentiable on(−r, r) and its deriva-
tive f ′ has a power series representa-
tion with the same radius of convergence.
Moreover,

f ′(x) =
∞∑

n=1

nbnxn−1

for all x ∈ (−r, r).
ii. f is integrable on(−r, r) and its integral∫

f(x) dx has a power series representa-
tion with the same radius of convergence.
Moreover,∫

f(x) dx =
∞∑

n=0

bn

n + 1
xn+1 + C

for all x ∈ (−r, r).
iii. f has continuous derivatives of all orders

on (−r, r) and

bn =
f (n)(0)

n!

for all n ∈ {0, 1, 2, . . .}.
iv. Identity Theorem: Suppose

∞∑
n=0

anxn =
∞∑

n=0

bnxn

for all x in the intersection of the inter-
vals of convergence of the two series. Then
an = bn for all n ∈ {0, 1, 2, . . . , }.

(j) Algebraic Operations:
Given two power seriesf(x) =

∑∞
k=0 akxk and

g(x) =
∑∞

k=0 bkxk with positive radius of con-
vergence. Letr > 0 be chosen such that both
power series converge for all|x| < r. Then

i. f(x) + g(x) =
∞∑

k=0

(
ak + bk

)
xk.

ii. (αf)(x) =
∞∑

k=0

(αak)xk.

iii. f(x) · g(x) =
∞∑

k=0

 k∑
j=0

ajbk−j

 xk.

(k) Important Taylor Series Expansions:

i. Exponential Series:

ex =
∞∑

k=0

xk

k!
, |x| < ∞

ii. Sine Series:

sinx =
∞∑

k=0

(−1)k x2k+1

(2k + 1)!
, |x| < ∞

iii. Cosine Series:

cos x =
∞∑

k=0

(−1)k x2k

(2k)!
, |x| < ∞

iv. Hyperbolic Sine Series:

sinhx =
∞∑

k=0

x2k+1

(2k + 1)!
, |x| < ∞

v. Hyperbolic Cosine Series:

coshx =
∞∑

k=0

x2k

(2k)!
, |x| < ∞

vi. Geometric Series:
1

1− x
=

∞∑
k=0

xk, |x| < 1

vii. Binomial Series:

(1 + x)α =
∞∑

k=0

(
α

k

)
xk, |x| < 1, α ∈ R

viii. Logarithmic Series:

ln(x + 1) =
∞∑

k=1

(−1)k+1 xk

k
, |x| < 1

ix. arctan(x) =
∞∑

k=0

(−1)k x2k+1

2k + 1
, |x| < 1
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