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1. SEQUENCES OFREAL NUMBERS, DEFINITIONS:

(a) Sequence: A real-valued functiort : N — R
from the set of positive integefs into the real
numbersR is called asequence of real numbers
or areal sequence.lt is customary to denote
a(n) simply by a,, and the whole sequence by
(an)nGN = (ala az, asg, .. ) or by {an}nGN =
{a1,as,as,...}. Often the notation is simpli-
fied to(a,) or {a,}.

(b) Boundedness: A (real) sequencéay,)nen IS
said to be

i. bounded abovigthere exists some constant
B € R such that,, < Bforalln € N.;

ii. bounded below there exists some constant
b € Rsuchthat, > bforalln ¢ N;
iii. boundedf there exists some constafit
R such thafa,| < C foralln € N.
(c) Monotonic sequences:A (real) sequence
(an)nen IS said to be
i. increasingif there exists somé € N such
an < an41 foralln € Nwithn > k.

ii. non-decreasingf there exists somé € N
sucha,, < a,4; foralln € Nwithn > k.

iii. decreasingf there exists somé € N such
Qp > apyq foralln € Nwithn > k.

iv. non-increasingf there exists somé € N
sucha,, > a,; foralln € Nwith n > k.

(d) Limits of sequences:A (real) sequence
(an)nen haslimit L € R, written

lim a, =L, a,— L,

n—oo

if and only if, for anye > 0 there exists some
constantNV € N such that for all € N:

n>N=|a, — L| <e.

2. SOME LIMIT THEOREMS

(a) Suppos€a,,)neny and (b, )nen are convergent
sequences and € R, then

i. lim (a, +b,)= lim a,+ lim b,
n—oo n—oo n—oo

i. lim (aay,)=a lim a,

i lirn (anbn) = (i an) ( lra br)
a lim a,
iv. lim = = 22 jfp, # 0 for all
risoo by, lim b, 7

n € N andlim, .o by # 0.

(b) Continuous Functions Preserve Limits: Sup-
pose the functiory : Dy — R is continuous
and (a,,),en @ convergent sequence such that
an, € Dy for alln € N. Then the sequence
of images(f(an))nEN also converges and

Jim pan) = ( tim o).

(c) Squeeze Play: Supposea,, < b, < ¢, for
al n € Nwithn > k for somek € N.
If lim,—~a, = lim,_..c¢, = L, then
lim,, o b, = L.

(d) Every convergent sequence is bounded.
(e) Every bounded monotonic sequence is conver-
gent.

More precisely:  Every non-decreasing se-

guence that is bounded above converges to its
least upper bound, every non-increasing se-
guence that is bounded below converges to its
greatest lower bound.

(f) If the sequencéa,,),en iS monotonic and un-
bounded, then

lim — =0.
n—0o0 QA

(9) If lim,—oca, = 0 and (b,)nen is bounded,
then

lim a,b, = 0.

n—oo
3. SOME IMPORTANT LIMITS:
(@ lim c=¢, c€R;
n—oo

(b) lim z'/" =1, > 0;



(c) Geometric Sequence:
0 x| <1
lim 2" =<1 r=1
e diverges elsg

(d) lim i—0 p>0;

n—oo NP
n

() lim ~ =0

n—oo MNn!
(f lim lnn =0;

n—oo N

(@) lim n'/" =1;

n—oo

() tim (1+ %)n -

. INFINITE SERIES

(a) Infinite Series: Let (a,)neny be a (real) se-
guence. Thenfinite seriesz,;“;1 a is defined
to be the sequendé), ),.cn Of n-th partial sums

Sn = zn: Q.

k=1

The coefficients:,, are called théermsof the
series.

(b) Series of Positive Terms:The seriesy "~ ; ax
is called aseries of positive termi§ a; > 0 for
all k € N.

(c) Convergent Series: Let);~ | a; be aninfinite
series andS € R. The seriesZZ":1 ap con-
verges toS if the sequencgs,,),cn Of partial
sums converges t8. If lim, .., S, = S, we
call S thevalueof the infinite series and write

e}
D o=

k=1

(d) Absolute Convergence:The serie$ -, ay is
said to beabsolutely convergenif the series
> re; lax| converges.

(e) Conditional Convergence:If the series
> e, ar converges, but not absolutely, then
it is calledconditionally convergent.

(f) Combinations of Series:If > .-, a; and
> re, by, are convergent series ande R, then

i. Zak+bk Zak+zbku
k 1

ii. Zaak :aZak.
k=1 k=1

5. CONVERGENCETESTS

(a) Divergence Test: If the series)_> , a,, con-
verges, thenim,,_.., a,, = 0. Equivalently: If
lim, . a, # 0then)_ >, a, diverges.

(b) Integral Test: If f is a positive, continuous and
decreasing function on the intervgk’, co) for
some constank” € N, then

f: f(k) conv.< /OO f(z)dz conv.
K

k=K

(c) Comparison Test: Suppose the series of posi-
tive terms) - , b, dominates the series of pos-
itive terms) 7> | ay, i.e.b, > ai forall k > K
for someK € N. Then

i. If 377, by, converges, the ", | a; con-
verges;

i. If >°p2, ax diverges, thend ;~ b, di-
verges;

(d) Limit Comparison Test: Suppose >, ; ax
and ) ;- , b, are series of positive terms and

0< hma—<oothen

n— o0 b

o0 oo
Zak conv. & Zbk conv.
k=1 k=1

(e) Alternating Series Test: If (a,,),cn IS decreas-
ing, positive andim,, o, a,, = 0, then
i >0 (=1)"*1a, converges;
ii. 1S — S, < anyr foralln e N, whereS
denotes the value of the alternating series.

(f) Ratio Test: Let >, a, be a series and let
Qp41
an

0:= lim , then

n—oo

. If o < 1then> >
Iutely,

an, converges abso-

n=1
. If o> 1then} > | a, diverges;
. If o =1thenthe testis inconclusive.
(9) Root Test: Let > °  a, be a series and let

0:= lim |a,|"/", then
n—oo

. If o < 1then>
lutely;

a, converges abso-

n=1

i. If o> 1thend" ", a, diverges;
ii. If o= 1then the testisinconclusive.



. IMPORTANT SERIES, ETC.

(FOR COMPARISONS
ETC.):

(a) Geometric Series:

oo 1

r"=<1-—
n=0 diverges else

Ir] <1

(b) p-series:
=1
Y — convergese p > 1
n=1 np
(c) Telescoping Series:
> 1
Do =1
n=1 ’I’L(?’L + )

(d) Useful Estimate: For all k € N there exists a
constanby, such that forr € (b, 00)

Inx < z/k

7. TAYLOR SERIES, POWER SERIES:

(a) Taylor Series (Expansion):Supposef pos-
sessess derivatives of any order on the interval
I containingzq. Then the series

© () (5 .
P(zx) := Z fi(o)(m — xp)’

1l
=0

is called theTaylor seriesor Taylor expansiomf
f centered aty;

(b) Taylor Polynomials: Then-th partial sum

L ,
Pae) = 3 Lo gy
=0

7!

of the Taylor series expansion ffatz is called
the n-th Taylor polynomialof f centered at
(which exists if f has derivatives up to order
onl).

(c) Taylor's Remainder Term: Supposep,, is the
n-th Taylor polynomial of f centered atr.
Then the term

R (z) = f(x) = Pa(2)

for x € I is called then-the Taylor's remainder
for f atx.

(d) Taylor's Remainder Theorem:If f possesses
derivatives up to order + 1 on the open inter-
val I containingzy, then for eachx € I

Ro@) = [ 70 -0

(e) Lagrange’s Form of Taylor's Remainder:If f
possesses derivatives up to orde# 1 on the
open intervall containing zy, then for each
x € I there exists a numbef betweenr and
x such that

F(E)

(n+1)! )

R,(z) = (x — xo

(f) Power Series:

i. Power Series inc:  An infinite series of
the form

o0
E by
n=0

is called apower seriesn x.

ii. More General Power Series:If g is any
function, then an infinite series of the form

is called apower seriesn g(x).

(g) Radius of Convergence, Interval of Conver-
gence: Let)  b,z" be apower series in.
Then there exists a uniguewith 0 < r < oo
(note:r can beco!) such that

i. > by,z™ converges absolutely for all
x € (—r,r);

ii. >0 bna™ diverges for allz ¢ [—r,7].
This r is called theradius of convergence
of Y7 , bpaz™. The interval

{zeR ‘ i b,z™ converge$

n=0

is called theinterval of convergencef the
power serie$ ">~ b,z

(h) Computing the Radius of Convergencef
Yoo o bpx™ is a power series im, then its ra-
dius of convergence is given by

. . by

. r= lim
n— 00 bn+l

. 1

i. r= (Hadamard)
lim {/|b,|

() Differentiation and Integration: Suppose
Z;";O b,x™ is a power series with radius of
convergence: > 0. Let f(z) = > 7 b,a™.
Then



oo

i. fisdifferentiable or(—r,r) and its deriva-

e _ k
tive f/ has a power series representa- i (af)(z) _Z(aak)x '
tion with the same radius of convergence. k=0
Moreover,

N iii. f(z)-g Z Zajbk i | 2"
:annl‘n_l F=0 J =0
n=1

(k) Important Taylor Series Expansions:

forallz € (—r,7). i. Exponential Series:
ii. fis integrable on(—r,r) and its integral T
[ f(z)dx has a power series representa- €= Z K 2] < o0
tion with the same radius of convergence. i Gine oo
ii. Sine Series:
Moreover, o . p2h1
00 sinz = —1)f ' —, |r| <o
/f Z e kzz()( ) (2k‘+1)! | |
= iii. Cosine Series: i
& 2
forallz € (—r, 7). cosw = z:(—l)’C (zk)" |z] < oo
ii. f has continuous derivatives of all orders k=0 ’
on(—r,r)and iv. Hyperbolic Sine Series:
e m2Ic+1
b — £ (0) sinhz = Z 2R |z] < oo
n! k=0
v. Hyperbolic Cosine Series:
foralln € {0,1,2,...}. Yperbole, -2k
iv. Identity Theorem: Suppose coshz = Z R |lz| < oo
i anz" = i by " Vi. GelometrlgoSerles.
= = 171::Z$k, x| <1
for all z in the intersection of the inter- o k=0
vals of convergence of the two series. Then vii. Binomial Series:
an, =b,foralln e {0,1,2,...,}. (1+Z)QZ(Z>‘T’€’ Iz <1, a€R
(i) Algebraic Operations: k=0
Given two power serief(z) = Y-, axz” and viii. Logarithmic Series:
g(x) = Y322, bix® with positive radius of con- > 1 2
vergence. Let > 0 be chosen such that both In(z+1) =3 (1) 7 <
power series converge for alt| < r. Then k=1
o _ o0 , 22kt
i. f(z)+g(x)= Z(ak + by )" Ix. arctan(z) = kfo(_l) 2k +1° ol <1
k=0 N



