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A Pseudo-Rigid-Body Model for
Initially-Curved Pinned-Pinned
Segments Used in Compliant
Mechanisms

Brian T. Edwards,1 Brian D. Jensen,2 and
Larry L. Howell
Mechanical Engineering Department, Brigham Young
University, Provo, UT 84602

The pseudo-rigid-body model concept allows compliant mec
nisms to be analyzed using well-known rigid-body kinemat
This paper presents a pseudo-rigid-body model for initia
curved pinned-pinned segments that undergo large, nonlinear
flections. The model approximates the segment as three
members joined by pin joints. Torsional springs placed at
joints model the segment’s stiffness. This model has been
dated by fabricating several such segments from a variety of
ferent materials. Testing of the force-deflection behavior of th
segments verified the accuracy of the model.
@DOI: 10.1115/1.1376396#

Introduction
The nonlinear deflections often associated with the motion

compliant mechanisms increase the complexity of compli
mechanism analysis and design. However, these deflections a
a drastic reduction in part count, increase in reliability, and all
the other advantages of compliant mechanisms@1,2#. Methods
must be developed that simplify large-deflection analysis to ai
compliant mechanism design. The pseudo-rigid-body model c
cept has been developed in response to this need@3#. This model
unifies compliant mechanism theory with rigid-body mechani
theory by replacing a compliant segment with two or more rig
segments joined by pin joints. The lengths of the equivalent ri
segments are specified so that their motion closely models th
the compliant segments. A torsional spring at the pin joint mod
the segment’s resistance to bending. This type of model has
applied to small-length flexural pivots@3#, initially straight fixed
compliant segments with external end loads@4#, and initially
curved segments with similar loads@5#.

A common compliant link yet to be modeled is the initially
curved pinned-pinned segment, or functionally binary pinn
pinned segment~FBPP!, shown in Fig. 1@6#. Because it is pinned
at both ends, vertical loads cause rigid-body rotation; only h
zontal loading produces deflection. Thus, the segment beh

1Currently at Mechanical Dynamics Inc., Ann Arbor, Michigan
2Currently at the University of Michigan, Ann Arbor, Michigan
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much like a translational spring. However, its force-deflecti
characteristics are not linear. To better study these characteris
symmetry is used to divide the complete segment into two equ
lent half-segments, shown in Fig. 2. This half-segment will
modeled, and the results will be generalized to the full FB
segment.

Elliptic Integral Solution
The force-deflection relationships for FBPP segments requi

nonlinear solution. The classical method for determining th
relationships has been through elliptic integrals@7,8#. For a fixed-
pinned curved beam with a horizontal force applied to the pinn
end, the solutions are@9#:

he
e

Fig. 1 A functionally binary pinned-pinned „FBPP… segment

Fig. 2 Half-model of FBPP segment
© 2001 by ASME Transactions of the ASME
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@~ t222!F~b,t !12E~b,t !# (1)

a5tF~b,t ! (2)

where

a25
FL2

EI
(3)

l5
k0

2

2a22cosu0 (4)

k05
L

R0
(5)

b5
u0

2
(6)

t5A 2

l11
(7)

Also, R0 is the initial radius of curvature of the segment,L is the
segment length,u0 is the angle the pinned end of the deflect
beam makes with thex-axis, anda is the x-coordinate of the
pinned end, measured from the fixed end of the beam.EI is the
beam’s flexural rigidity, andF is the applied horizontal force
F(b,t) is the incomplete elliptic integral of the first kind, an
E(b,t) is the incomplete elliptic integral of the second kind. F
Eqs.~1! and ~2!,

0,u0<p (8)

Similarly, for ulu,1,

a

L
5

1

a
@2E~c,r !2F~c,r !# (9)

a5F~c,r ! (10)

where

c5asinA12cosu0

l11
(11)

Fig. 3 Non-dimensionalized tip deflection at various k0 values
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r 5Al11

2
(12)

and all other parameters are as defined previously. Finally, reg
less of whether or notl.1,

b

L
5

A2

a
~Al112Al1cosu0! (13)

whereb is they-coordinate of the pinned end of the beam, me
sured from the fixed end.

Figure 3 presents the deflection characteristics for the beam
at various values ofk0 , calculated using the elliptic integral so
lutions. Just as in previous studies for other beam loadings,
deflection curves for this type of beam loading are nearly circu
although not about the origin@4,5#. Therefore, the beam deflectio
can be modeled with an appropriately-placed pin joint and link

The Pseudo-Rigid-Body Model
Using this concept, a simplified model, called the pseudo-rig

body model~PRBM!, can be developed to facilitate the force
deflection calculations for FBPP segments. This model, shown
Fig. 4, uses two rigid links and a torsional spring to approxima
the nonlinear bending characteristics of the FBPP half-segm
with the link lengths and spring constant dependent on the ini
geometry of the segment.

Note that, due to symmetry, the half-model is equally app
cable to either side of the FBPP segment. Thus the entire FB
segment shown in Fig. 1 may be represented in terms of an id
tical PRBM on each side of the segment midpoint. The result
pseudo-rigid-body model is given in Fig. 5. The left and rig
sides are coupled by requiring the two anglesQ le f t andQ right to
be equal, as well as the torsional spring constantsKQ le f t and
KQright .

The model for fixed-free curved segments@5# is conceptually
similar to the model in Fig. 4, thus allowing the pseudo-rigid-bo
model for the pinned-pinned segment to use some of the res

Fig. 4 PRBM in deflected position

Fig. 5 PRBM for entire FBPP segment
SEPTEMBER 2001, Vol. 123 Õ 465
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developed for that model. But there are also significant differen
that cause the two models to be different. One of the main dif
ences is that the initially curved model is for combined verti
and horizontal forces on a cantilever beam. That model was b
on the ratio of the horizontal to vertical force, which ratio wou
be infinity for the type of loading required in this paper. Anoth
difference is that the elements are in series to accurately mode
segment.

Derivation of the PRBM Link Lengths
For the PRBM in Fig. 4, it is apparent that the key factor go

erning accurate endpoint deflection approximations is obtain
the correct lengths for the two rigid links. The length of the fix
link is defined by the non-dimensionalized parameterg, the ‘‘fun-
damental radius factor,’’ asL(12g), whereL is the length of the
half-segment. The length of the second link must be the radiu
the circular motion path described in Fig. 3. A parameterr is
defined as the ‘‘characteristic radius factor,’’ with the distancerL
being the characteristic radius, after Howell and Midha@5# r is
defined from geometry as

r5AS ai

L
2~12g! D 2

1S bi

L D 2

(14)

whereai andbi are the initial horizontal and vertical positions o
the segment endpoint.

Since the initial locations of both the half-segment and PRB
endpoints are the same, the non-dimensionalized initial horizo
position,ai /L, can be determined from known values as

ai

L
5

1

k0
sink0 (15)

Similarly, the non-dimensionalized initial vertical endpoint po
tion bi /L is

bi

L
5

1

k0
~12cosk0! (16)

Since the segment is initially curved, the angle the second
makes with thex-axis will be non-zero. This angleQ, called the
pseudo-rigid-body angle, has an initial valueQ i of

Q i5tan21S bi

ai2L~12g! D (17)

Upon application of a forceF, the PRBM deflects to the positio
shown in Fig. 4. The new value ofQ is given by

Q5tan21S bp

ap2L~12g! D (18)

with ap andbp being the new horizontal and vertical coordinat
of the PRBM endpoint. On the other hand, ifQ is known, theap
andbp may be found from

ap

L
512g1r cosQ (19)

and

bp

L
5r sinQ (20)

Upon deflection, the PRBM endpoint path should stay withi
specified error region~compared to the actual endpoint path! over
a certain range of deflection. Thus the optimal PRBM is the o
whose link lengths allow the largest range of deflection o
which the error stays within the specified region. Because
fundamental radius factor,g, determines the characteristic radiu
factor r, the deflection path depends only ong. The solution
method followed for obtaining the value ofg will be similar to
that followed by Howell and Midha@5#.
466 Õ Vol. 123, SEPTEMBER 2001
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At any two corresponding points on the PRBM and ellip
integral deflection curves, the relative error between the two pa
is «, where« is defined to be

«5
A~a2ap!21~b2bp!2

A~a2ai !
21~b2bi !

2
(21)

The error region is defined as a non-dimensionalized constant
tance«max on either side of the PRBM deflection path. The err
region is narrow near the undeflected initial position, and wide
as the angle of deflection increases. Finally, a variable (DQ)max is
defined as

~DQ!max5Qmax2Q i (22)

whereQmax is the value of the pseudo-rigid-body angle at whi
the PRBM approximation exceeds the error bound«max
•(DQ)max is then the difference between the initial angle of t
rigid link and the final angle at which the error is exceeded.

The search for the optimal fundamental radius factor as a fu
tion of k0 then resolves into the following problem:

Find the value of g which maximizes deflection angl
(DQ)max, where

«<«max for Q i<Q<Qmax (23)

The optimization method implemented for findingg is the
Golden Section method@10#. For all cases, a parameter value
«max50.5 percent was utilized. Table 1 shows theg andr values
at selectedk0 values, with the corresponding (DQ)max value for
each curvaturek0 .

Fig. 6 Force-deflection relationship at various k0

Table 1 PRBM rigid link characteristics
Transactions of the ASME
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The k02g graph has two nearly linear regions along the c
vature range. Hence two linear least-squares curve fits descr
g in terms ofk0 are

g50.806320.0265k0 0.500<k0<0.595 (24)

g50.800520.0173k0 0.595<k0<1.500 (25)

with a correlation coefficientr 2>0.999 in each case.

Derivation of the PRBM Spring Constant
The spring constant of the torsional spring needs to be as

tained to complete the modeling of the segment’s stiffness. No
@11# and Howell et al.@12# proposed stiffness coefficients for in
tially straight fixed-pinned segments, while Howell and Midha@5#
extended the theory to initially curved fixed-pinned segments s
jected to variable-angle end forces. However, the case of p
horizontal loading has not been addressed by these authors
cause load direction strongly influences the equivalent spring s
ness@5#, the modeling must be extended to predict FBPP segm
deflection with sufficient accuracy.

Conceptually, the force component acting tangential to
link’s motion, Ft , deflects the link, while the axial componentFa
has no effect on rotation. The tangential force is

Ft5F sinQ (26)

The non-dimensionalized tangential forcea t
2 is then given by

a t
25

FL2 sinQ

EI
5a2 sinQ (27)

The deflection of the rigid link,DQ, can be defined as the differ
ence between the current pseudo-rigid-body angle and the in
angle, or

DQ5Q2Q i (28)

For various non-dimensionalized curvaturesk0 , a graphical
representation of the force-rotation deflection (a t

22DQ) relation-
ship, based on the elliptic integral solutions, is found in Fig.
Over the first portion of the graph, the slope of each of the cur
is nearly constant. Therefore, it may be modeled by a linear r
tionship as

Table 2 Torsional spring constant characteristics

Table 3 Second-order spring constant characteristics
Journal of Mechanical Design
r-
bing

cer-
ton
-

ub-
ure
Be-

tiff-
ent

he

-
itial

6.
es
la-

a t
25KQDQ (29)

whereKQ is the spring stiffness coefficient.
The approximation was extended over the largestDQ range

possible while keeping the correlation coefficientr 2>0.999.
Table 2 contains the values ofKQ for selected curvaturesk0 .

If a simple equation is desired for quick calculations, the f
lowing relationship has a correlation coefficientr 2>0.999 and
can be used to approximate the torsional spring constant for
vatures of 0.5<k0<1.5:

KQ52.56820.028k010.137k0
2 (30)

The value of the torsional spring constantK may be found using
the equation

K5rKQ

EI

L
(31)

When a largerDQ range is required, a second-order curve
will accurately model the force-rotation relationship over the e
tire range that the PRBM deflection path is accurate. Similar
Eq. ~29!, it will be of the form

a t
25KQ1DQ1KQ2~DQ!2 (32)

The values forKQ1 andKQ2 at various curvatures are shown
Table 3. The equation for the spring functionK(DQ) may be
found using the approach used above for the first-order curve fi
is

K~DQ!5r
EI

L
~KQ11KQ2DQ! (33)

Validation of the PRBM
To verify the PRBM for FBPP segments, several compl

FBPP segments were machined for testing. Test mechanisms
created from A36-mild steel, 6061-T651 aluminum, and polyp
pylene, with the flexural rigidities (EI) being different in each
case. Space does not allow the results to be reported in detail
they are recorded in@6#. The plot of the deflection paths shows
close approximation of the PRBM equations to the actual phys
segments, while more error is evident in the force-deflect
curves. The selection ofg, which determines link lengths an
deflection paths, requires deviation from the analytical solution
less than 0.5 percent. However, no strict bound is placed on
error implicit in choosingKQ ; as a result, the model approximate
actual behavior well but without the same accuracy expected
deflection predictions.

Conclusion
Functionally binary pinned-pinned segments are becoming

portant parts of many compliant mechanisms. Their non-lin
deflection behavior, however, has complicated design. Theref
FBPP segments have been analyzed in this paper to model
force-deflection characteristics. Elliptic integral solutions we
used to develop analytic expressions for FBPP segment mo
Using these solutions, a pseudo-rigid-body model was develo
to allow easier modeling of FBPP segments. This model rep
sents the FBPP half-segment as two rigid beams joined by a
joint. A torsional spring at the pin joint models segment stiffne
The force-deflection characteristics of the segment are modele
choosing appropriate link lengths as well as the torsional sp
constant. The accuracy of the model was tested using phys
segments fabricated from aluminum, steel, and polypropylene
each case, the model accurately predicted the segments’ fo
deflection characteristics.
SEPTEMBER 2001, Vol. 123 Õ 467
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A Special Type of Crank Mechanism
With Variable Stroke
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The aim of this paper is a detailed analysis of a particular mec
nism with variable piston stroke. This crank mechanism is pr
ently applied to metering pumps, because it allows the pis
stroke to be adjusted in length and permits the pump flow to
changed also during the pump functioning. The following analy
shows the different characteristics of piston motions obtainable
changing the ratios among the mechanism rod lengths.
@DOI: 10.1115/1.1376397#

Introduction
The mechanism that is the object of this paper is prese

applied to diaphragm metering pumps: these pumps are use
meter and pump limited quantities of reagents in chemical ind

Contributed by the Design for Manufacturability Committee for publication in t
JOURNAL OF MECHANICAL DESIGN. Manuscript received Oct. 1999. Associa
Technical Editor: S. Kota .
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trial processes. In this case both the metering stoichiometric
cision and also the timing of this operation are important. Th
the possibility offered by the studied crank gear of changing
piston stroke also during the pump functioning, illustrated
@1–4#, results of great importance for this type of application.

In Fig. 1 a 3Drepresentation of the mechanism is shown, wh
in Fig. 2 a simplified scheme is illustrated, which shows the kin
matic constitutive components.

The functioning principle can be described as follows: the dr
ing shaft C~elementB of Fig. 1! guides the rod BO to rotate
~bushA of Fig. 1!. This rod is constrained by the crank AB i
joint B ~elementsE andD of Fig. 1! and by the sliding-shoe in
C; the result is a plane motion of the rod BO, in which the po
B describes a circumference centered in A. This determines
motion of the connecting rod OD~elementC of Fig. 1!; then, the
piston D slides along thex axis. The length of the stroke of poin
D is analyzed as a function of the configuration system and
particular, of the adjustable distanced ~the length AC is adjustable
and it allows to change the piston stroke!.

Analytical Study of the Piston Motion
To obtain an analytical solution for the problem, it is necess

to calculate the expression of the anglea in Fig. 2 as a function of
the drive shaft rotationvt.

For this reason, the following equations system must
formulated:

Ha21d222ad cosa~ t !5e2~ t !
a cosa~ t !2e~ t !cosvt5d (1)

that gives the solution:

e~ t !52d cosvt1Ad2 cos2 vt2d21a2 (2)

cosa~ t !5
d1e~ t !cosvt

a
(3)

e
e

Fig. 1 3D representation of the studied mechanism

Fig. 2 Kinematic scheme of the mechanism
© 2001 by ASME Transactions of the ASME



par-
The position of point D, referred to point A in the reference sy
tem of Fig. 2, can be expressed as:

xD~ t !5a cosa~ t !2r cosvt1b cosd~ t ! (4)

Because off (t)5e(t)2r , the relation that connectsvt and
d(t) is immediately obtainable by the following relationship:

b

sinvt
5

f ~ t !

sind~ t !
(5)

from which:

sind~ t !5
f ~ t !

b
sinvt (6)

By replacing the expressions~2!, ~3! and~6! into the~4! and by
suitably rearranging the different terms, it results:
Journal of Mechanical Design
s-xD~ t !

5d1cosvt~2d cosvt1Ad2~cos2 vt21!1a2!2r cosvt1b

•A12S 2d cosvt1Ad2~cos2 vt21!1a22r

b
sinvt D 2

(7)

In order to obtain a real value ofxD(t) from the Eq.~7!, some
conditions are needed that constrain the design parameters: in
ticular, for each value of timet, it must result:

d2~cos2 vt21!1a2>0 ;t⇒AC<AB (8)

u f ~ t !sinvtu<b ;t⇒OC<OD (9)
The last conditions require Eqs.~2! and ~6! to have real solutions.
To proceed further in the analysis, it is advisable to make the function~7! non-dimensional by dividingxD(t) by the length of the rod

AB, chosen as reference:

tD~ t !5td/a1cosvt~2td/a cosvt1Atd/a
2 ~cos2 vt21!11!2t r /a cosvt

1tb/a•A12S 2td/a cosvt1Atd/a
2 ~cos2 vt21!112t r /a

tb/a

sinvt D 2

(10)
e

e

The piston strokec is estimated as the difference between t
maximum and the minimum value assumed by expression~7!.

Piston Stroke Description
If the function ~10! is represented for each value of timet ~or,

similarly, for each value of the drive shaft rotation anglevt! and
of the adjustable distanced, for a general set of rod lengths, th
surface assumes the aspect shown in Fig. 3.

First of all, it is possible to observe that the surface is symm
ric as regards time axis origin, because the functio
cosvt esin2 vt that appear in Eq.~10! are even functions. Further
the system behavior changes when the parametertd/a increases:

Fig. 3 Piston D position as function of the drive shaft rotation
angle and of the variable distance d
he

e

et-
ns
,

• if td/a,td/a* , the piston D runs only one stroke for each driv
shaft rotation;

• if td/a.td/a* , the piston D runs two strokes for each driv
shaft rotation, but one of these strokes is incomplete.

Fig. 4 Piston stroke as a function of the adjustable distance
ratio td Õa

Fig. 5 Rods position when tÉ0

Fig. 6 Rods position when vtÉp
SEPTEMBER 2001, Vol. 123 Õ 469
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If the piston stroke diagram is observed, when the param
td/a changes~as shown in Fig. 4!, it is possible to conclude that

• if td/a,td/a* , the stroke doesn’t change withtd/a , but it
keeps a constant value;

• if td/a.td/a* , the maximum displacement of piston
changes roughly proportionally totd/a , as required by the
applications.

If td/a,td/a* , the piston displacement has its maximum val
whenvt50 ~condition represented in Fig. 5! and its minimum is
worth vt5p ~situation of Fig. 6!; whenvt50:

tD~0!512t r /a1tb/a (11)

while, if vt5p.

tD~p/v!5211t r /a1tb/a (12)

then it results that the piston stroke is given by:

tc52~12t r /a! (13)

and it is independent from the variable distanced.
Then, to apply the studied crank mechanism to control the

ton stroke, a particular configuration of the mechanism is need
for each value of lengthd, the second condition explained (td/a

.td/a* ) must be verified. The piston runs two complete strokes
each rotation of the drive shaft, it presents two symmetric ma
mums and two minimum values whenvt50 andvt5p.

Conditions on Rod Lengths
In Fig. 7 the diagram of piston displacement extreme positi

are represented; the bifurcation corresponds to valuetd/a* of pa-
rametertd/a : the origin, that is the maximum point whentd/a

,td/a* , becomes a relative minimum point whentd/a5td/a* and
the second derivative of functiontD(t) must assume value zero

Analytically, it gives:

Fd2tD~ t !

dt2 G
t50

50⇔2122td/a* 2~td/a* !21t r /a2
~12td/a* 2t r /a!2

tb/a

50 (14)

To impose in equation~14! that td/a.td/a* for each value of
td/a , it is required thattd/a* 50; then, the following condition
referred to rod length is obtained:

211t r /a2
~12t r /a!2

tb/a
50 (15)

that gives the solutiont r /a51, that means lengths BO and A
must be equal.

Fig. 7 Piston displacement extreme position set
470 Õ Vol. 123, SEPTEMBER 2001
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This condition guarantees that time axis origin will be a min
mum point, that the piston motion will include two strokes f
each drive shaft rotation and that the piston stroke will chan
with the variable distanced, as required.

To enlarge the application fields of the system, two other c
ditions must be imposed on piston motion characteristics, in
dition to the condition~15!:

• both the two strokes of the piston for each drive shaft rotat
must be complete;

• the two strokes must require the same time, to be conside
equivalent.

The piston motion obtained with a general choice of rod leng
doesn’t show the last two characteristics, as illustrated in Fig.

From an analytical point of view, the first condition is equiv
lent to:

tD~0!5tDS p

2 D⇔2~12t r /a!50 (16)

Equation ~16! is satisfied for each value oftd/a only if t r /a
51, that is only if lengths AB and BO are congruent; then, t
new condition~16! doesn’t add anything to the condition~15!.
The system behavior is represented in Fig. 9, as function of
drive shaft rotation angle and of the variable parametertd/a when
the condition~15! is respected.

On the contrary, the second condition indicated is the equ
lent of imposing the presence of a maximum when the drive s
rotation has the valuep/2:

Fig. 8 Desired and actual piston displacement

Fig. 9 Piston displacement versus shaft rotation and td Õa
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50 (17)

If we impose also thatt r /a51, as obtained from Eqs.~15! and
~16!, the condition~17! can be analytically represented as:

12A12td/a
2 2

td/a~211A12td/a
2 !

t r /aA12
~211A12td/a

2 !2

t r /a
2

50 (18)

Unlike Eqs.~15! and ~16!, Eq. ~18! does not allow a solution
independent from the variable distanced, but it’s satisfied only
whentd/a50, that is whend50.

This means that, if the two strokes of piston D must have
equal time length, a restriction on variation of the range of para
eterd is needed.

In confirmation of what has been demonstrated, the diagram
piston displacement obtained for two different valuesd are com-
pared in Fig. 10 withd50.8a ~that is td/a50.8! and d50.3a
~that istd/a50.3!; the graph obtained whend50.3a reproduces
better the required characteristics for the piston motion.

Whereas, in Fig. 11, the diagram of the piston displacem
phase error is illustrated as function of lengthd, between the
driving shaft rotation angle value corresponding to the maxim
point of piston displacement and its ideal value2p/2.

Piston Velocity and Acceleration
The following graphs represent the piston velocity~Fig. 12! and

the piston acceleration~Fig. 13! when the condition~15! is veri-
fied and for two different values of distanced.

Fig. 11 Phase error versus td Õ

Fig. 10 Piston displacements for two values of the adjustable
distance d
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The diagrams confirm the previous remarks: if it is needed t
the forward and backward motion of the piston during the fi
stroke has similar characteristics of that of the forward and ba
ward motion during the second stroke, for every complete dr
shaft rotation, it is necessary to limit the maximum variation
the stroke obtainable by the mechanism studied here, i.e.
suitable to choose reduced values for the adjustable param
td/a .

Conclusions
In the present paper the operating principles of a special me

nism have been shown, usable in order to vary the stroke leng
the piston of a metering pump during its motion. Further the a
lytical kinematic model has been obtained. The system beha
has been studied under different ratios between the rods. The
timum design has been printed out to obtain the best work
performance. In particular the noticeably different effects p
duced on the piston movement by different choice of the para
eters are illustrated.

Nomenclature

a 5 rod AB length;
b 5 distance OD;
c 5 piston D stroke;
d 5 distance AC~adjustable!;

e(t) 5 distance BC;
f (t) 5 distance OC;

r 5 radius BO;
t 5 time;

xD(t) 5 piston D position as a time function;

Fig. 13 Acceleration of piston D versus shaft rotation

Fig. 12 Velocity of piston D versus shaft rotation
SEPTEMBER 2001, Vol. 123 Õ 471



ca

ls
a(t) 5 rotation angle of rod AB;
d(t) 5 rotation angle of the connecting rod~represented by

the vector OD!;
tc 5 c/a;

tb/a 5 ratio between the lengthsb anda;
t r /a 5 ratio between the radiusr and the lengtha;
td/a 5 ratio between the lengthsd anda;
td/a* 5 threshold value oftd/a that cause one or two piston

strokes per shaft revolution;
472 Õ Vol. 123, SEPTEMBER 2001
tD(t) 5 xD(t)/a.
tD* (t) 5 value oftD(t) whend/a5td/a* ;

v 5 drive shaft angular speed.
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