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Some Exrtensions of Liapunov' s Second Method”

J. P. LaSALLEt

IxTRODUCTION

IAPUNOV’S second method has long been recog-
nized in the 3oviet Union as the most general
method f{or the study of the atability of equlibirum
soations of systems described by differential or difference
squations. The method was frst presented by Liapunov
1 his now classical memoir,’ which appeared in Rusman
in 1892 and was transiatad into French in 1907. Good
sources for the stataments and proofs of the mathematical
theorems underlying the method can be fouud in works by
Hann.! Antomewics,’ and Cesari.’ These references aiso
contain extenuive dibliographies.

By way of introduction, let us consider first Liapunov’s
asymptotic stability theorem for autonomous systems.
Let the systems of differential equations be (# = dz/dl)

0Y]

The state of the aystem at time ¢ is given by n real numbers
z(8), 258, --+ , Z.(8). Thus, the stata of the system at
time t can pe represented simply by the n vector z(f) =
{(Zy(8), --- , T.{t)). The phase velocity of the system at
the point © = (z,, --- , Z.) is defined by the vector fieid
X(z) = (X\3), -, X.(@)). In vector notation, the
system of differential equations is simpiy the vector
differential equation
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, .
o= Xz, rm), U=l e

z = X(2). @

The objective of this paver is to present methods rather
than to obtain general resuits, and we shail confine our
illustrations to simple equations such as Liénard’s:

3

Letung F(z) = [3 {(u)du and y = z - F(z), we obtain,
as a convenient system of first-order equations equivalent
to 13}, the system

2+ D)k + g(z) = D

Y]
y = —9a).
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Returning to the general system (2), we shall assume
that X(z) has continuous first partials for all =. Thus,
for any 7° there is a unique solution z{¢) of (2) satsfying
z(0) = z’. This sssumption on X(z) is much stronger
than is required, but this is of littie concern to us here,
and our attitude throughout is to present the principal
features of methods. The equilibrium states, sometimes
called critical points, are those states where X(z) = 0.
Thus, if X(z = 0, then = = z’ iz a soiution of (2).
Startad at z°, the system remains in this state for ail t.
This is, of course, a mathematicai statement, and the
actual behavior of physical systems raises the problem
of stability.

It is never possible to start the system exactly in ita
equilibrium state, and the system is always subject to
outside forces not taken into account by the differential
equations. The system is disturbed and is displaced
slightly from its equilibrium state. What happens? Does
it remain near the equilibnum state? This is stability.
Does it remain near the equilibrium state and in addition
tend to return to the equilibrtum? This is asymptotic
stability.

Let us make these notions more precise. Assume, a8
one always can, that the equilibrium stata being invesu-
gated is located at.the origin: X(0) = 0. A transiation of
coordinates accomplishes this. Let {|zij be the Euciidean
length of the vector z: j|zi|* = z} + -+ + 7l Let S(R)
be the sphericai region of radius & > 0 about the origin:
S(R) consists of the points z sausfying {jz{| < R. The
origin is said to be stable if corresponding to each S(R)
there is an S(r), such that a solution starting in S(r) does
not leave S(R): z(0) in S(r) impiies z{¢) i8 in S(R) for all
t > 0 (Fig 1). If, in addition, there is a neighborhood
S(R.) such that every solution starting in S(R.) ap-
proacnes the origin as ¢ — ®, the system 18 said to De
asymptoticaily stole (Fig. 2).

For instance, if within a neighborhood of the equi-
librium state the total energy of the system is always
decreasing, we expect the equlibrium state to be asymp-
totically stable. Liapunov’'s second method generalizes
this ides. Suppose that within some neighborhood S(R)
of the ongin one can construct a scalar function V(z)
having continuous first partials and such that V() = 0
and V(z) > 0 for = 7 0. Define, and this is with reference
to the system (2) being investigated,

rrn 3V .. . AV . .
v(z:)sz‘-.{.-r-‘---f-é-;:f.-(gmd -X. (5
Then, U z(t) is a soiution of (2), the rate of change of the
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the system is stable, whereas stability with a voltage
variation of 1/4 volt may be quite acceptabls. Ideally, we
might like to have the system return to equilibrium
repzdle-olthasizeolthnpenurbn.ion.'l'hhis
“agymptotic stability in the large.”

In this section, we develop and illustrate & number of
theorems that reiste to the question of determining the
extent to which s system is asymptoticaily stable. Nothing
can be_said about the cxieni of ssymptatic stability by
examining oniy the linear approximation. The edect of
the ToAlinEATites MUBE bé taked into sccount, and the
Lispunov method gives us & means of doing this.

Beiors we Degin the deveiopment of ‘hese theorems,
thers are a few more preiiminaries. We consider again
the autonomous system

t = X(2), @)

assuming that the function X(z) bas continuous first
partials, or any other conditions that guarantee the
existence and uniqueness of solutions and the continuity
of the solutions relative to the initial conditions. We
assume also that X(0) = O—there is an equilibrium at
the origin.

We need 4rst to familiarize ourseives with Birkhoff's
concept of & limiting set. Lat z(t) be a solution of (7). A
point p is said to be in the powitive limiling set T'° of (%),
if corresponding to each ¢ > 0 and each T > O thereisa
{ > T with the property that |[z(t) — il < « This is
equivalent to saying that there is a sequence f, approaching
infinity with n and such that z(&) <> pasn — =. One of
the fundamental properties of limiting sets is the following:

r Ilz(l)t'abouudedlortZO,MiUponh'whmianq:et
- [* {3 o nonempty, compact, invarigné set.

A set M is said to be invarisnt if each solution starting
in M remains in M for all &. The proof of this property of
limiting sets is given in Lefscheta’s book.*

We say also that z(t) approaches a set M as t approaches
infinity, if each « > 0 there isa T > O with the property
that foreach ¢t > T there is a p in M with {|z(¢) — Pl <&
that is, for all ¢ > T the points z(¢) are within a distance
« of M. For inatance, if (8) is hounded for.¢ > 0, then
z({) approsches its positive limiting set I'* as ¢ — =. If
this were not 50, thers would bean « > 0 with the property
that for each T > O theraisa ¢ > T, such that ||z(8) -
pll = «for all pin I'*. Hence, there would be s sequence
¢, tending to infinity with n and such that [[z(&) ~ il 2 ¢
for all p in . But since z() is bounded for ¢ 2> 0, the
sequence z(%.) has a limit point which is in I'*, which is a
contradiction. This proves the proposition. The way in
which we shall use this proposition is as follows:

I z(t) is bounded for ¢t 2 0 and if M contasns the positive
limiting set T* of z(t), then z(¢) —Mast— =.

With these preliminaries behind us, we can now establish
 theorem which leads to a number of possible methods
for determining the extent of asymptotic stability.

Theory,”

48, Ledseh

“Differential Equati G
H New York, N. Y.; 1967.

Theorem 1

Let O be a bounded closed (compact) set with the
property that every solution of (7) which begins in Q
remains for all future time in Q. Suppose there is & scalar
function V(z) which has continuous first partials in @ and
is such that V(z) < 0in Q. Let E be the set of ail pointa
in G where V(z) = 0. Let M be the largest invarisnt set
in E. Then every solution starting in Q approaches 3 as
e =,

Proof. Let z(i) be a solution initially in Q. Since V@) <0
ingQ V@) isa nonincreasing function of & V(z), being
continuous on the compact set 3, is bounded from below
on Q. Thereiore, V(z(t)) has a limit c 38 ¢ — =. Naote also
that the positive limiting set r*isin G (because Q is a
closed set), and since V is continuous on g V(z) mcon
I'*. I'" is an invariant set, and hence V(z) = Oon I
Thus, " isin M. This implies, as was pointed out above,
that z(f) — M as ¢ — . All solutions starting in Q@
approach M ss ¢ approaches infinity.

In some applications the construction of the Liapunov
function V(z) in Theorem I will itself guarsntee the
existence of & set Q. It may be that the set O defined by
V(z) < 1is a bounded set. If V(z) < 0in @, then V(z(t))
is nonincreasing for any soiution r(¢) which starts in Q.
Therefore, z(t) must remain in @ for sil future time. We
then have as a direct consequence of Theorem I:

Theorem 2 .

Let 0 denote the closed region defined by V(z) £ I,
and suppose that V(z) has continuous first partials in Q. |
1f, in addition, @ is bounded and V(z) < 0in @, then every |
solution starting in O approaches M as { — =. (The set
M is as defined in Theorem L) -

Nouwithrewdbo’l'heorem2th&tif Viz) = = as
|iz}| = =, then the set Q defined by V(z) < lis bounded
for all values of L If limijsiiwa inf V(z) = l,, then Q
is bounded for all I < .

Liénard’s equation,

24 f(x)z + ¢g(z) = O, ®

provides & good example of the application of Theorem
2. An equivalent system is

t=y—-F@), ®
y = —g@),

whers #(z) = [5 {(u)du. We assums that f and g are con-
tinuous and that g(z) is locally Lipschitzian. Define
Glz) = [3 g(u)du. Here 8 suitable Liapunov function is

V = iy’ + G(2).

V is the total energy % z* + G(z) plus the term 2F(z) +
}F*(z). 1t is & modified energy function. Now

V = —g(z)F(z).
Suppose that
1) gx)F(z) > 0 for 0<|z|<a
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A solution leaving @ must croes either V = ja's’,
W, = — 3 or W, = — af. We already know that ¥ < 0,
and hence no solution can cross V = } a’g*. Now

W, =y and W.--';t(bi-z).

It is easily seen that aloag that part of W, which is the
boundary of Q, y > 0, and therefore W, > 0. Similarly,
siong the part of i, that is part oi the boundary, z < 0.
Hence, for 0 < 8 < b, W, = 0 and the sciutions cannot
cross W,. Solutions starting inside @ remain inaide for ail
future time. It is also evident that the set Jf is the origin.
Hence, by Theorem 1, every solution inside 2,0 < 3 < b,
approaches the origin as ¢ — =. The origin is asymptotic-
ally stable, and the region defined by

3
&U'*‘*&l"f‘%‘ < Qd'b‘
z> ~b
y +az > —ab

gives us an estimate of the siza of the region of asymptotic
stability.
The curve

Yy’ = H(z) = o't = b2’ - }2°

is part of the boundary of the region Q defined above.
Now H'(z) = = 2z(b + z), and we see that H(z) has &
minimum at z = = b, At £ = —~ b the value of H(z) is

H(=b) = b'(a’ - }b).

Hence, if a’ < 1/3 b, a better estimate of the region of
asymptotic stability is obtained by taking Q to be the
region defined by

W+ ik’ + &' <, sod z< ~b.

This estimate of the region of asymptotic stability is
illustrated in Fig. 5 whena = 1/4and b = 2,

CoMPLETE STABILITY
(AsYmproric STABILITY IN THE LuROE)

For many systems it may be important to assure that
no matter how large the perturbation, or in a feedback
control system, regardless of the aize of the error, the
system tends to return to its equilibrium state. This is
asymptotic stability in the large. In place of this awkward
expression we shail say completely stable. The system
(2) will be said to be completely atable if the origin is stable
and if every solution tends 10 the origin as ¢ tends to
infinity.

Fig. 6 illustrates the reason for assuming both that the
origin is stable and that all solutions tond to Lhe origin.
We see that all solutions can tend to the origin and yet
the origin nesd not be stable.

The basie theorem is:

IRE TRANSACTIONS ON CIRCUIT THEORY December

X O*io!hl‘ 0

Fig. 5.

Fig. 6.

Theorem 3

Let V(z) be a scalar function with continuous first partials
for all z. Assums that

1) Viz) >0 forall z»0,

2 V@) S0 forall =

Let E be the set of all points whers V(z) = 0, and let M be
the largest invarians set coniained in E. Then eery soluiion
of (2) boundad for t > O approaches M as t — =,

The proof is so close to that of Theorem 1 that we omit
it.
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contains no solution other than the origin, the set M is
the origin, and the system is compietely stable.

It does occur in some spplications that one can con-
struct a Lispunov function V satisfying Theorem 5 and,
in addition, V may be negative definite; that is, V(z) <0
for all z » 0. Then, of course, M is the origin and the
system is completely stable. However, it is often easier
to find s Liapunov function whosee time derivative is only
non-negative, and then to conciude from the differential
equations that M is the origin. The next example is a
simple instance of this.

For Liénard’s equation

2 4+ f{z)2 4+ g(z) = O,
we assume this time that

) (:'(z)-j:p(f)d{)() fornll z v 0.

2) (/(z) = = w |z =
3) f(z) >0 forail z » 0.
Thus wo assume that: 1) the potential energy G(z) is

positive definite (z = 0 is its minimum), 2) the potential
energy approaches infinity with |z|, and 3) the damping
is always poaitive.
An equivalent system is
E=y,
y = —=¢@ - ).
We take the Liapunov function to be the total energy:
Viz,y) = ¥’ + G).
Then,
Viz,») = =@y S 0.

Now V vanishes only on the axes z = Oand y = 0, and
it is clear that excluding the origin, no soiution remains
on these axes. Hence, ail the conditions of Theorem 5
are satisfied, and the system is compietely stable.

A difficulty in using Theorem § often is that one can
construct a Liapunov function satisfying conditions 1)
and 2), but not 3). We illustrate in the next example that
it may then be easier to establish the boundedness of the
solutions as a separate problem.

We continue our investigation of the complete stability
of Liénard’s equation with a weaker assumption on g(z)
lndfs stronger assumption on the damping. Assume that

) zpx) >0 for z = 0.
3 >0  fwall 2w,
3 1@ i=|[oa]~e u iz~

‘We use the same Liapunov function V(z, y) = iy’ +
G(z) as before. However, since it may not be trus that

G(z) — = as [z} — =, we can conciude only that every
solution bounded for ¢ > 0 approaches the origin as
t = = (Theorem 3). Thus, to establish complets sta~
bility, we need to ahow that all solutions are bounded
for t > 0. To do this, consider the region Q (Fig. 7) defined
by

Viz,y) = ¥’ + G <,

and

(v + F(z)' < d'.

For any ! and g, this is a bounded region. Lat (2(2), y(¢))
be any solution, and select ! and a 30 large that the solution
starts in Q. Then the solution cannot leave without cross-
ing the boundary of 2. It must croms either V = ! or
Y+ Flz) = -~ aory + F(z) = a. We can select a suf-
ficiently large that the part of y + F(z) = a which is the
boundary of Q corresponds to z > 0 and the part of
¥+ F(z) = — a corresponds to z < 0. Since V < 0, »
solution starting inside cannot cross V = L
Now,

2@+ F@)' = =2y + Fadeta).

Along that part of y + F(z) = — g ory + F(z) = a
which makes up the boundary of 0, we have

d%(y+l"(:))’ = —=2a|gz)| <O.

Hence, (z(f), y(t)) cannot leave Q, and every solution is
bounded for ¢ > 0. Thus, under somewhat different con-
ditions we have again shown that Liénard’s equation is
completely stable.

Usually it is not difficult to study the stability of
sscond-order systems. There are two reasons for this. The
phase space is & plane, and we have no trouble visualising
the qualitative bebavior of the system. We are also
accustomed to identifying the damping in systems with
one degree of freedom. It is worthwhile then to illustrats
the method for a third-order system. Equations of the
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