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ABSTRACT 
 

For a UAV to be capable of autonomous low-level flight and landing, the UAV must be able to calculate its 
current height above the ground.  If the speed of the UAV is approximately known, the height of the UAV can be 
estimated from the apparent motion of the ground in the images that are taken from an onboard camera.  One of the most 
difficult aspects in estimating the height above ground lies in finding the correspondence between the position of an 
object in one image frame and its new position in succeeding frames.  In some cases, due to the effects of noise and the 
aperture problem, it may not be possible to find the correct correspondence between an object’s position in one frame 
and in the next frame.  Instead, it may only be possible to find a set of likely correspondences and each of their 
probabilities.  We present a statistical method that takes into account the statistics of the noise, as well as the statistics of 
the correspondences.  This gives a more robust method of calculating the height above ground on a UAV. 

 
Keywords: Unmanned Aerial Vehicle, Height above Ground, Optical Flow, Autonomous Low-level Flight, 
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1. INTRODUCTION 
 

One of the fundamental problems of computer vision is how to reconstruct a 3D scene using a sequence of 2D 
images taken from a moving camera in the scene.  A robust and accurate solution to this problem would have many 
important applications for UAVs and other mobile robots.  One key application is height above ground estimation.  With 
an accurate estimate of a UAV’s height, the UAV would be capable of autonomous low-level flight and autonomous 
landing. It would also be possible to reconstruct an elevation map of the ground with a height above ground 
measurement. The process of recovering 3D structure from motion is typically accomplished in two separate steps.  First, 
optical flow values are calculated for a set of feature points using image data.  From this set of optical flow values, the 
motion of the camera is estimated, as well as the depth of the objects in the scene.   

 
Noise from many sources prevents us from finding a completely accurate optical flow estimate.  A better 

understanding of the noise could provide a better end result.  Typically, a single optical flow value is calculated at each 
feature point, but this is not the best approach because it ignores important information about the noise.  A better 
approach would be to examine each possible optical flow value and calculate the probability that each is the correct 
optical flow based on the image intensities.  The result would be a calculation for not just one optical flow value, but an 
optical flow distribution.  This new approach has several advantages.  It allows us to quantify the accuracy of each 
feature point and then rely more heavily upon the more accurate feature points.  The more accurate feature points will 
have lower variances in their optical flow distributions.  A feature point also may have a lower variance in one direction 
over another, meaning the optical flow estimate is more accurate in that direction.  All of this potentially valuable 
information is lost if only a single optical flow value is calculated at each feature point. 

 
Another advantage is that this new method allows us to effectively deal with the aperture problem.  The 

aperture problem occurs on points of the image where there is a spatial gradient in only one direction.  At such edge 
points, it is impossible to determine the optical flow in the direction parallel to the gradient.  However, often it is 
possible to obtain a precise estimate of the optical flow in direction perpendicular to the gradient.  These edge points can 
not be used by any method which uses only a single optical flow value because the true optical flow is unknown.  
However, this problem can easily be avoided if multiple optical flow values are allowed.  Even though edge points are 



typically ignored, they do contain useful information that can produce more accurate results.  In fact, it is possible to 
reconstruct a scene that contains only edges with no corner points at all.  Consequently, this method is more robust 
because it does not require the presence of any corners in the image. 

 
2. RELATED WORK 

 
A significant amount of work has been done to try to use vision for a variety of applications on a UAV, such as 

terrain-following [1], navigation [2], and autonomous landing on a helicopter pad [3].  Vision-based techniques have also 
been used for obstacle avoidance [4,5] on land robots.  We hope to provide a more accurate and robust vision system by 
using multiple optical flow values. 

 
Dellaert et al. explore a similar idea [6] to the one presented here.  Their method is also based upon the principle 

that the exact optical flow or correspondence between feature points in two images is unknown.  They attempt to 
calculate structure from motion without a known optical flow.  However, they do assume that each feature point in one 
image corresponds to one of a number of feature points in a second image.  The idea we are proposing is less restrictive 
because it allows a possible correspondence between any nearby pixels and then calculates the probability of each 
correspondence. 

 
Langer and Mann [7] discuss scenarios in which the exact optical flow is unknown, but the optical flow is 

known to be one of a 1D or 2D set of optical flow.  Unlike the method described here, their method does not compute the 
probability of each possible optical flow in the set.  

 
3. METHODOLOGY 

3.1. Optical flow probability 
 
 The image intensity at position x and at time t can be modeled as a signal plus white Gaussian noise. 
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where I(x,t) represents image intensity, S(x,t) represents the signal, and N(x,t) represents the noise.  Over a sufficiently 
small range of positions and with a sufficiently small time step, the change in the signal can be expressed as a simple 
translation 
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where U is the optical flow vector between the two frames.  The shifted difference between the images, 
 
  ),(),(),(),( dttNtNdttItI +−+=+−+ xUxxUx ,    (3) 

 
is a Gaussian random process.   
 

The probability that a particular optical flow, u, is the correct optical flow value based on the image intensities 
is proportional to: 

  
2

2

2

)),(),((

22

1
)],(),,(|[ σ

πσ

dttItI

edttItIP
+−+−

∝++=
xux

xuxuU ,   (4) 

for some 2σ .  Repeating the same analysis over a window of neighboring positions, W∈x , and assuming 
that the noise is white, the optical flow probability can be calculated as 

 



∏
∈

+−+−
∝=

W

dttItI

eIP
x

xux

uU
2

2

2

)),(),((

22

1
]|[ σ

πσ
.     (5) 

 
The value of ),( tI ux +  may need to be estimated through some kind of interpolation, since the image data usually 

comes in discrete samples or pixels, but the value of u in general is not an integer value. 
 
 Simoncelli et al. [8] describe an alternative gradient-based method for calculating the probability distribution.  
This method calculates optical flow based on the spatial gradient and temporal derivative of the image.  Noise comes in 
the form of error in the temporal derivative, as well as a breakdown of the planarity assumption in equation (2).  The 
optical flow probability distribution ends up always being Gaussian.  The probability distribution calculated from 
equation (5) can be more complex than a Gaussian distribution. 

3.2 Rotation and translation estimation 
 

After having established an equation that relates the probability of an optical flow value with the image data, 
this relationship is used to calculate the probability of a particular camera rotation, 

�
, and translation, T, given the image 

data, I.  This can be accomplished by taking the expected value for all possible optical flow values, u, then applying 
Bayes’  rule.   
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 The value of u is a continuous variable, so it does not come in discrete quantities.  However, since we do not 
have a closed form solution to the integral in equation (7), the integral is approximated by computing a summation over 
discrete samples of u.  In the following sections, each of the terms in equation (7) will be examined.  Once a solution has 
been found for each term, the final step will be to find the most likely rotation and translation.  The optimal rotation and 
translation can be found using a genetic algorithm. 

3.3. Calculating P(u | 
�

,T) 
 

 The optical flow vector, [ ]Tyx uu=u , at the image position (x,y) for a given rotation, 

[ ]Tzyx ωωω=Ω  and translation, [ ]Tzyx ttt=T , is approximately equal to 
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where f is the focal length of the camera and Z is the depth of the object in the scene [9].  For each possible camera 
rotation and translation, we can come up with a list of possible optical flow vectors.  While the exact optical flow vector 
is unknown, since the depth, Z, is unknown, we do know from rearranging the terms in equation (8) that the optical flow 
vector is somewhere along an epipolar line.  The epipolar line is given by: 
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Furthermore, since the depth, Z, is positive (because it is not possible to see objects behind the camera), we also 

know that  
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 If an expression for the probability of the depth, P(Z), is known, then the probability of an optical flow vector 
for a given rotation and translation is given by: 
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3.4. Calculating P(
�

,T) and P(u) 
 

The two remaining terms in equation (7) for which a solution must be found are P(
�

,T) and P(u).  P(
�

,T) 
depends upon the characteristics of the UAV and how it is flown.  We assume that the rotation is distributed normally 

with a variance of 2
xσ , 2

yσ  , and 2
zσ  for each of the three components of rotation, roll, pitch, and yaw.  For height above 

ground estimation, the optimal position for the camera is facing directly at the ground.  We assume that the motion of the 
UAV is usually perpendicular to the motion of the optical center of the camera and is usually along the y-axis of the 
camera coordinate system. 
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 Using these distributions, an expression for P(u) can also be obtained.  Equation (8) can be separated in two 
parts that depend upon the rotation and translation of the camera.   
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In this case 

�
 and T are both random vectors with the distribution given in equation (12). 
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 For simplicity, we will assume in the next equation that the variation in the translation, 2
txσ , 2

tyσ  , and 2
tzσ , is 

negligible.  Now an expression for the value of P(u) is obtained by using the probability density function in (14) and a 
probability density function for the depth, P(Z) 
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3.5. Depth estimation 
 
 Once the rotation and translation of the camera between two frames have been estimated, we are now able to 
estimate the depth of the objects in the scene.  For a given rotation, translation, and depth, an optical flow value can be 
calculated using equation (8).  By using equation (5), we can find a probability for the depth Zxy at image position (x,y).  
The depth at position (x+1,y) is likely to be close to the depth at position (x,y), for the simple reason that neighboring 
pixels are likely to be part of the same object and that object is likely to be smooth.  Using this information, we can 
obtain a better estimate of the depth at one pixel by examining those pixels around it. 
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where Iij  is the image data at position (i,j) and W is a  set of positions close to the position (x,y).  This approach adds 
smoothness and reduces noise.  There is the possibility that this method could smooth over depth discontinuities, but it 
does not smooth over depth discontinuities if we have a high confidence that one exists.  This method has the effect that 
if we are fairly confident that a pixel has a certain depth, it is left unchanged, but if we have very little depth information 
at that pixel we change the depth to a value closer to one of its neighbors. An additional way to improve our result is to 
use image data from more than just two frames to calculate the value of P(Zij|Iij). 
 

4. RESULTS 
 

Figures 1 and 2 show results obtained from synthetic data.  The data used in Figure 1 was created by texture 
mapping an aerial photograph onto a sloped landscape.  The advantage of using synthetic data instead of real-camera 
footage is that the true 3D structure of the scene is known, so the recovered depth can be directly compared with its true 
value.  In Figures 1 through 5, the results are displayed in the form of inverse depth or one over the actual depth.  A 
darker color indicates that the objects in the scene at that part of the image are further away from the camera.  A lighter 
color indicates they are closer.  In Figures 1 and 2, the recovered depth is fairly close to its true value.  In each case, the 
depth is slightly overestimated. 

 
 

 
Figure 1: One frame from a sequence of images is shown (left).  The recovered depth from this sequence of images (middle) is shown 
next to the actual depth (right).  The camera is moving perpendicular to the direction it is facing. 
 

 
Figure 2: One frame from a sequence of images is shown (left).  The recovered depth from this sequence of images (middle) is shown 
next to the actual depth (right).  The camera is moving towards the direction it is facing. 
 



 

Figure 3:  Two frames (left, middle) from a sequence of images demonstrating the aperture problem.  The recovered depth is shown 
(right). 

 

 
Figure 4:  Two frames (left, middle) from a sequence of images taken directly from a camera onboard a UAV while it is flying 
towards a tree.  The recovered depth is shown (right). 
 

 
Figure 5:  Two frames (left, middle) from a sequence of images taken from a camera onboard a UAV while it is flying low to the 
ground.  The recovered depth is shown (right). 
 

Figure 3 shows two frames from a sequence of images taken from a rotating camera moving towards a scene 
that has a black circle in the foreground and a white oval in the background.  The scene is a bit contrived, but its purpose 
is to demonstrate that the aperture problem can be overcome.  Every point in the image, when examined closely, is either 
completely blank or contains a single approximately straight edge.  Essentially, every point in the image is affected by 
the aperture problem.  However, with our new method, the aperture problem can be effectively dealt with.  The camera 
was rotated in the z-direction one degree per frame.  The camera rotation was estimated to be correct with an error of 
only 0.034˚.  The left image in Figure 3 shows the recovered depth.  The gray part of this image is where there was not 
enough information to detect the depth (since it is impossible to obtain depth information from a blank wall).  The white 
oval was correctly determined to be behind the black circle.  This demonstrates that it is possible to extract useful 
information about the camera movement, as well as the object’s depth from a scene with no corners in it. 

 
 Figures 4 and 5 show results from real data taken from a camera onboard a UAV.  In Figure 4, the camera is 
moving towards a tree.  The results are fairly noisy, but they do show a close object near where the tree should be.  In 
Figure 5, the camera facing the ground and moving perpendicular to it.  The results are fairly good with one exception.  
The UAV is so close to the ground that its shadow appears in the image.  The shadow moves forward along with the 



UAV which violates our assumption that the scene is static.  Consequently, the recovered depth at the border of the 
shadow is overestimated.  This error only occurs in a small part of the image and is not a significant problem. 
 

The results are fairly accurate and appear to be satisfactory for both autonomous low-level flight and landing.  
However, this level of accuracy does not come without a price.  This method is fairly computationally intense.  We have 
not yet been able to run this algorithm in real-time, but we hope to do so in the near future. 

 
5. CONCLUSIONS 

 
 In future research, we hope to investigate several potential improvements to this method.   First, a more 
sophisticated method of calculating the optical flow distributions may be necessary and could be very valuable.  Second, 
there are many other structure from motion algorithms that perform very well [10, 11, and 12], besides the statistical 
method described here.  Anyone of these methods could be extended to allow multiple optical flow values. 
 

We have presented a novel method to compute structure from motion.  This method is unique in its ability to 
quantitatively describe the noise in the optical flow estimate from image data and use that information to its advantage.  
The resulting algorithm is more robust and, in many cases, more accurate than methods that use only a single optical 
flow value. 
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