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This paper studies traje
tory generation for an air
raft that tows an aerial body

using a �exible 
able. The major 
ontributions of this paper in
lude model valida-

tion for a lumped mass extensible 
able using �ight test data, and optimal traje
tory

generation for the towed 
able system with tension 
onstraints using model predi
tive


ontrol. The optimization problem is formulated using a 
ombination of the squared-

error and L1-norm obje
tive fun
tions. Di�erent desired 
ir
ular traje
tories of the

towed body are used to 
al
ulate optimal traje
tories for the towing vehi
le subje
t to

performan
e limits and wind disturban
es. Traje
tory generation for transitions from

a straight and level �ight into an orbit is also presented. This paper gives a framework

for spe
ifying an arbitrary �ight path for the towed body by optimizing the a
tion of

the towing vehi
le subje
t to 
onstraints and disturban
e.
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CDj
drag 
oe�
ient of the jth 
able link

CLdr
lift 
oe�
ient of the drogue

CLj
lift 
oe�
ient of the jth 
able link

cy, cu 
ost weights of y and u

d parameters or unmeasured disturban
es

E Young's modulus, GPa

e3 unit ve
tor in Down dire
tion in NED 
oordinates

eDj
unit ve
tor de�ning the dire
tion of the aerodynami
 drag of the jth 
able link

eLj
unit ve
tor de�ning the dire
tion of the aerodynami
 lift of the jth 
able link

ehi, elo sla
k variables

eLdr
unit ve
tor representing the dire
tion of the aerodynami
 lift for
e on the drogue

f equations of motion

Faero
dr aerodynami
 for
es a
ting on the drogue, N

Faero
j aerodynami
 for
es a
ting on the jth 
able link, N

g gravitational for
e exerted on a unit mass at Earth sea level, m

2/s

γa air mass referen
ed �ight path angle, rad

Gdr gravity of the drogue, N

giec inequality 
onstraints

Gj gravity of the jth 
able link, N

h0 desired 
onstant altitude of the drogue, m

j sequen
e number of 
able links or joints

L0 unstret
hed length of the 
able, m

ℓj stret
hed length of the jth 
able link, m

lj ve
tor between the (j − 1)
th

and jth joints of the 
able, m
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ℓ0 unstret
hed length of ea
h 
able link, m

mdr mass of the drogue, kg

mj mass of the jth 
able link, kg

Mnj
Ma
h number normal to the jth 
able link

Mpj
Ma
h number parallel to the jth 
able link

N number of 
able links

pdr (t) a
tual drogue position at time t in the inertial frame, m

pd
dr (t) desired drogue position at time t in the inertial frame, m

Φ obje
tive fun
tion value

φ bank angle, rad

pj position of the jth 
able joint in the inertial frame, m

pm mothership position in the inertial frame, m

ψ heading angle, rad

rddr desired orbit radius of the drogue, m

ρ atmospheri
 density, kg/m

3

Sdr planform area of the drogue wing, m

2

sphi, splo higher and lower dead-band setpoints

t0 starting time of the simulation, s

t1 ending time of the simulation, s

ta starting time of the transition, s

τ response time 
onstant of the desired 
ontrolled variables

θ orbital angle, rad

Tj 
able tension exerted on the jth joint by the (j − 1)
th

joint, N

T a
p drogue orbital period with 
onstant airspeed, s
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T g
p drogue orbital period with 
onstant ground speed, s

u inputs

Va magnitude of mothership airspeed, m/s

vadr magnitude of the desired drogue airspeed, m/s

vgdr magnitude of the desired ground speed of the drogue, m/s

vs
dr drogue velo
ity relative to the wind frame, m/s

vs
j velo
ity of the jth 
able link relative to the wind frame, m/s

vm mothership velo
ity relative to the wind frame, m/s

wc 
onstant 
omponent of the wind in the inertial frame, m/s

whi, wlo weights on the 
ontrolled variables outside the dead-bands

x states of the equations of motion

y 
ontrolled variables

yhi, ylo higher and lower dead-bands of the 
ontrolled variables

I. Introdu
tion

Miniature Air Vehi
les (MAVs) whi
h are 
hara
terized by relatively low 
ost, superior porta-

bility, and in some 
ases, improved stealth, have the potential to open new appli
ation areas and

broaden the availability of Unmanned Air
raft System (UAS) te
hnology. MAVs are typi
ally bat-

tery powered, hand laun
hed and belly landed, and therefore may not require a runway for take-o�

or landing. Ba
kpa
kable MAVs 
an be used in gathering time-
riti
al, over-the-hill Intelligen
e,

Surveillan
e and Re
onnaissan
e (ISR) information. However retrieving the MAV may be problem-

ati
 be
ause landing the vehi
le near the operator 
ould dis
lose his/her lo
ation. Another potential

appli
ation of MAVs is 
olle
ting disaster damage information. Again for this appli
ation, retrieval

of the MAV after it has performed its mission is di�
ult be
ause target lo
ations are often ina
-


essible, and the MAV may not have enough fuel to return to its home position. The relatively

low 
ost of MAVs suggests that they may be expendable, thereby removing the need for re
overy.

However, even if the 
osts are low, MAVs still 
ontain 
riti
al and often 
lassi�ed te
hnology whi
h
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needs to be kept out of enemy hands. One option is to destroy the MAV or damage the ele
troni
s

so that it 
annot be reused or reverse engineered. However, most of the solutions that have been

proposed require additional payload on the MAV. Cost 
onsiderations and the potential that MAV

te
hnology 
ould fall into enemy hands will limit the use of this te
hnology.

In this paper, an aerial retrieval strategy for MAVs is proposed to solve the problem. Figure 1

shows the basi
 
on
ept proposed in this paper, where the towing vehi
le (mothership) enters an

orbit designed to 
ause the towed body (drogue) to exe
ute an orbit of smaller radius and lower

speed (less than the nominal speed of the MAV). The MAV then enters the drogue orbit at its

nominal airspeed and overtakes the drogue with a relatively low 
losing speed.

Fig. 1 This �gure shows the baseline 
on
ept des
ribed in the paper. The mothership re
overs

a MAV by towing a long 
able atta
hed to a drogue. The drogue is a
tuated and 
an maneuver

and 
ommuni
ate with the MAV to fa
ilitate su

essful 
apture. The MAV uses vision-based

guidan
e strategies to inter
ept the drogue.

The system shown in Fig. 1 is a typi
al 
ir
ularly towed 
able-body system whi
h has been

studied sin
e D. Bernoulli (1700-1782) and L. Euler (1707-1783) who fo
used on the study of lin-

earized solutions of a whirling string. Modern studies began with Kolodner [1℄ who made a detailed

mathemati
al study of the free whirling of a heavy 
hain with the tow-point �xed. In subsequent

de
ades, the studies of the towed 
able system fo
used on the analysis of equilibrium and stability of

the system, and dynami
 modeling approa
hes for the 
able with whi
h the motion of towing point

is a straight line or orbital path [2�5℄. In the re
ent years, Williams et al. made major 
ontributions
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to the study of the towed body system. Williams and Trivailo [6, 7℄ gave a detailed des
ription of the

dynami
s of 
ir
ularly towed drogues and designed strategies for moving from one orbit 
on�gura-

tion to another. Williams and O
kels [8℄ employed this approa
h to the problem of lifting payloads

using multiple �xed-wing air
raft. Williams [9℄ also presented a numeri
al approa
h to mitigate the

disturban
e of a 
rosswind on the periodi
 solution of the 
able tip using a 
ombination of towing

vehi
le manipulation and 
able length regulation.

An appropriate mathemati
al model that 
ompromises between 
omplexity and a

ura
y is the

foundation for further studies of the towed 
able system like developing 
ontrol strategies. The


entral problem in modeling for towed 
able systems is the way how the 
able is treated. In this

paper, as re
ommended in [10℄, the �nite element approa
h is used to model the 
able, whi
h is

treated as a series of N < ∞ rigid links with lumped masses at the joints. Many resear
hers

developed the equations of motion for towed 
able systems using Lagrange's method [11, 12℄ and

Kane's equations [13, 14℄, whi
h do not s
ale well for a large number of links. Newton's se
ond

law is a fundamental and widely used tool to formulate equations of motion for dynami
al systems.

However, this method was seldom used to establish the equations of motion for the 
able in the

literature. In this paper, we employ Newton's se
ond law to derive the equations of motion for a

�exible and elasti
 
able.

In previous studies of towed 
able systems, experimental results were used to validate the

mathemati
al model in the simulation [14�19℄. Co
hran et al. [15℄ experimentally validated the

theoreti
al model in a wind tunnel by 
omparing the lateral motions of the towed body in both

experimental and simulation results. Short 
ables (1.5− 3m) and di�erent wind speed 
onditions

were used. Borst et al. [16℄ 
ompared the drogue altitude and tension for
es in �ight test and

simulation results in whi
h the towing plane �ew in an orbital path and a �ve mile long 
able was

used. Hover [17℄ 
ondu
ted the experiment in a test tank using a 1000m long 
able to study the


ontrol strategy of dynami
 positioning of a towed pipe under water. Clifton et al. [18℄ 
ondu
ted a

�ight test by 
ommanding the towing plane on a 
ir
ular path using a 20, 000 ft long 
able 
onne
ted

to the drogue. The drogue altitude variations were 
ompared between �ight test and simulation

results. Williams et al. [14℄ presented experimental results using a rotated arm in a water tank
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towing di�erent types of 
able. Additional measurements were also taken using a 3m long 
able

atta
hed to a 
eiling fan spinning at 72 rpm.

The experiments presented in the literature were 
ondu
ted either using short 
ables, less than

10m [14, 15℄, or long 
ables, more than 1000m [16�18℄, and aerial towed 
able systems are typi
ally

steered by manned air
raft, whi
h make the experiments very expensive and di�
ult to exe
ute

and repeat. In our previous work [19℄, an unmanned towing vehi
le and 100m long 
able were

used to 
olle
t data for model validation. The purpose was to determine aerodynami
 lift and drag


oe�
ients for the drogue in the simulation by using the model of a single-link 
able. In this paper,

we extend our work in model validation by 
omparing traje
tories of the drogue in �ight test with

those in simulations using models with di�erent numbers of 
able links. In
reasing the number of


able links in the model leads to a more realisti
 representation of 
able dynami
s but also in
reases

the 
omputational burden. One of the obje
tives of this paper is to determine the number of 
able

links that leads to a su�
iently a

urate model while allowing e�
ient optimal traje
tory generation

of the mothership.

Given a mathemati
al model with su�
ient �delity, we need a strategy to regulate the mother-

ship motion so that the drogue traje
tory follows a desired path. Existing methods for generating

the desired traje
tory for the mothership 
an be 
lassi�ed into two 
ategories: di�erential �atness

based methods [11, 20�23℄ and optimal 
ontrol based methods [6, 9, 13, 24�26℄.

Murray [11℄ presented a di�erential �atness based solution in whi
h the motion of the system

was parametrized using the motion of the towed-body as a �at output. However, Murray's solution

te
hnique had numeri
al stability problems and was not further developed. A similar s
heme of using

di�erential �atness for motion planning of the mothership was dis
ussed by Williams [20℄. In our

previous work, we applied di�erential �atness to generate the desired traje
tory for the mothership

and develop a nonlinear 
ontrol law for the mothership based on its dynami
 model in the presen
e

of wind disturban
es [21, 22℄. The di�erential �atness based method is typi
ally applied to the

dis
retized model of the 
able, and is 
omputationally inexpensive 
ompared to the optimal 
ontrol

methods. However it requires the equations of motion of the system to be di�erentially �at [27℄.

Another limitation is that this method does not take the performan
e limitations of the system
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into 
onsideration, so that the resulting traje
tory of the towing vehi
le might be impra
ti
al. In

parti
ular, the resulting traje
tories may violate 
onstraint limits on the manipulated variables (e.g.

maximum available mothership thrust) or the 
ontrolled variables (e.g. tension limitations of the


able).

Optimal 
ontrol based methods were also used to generate the desired traje
tory for the towing

vehi
le. Williams [6, 13℄ employed an optimal 
ontrol method to �nd a periodi
 path for the

towing vehi
le in order to minimize the motion of the towed body subje
t to dynami
 
onstraints.

Sequential quadrati
 programming was used to solve the optimization problem. Williams et al. [7℄

used simulated annealing to solve the optimal 
ontrol problem in s
heduling the orbit radius of

the towing vehi
le while the system transitions from a straight �ight into an orbit. Williams et

al. [28℄ used optimal 
ontrol in determining the motion of the towing plane, as well as the 
able

deployment rate so that the towed body passed through a set of desired waypoints. Williams [9℄

extended his work to �nd an optimal ellipti
al orbit and 
able deployment rate to 
ompensate for


rosswind disturban
es. Establishing an optimal motion of the towing vehi
le subje
t to 
onstraints

using a dis
retized multi-link 
able model is a 
ompli
ated optimization problem with many states

and degrees of freedom. However, dis
ussions of the 
omputational burden were seldom mentioned.

The typi
al algorithm used in solving the problem are based on quadrati
 programming in whi
h

squared-error obje
tives are used. In this paper, an approa
h based on Model Predi
tive Control

(MPC) using the L1-norm and squared error obje
tives are introdu
ed and applied to perform the

optimal traje
tory generation of the towing vehi
le.

MPC has been widely used in industrial appli
ations su
h as 
hemi
al plants and re�neries [29℄

based on empiri
al linear models [29�31℄ obtained by system identi�
ation. Be
ause many of these

appli
ations have either semi-bat
h 
hara
teristi
s or nonlinear behavior, the linear models are

retro�tted with elements that approximate nonlinear 
ontrol 
hara
teristi
s to ensure that the linear

models are appli
able over a wider range of operating 
onditions and disturban
es. The linear models

adapt with either time or as a fun
tion of the 
urrent state of the system. A more general form that

is not dependent on model swit
hing is 
olle
tions of Di�erential and Algebrai
 Equations (DAEs)

in open equation format. These equations may in
lude equality or inequality 
onstraints, integer
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variables, and di�erential elements. To apply DAEs to nonlinear models, di�erent approa
hes have

been studied and implemented in the literature, in
luding simultaneous methods [32℄, de
omposition

methods [33, 34℄, e�
ient nonlinear programming solvers [35℄, improved estimation te
hniques [36�

39℄, and large-s
ale te
hniques for appli
ations to industrial systems [40, 41℄. The obje
tive fun
tion

used in the 
ontrol optimization problems are typi
ally based on a weighted squared error or an

L2-norm form.

One novel 
ontribution of this paper is the employment of a new L1-norm obje
tive fun
tion

in the optimal 
ontrol problem. The L1-norm form obje
tive has a number of advantages over tra-

ditional squared-error or L2-norm obje
tives, in
luding less sensitivity to data outliers and better

reje
tion of measurement noise. Many of the remaining 
hallenges asso
iated with implementing

nonlinear models are due to the 
omplexity of the numeri
al solution te
hniques. To meet this de-

mand, 
ommer
ial and a
ademi
 software have been developed. APMonitor Modeling Language [42℄

is one of the software that aim to model and solve the large-s
ale DAEs. Many algorithms like �ltered

bias updating, Kalman �ltering, Moving Horizon Estimation (MHE) and nonlinear MPC 
an be im-

plemented in this web-servi
es platform through interfa
es to MATLAB or Python. In this paper,

we use a nonlinear MPC method to solve the optimal traje
tory generation problem in whi
h the

mothership with performan
e limits is maneuvered to pla
e the towed drogue onto a desired orbit.

A 
ombined obje
tive fun
tions is utilized in whi
h a squared-error form obje
tive aims to 
al
ulate

the traje
tory tra
king error and L1-norm obje
tives are employed to regulate the 
onstraints. The

MPC algorithm is implemented using APMonitor Modeling Language.

The remainder of the paper is stru
tured as follows. In Se
tion II, the mathemati
al model

of the 
able-drogue system is established using a lumped mass approa
h and Newton's se
ond

law is employed to derive the dynami
 equations of the system. In Se
tion III, the validation of

the mathemati
al model with di�erent number of 
able links is 
ondu
ted using �ight test data.

Se
tion IV introdu
es the formulation of nonlinear MPC used to generate a 
onstrained optimal

traje
tory for the mothership. Se
tion V shows the numeri
al results of the optimal traje
tory

generation of the mothership using various desired drogue motions.
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Drogue

Mothership m
p

N
p

Joint 2
p

1
p

1N−p

Fig. 2 This �gure shows the mothership-
able-drogue system in the simulation. The mother-

ship (pm) is modeled as a point mass. The 
able is modeled as a �nite number of point mass

nodes (p1 to pN) 
onne
ted by N-link springs. The drogue (pN) is modeled as the last joint

of the 
able.

II. Mathemati
al Model of the Cable-drogue System

The 
able 
onne
ting the mothership and drogue 
an be modeled as an elasti
 or non-elasti


�exible string. In the literature, the dynami
s of towed-body systems were modeled by assuming

that the 
able is �exible and non-elasti
 [11, 15, 18, 43�45℄. In our own �ight tests, a �shing line

was utilized as the 
able and we have observed that the 
able stret
hed 
onsiderably [19℄. An

elasti
 model for the 
able is therefore needed in simulation to properly 
apture the dynami
s of

the system. In this se
tion, we derive the 
able-drogue dynami
s using an elasti
 model. Figure 2

depi
ts a mothership-
able-drogue system with an N−link 
able modeled as a �nite number of point

mass nodes 
onne
ted by springs. The drogue is the last joint of the 
able.

A. Equations of Motion of the Cable-drogue System

In the system model, the position of the 0th joint of the 
able pm ∈ R
3
is the position of the

mothership; pj ∈ R
3, j = 1, 2, · · · , N, is the lo
ation of the jth joint in the inertial frame; mj is the

mass of the jth link; mdr is the mass of the drogue; Gj , F
aero
j ∈ R

3
are the gravity and aerodynami


for
es a
ting on the jth link, respe
tively; and Gdr, F
aero
dr ∈ R

3
are the gravity and aerodynami


for
es a
ting on the drogue, respe
tively. Let ℓ0 , L0/N be the unstret
hed length of ea
h link,
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where L0 is the total unstret
hed length of the 
able. The tension exerted on the jth mass by the

(j − 1)
th

mass is given by

Tj =
EA

ℓ0
(‖pj−1 − pj‖ − ℓ0)

pj−1 − pj

‖pj−1 − pj‖
,

where E is the Young's modulus and A is the 
ross-se
tional area of the 
able.

From Newton's se
ond law, the equations of motion of the jth 
able joint and the drogue are

given by

mjp̈j = Tj +Gj + Faero
j −Tj+1, j = 1, 2, · · · , N − 1,

(mN +mdr) p̈N = TN +GN + Faero
N +Gdr + Faero

dr .

B. Applied For
es on the Cable-drogue System

The applied for
es on ea
h joint 
onsists of gravity and aerodynami
 for
es.

1. Gravity

Letting e3 , (0, 0, 1)T be a unit ve
tor in North-East-Down (NED) 
oordinates, and let g be

the gravitational for
e exerted on a unit mass at Earth sea level, then the gravity for
es exerted on

the jth joint and drogue are given by

Gj = mjge3, and Gdr = mdrge3. (1)

2. Aerodynami
 For
es of the Cable

The aerodynami
 for
es a
ting on the 
able 
an be determined based on the 
ross-�ow prin
iple

des
ribed in [6, 15℄. Any 
omponents of the for
es due to e�e
ts su
h as vortex shedding are not

treated in the model. Letting lj , pj−1 − pj , j = 1, 2, · · · , N , be the position ve
tor between the

(j − 1)
th

and jth joints, the 
orresponding lift and drag for
es are 
al
ulated using vs
j , the velo
ity

ve
tor of the jth 
able link relative to the wind frame, whi
h 
an be approximated from the motion

of the adja
ent joints as

vs
j =

1

2
[(ṗj−1 −wc) + (ṗj −wc)] ,

11



where wc is the 
onstant 
omponent of the wind expressed in the inertial frame. The angle of atta
k

of the jth link αj 
an be 
omputed as

αj = cos−1
lj · v

s
j

‖lj‖‖vs
j‖
. (2)

Letting Mpj
be the Ma
h number parallel to the jth link, and Mnj

be the Ma
h number normal to

the jth link, the drag and lift 
oe�
ients of the jth link are given by [6, 15℄

CDj
= Cfj + Cnj

sin3 αj , (3)

CLj
= Cnj

sin2 αj cosαj , (4)

where

Cfj =



















0.038− 0.0425Mpj
Mpj

< 0.4

0.013 + 0.0395(Mpj
− 0.85)2 Mpj

≥ 0.4

(5)

Cnj
= 1.17 +Mnj

/40−M2
nj
/4 + 5M3

nj
/8 (6)

The unit ve
tors de�ning the dire
tions of the drag and lift for
es in the inertial frame are

eDj
= −

vs
j

‖vs
j‖
, (7)

eLj
= −

(vs
j × lj)× vs

j

‖(vs
j × lj)× vs

j‖
, (8)

where × denotes the 
ross produ
t of two ve
tors. Letting ρ be the atmospheri
 density, ℓj be the

stret
hed length of the jth 
able link, and d be the diameter of the 
able link, the drag and lift

for
es a
ting on the jth link are given by

Dj =
1

2
ρCDj

ℓjd‖v
s
j‖

2eDj
, (9)

Lj =
1

2
ρCLj

ℓjd‖v
s
j‖

2eLj
. (10)

These lift and drag ve
tors are assumed to be 
onstant over ea
h 
able link. Hen
e the aerodynami


for
es are lumped and 
entered at the midpoint of the link. The aerodynami
 for
es exerted on the

jth joint are given by

Faero
j =

1

2
[(Dj +Dj+1) + (Lj + Lj+1)] , j = 1, 2, · · · , N − 1.
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The aerodynami
 for
e exerted on the drogue from the last link of the 
able is

Faero
N =

1

2
(DN + LN ) .

3. Aerodynami
 For
es of the Drogue

Letting CLdr
and CDdr

be the aerodynami
 lift and drag 
oe�
ients of the drogue, respe
tively,

Sdr be the planform area of the drogue wing, vs
dr be the velo
ity ve
tor of the drogue relative to

the wind frame, eLdr
be the unit ve
tor representing the dire
tion of the aerodynami
 lift for
e on

the drogue, the aerodynami
 lift and drag for
es on the drogue are given by

Ldr =
1

2
ρCLdr

Sdr‖v
s
dr‖

2eLdr
,

Ddr = −
1

2
ρCDdr

Sdr‖v
s
dr‖v

s
dr,

where

eLdr
= −

(vs
dr × e3)× vs

dr

‖(vs
dr × e3)× vs

dr‖
.

III. Validation of the Mathemati
al Model using Experimental Data

In this se
tion, the �delity of the mathemati
al model developed in the previous se
tion is

validated with �ight test data. Be
ause the number of 
able links used in the simulation determines

the 
omplexity of the equations of motion of the 
able, and a�e
ts the 
omputation time in the

optimization algorithms, in this se
tion, we will fo
us on determining an appropriate number of


able links that strikes a 
ompromise between the a

ura
y and 
omplexity of the 
able mathemati
al

model.

A. Hardware System Des
ription

The hardware system used to 
olle
t experimental data 
onsisted of four elements � a mothership

UAS, a hemisphere-shaped drogue, a 100m long 
able and a ground station. The key parameters

of the systems are shown in Table 1.
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Table 1 System parameters in �ight test

Mothership Drogue Cable

Mass (kg) 1.76 Mass (kg) 0.32 Mass (kg) 0.02

CL 0.28 Wing area (m

2
) 0.055 Length (m) 85

CD 0.06 CL 0.01 E (GPa) 1.9

Wing area (m

2
) 0.307 CD 0.42 d (mm) 0.46

Wing span (m) 1.4 Diameter (m) 0.3

The mothership, shown in Fig. 3 (a), was a �xed wing UAS with two 770Watt battery-operated

motors, and was equipped with a Kestrel 2 autopilot, shown in Fig. 3 (d), and a radio modem to


ommuni
ate with the ground station. To prevent the 
able and drogue from exerting large for
es

during the landing phase, a 
able release module was pla
ed on the underside of the mothership,

and was a
tuated from the ground station. The hemisphere-shaped drogue with 30-
m diameter

used in the �ight test was 
onstru
ted of reinfor
ed plasti
, as shown in Fig. 3 (b). The drogue

was equipped with a Kestrel 2 autopilot and radio modem for reporting its position and velo
ity to

the ground station. The 
able is a tri
hloroethylene �shing line, with 0.46mm diameter and 20 lb

maximal load, and the mass of a 100m 
able is approximate 20 g. The ground station 
onsists of

a desktop 
omputer with Intel i5 pro
essor running at 3.1GHz with 8GB RAM, a radio modem


ombox, and a remote 
ontroller. The ground station 
ontrol software was Virtual Co
kpit (VC),

developed by Pro
erus Te
hnologies.

B. Flight Test

In the �ight test, the mothership was 
ommanded to follow a loiter of 100m radius and a


onstant altitude of 125m with the airspeed 
ommanded at 14m/s. The results of the system

traje
tory are shown in Fig. 4. The top-down view of the system traje
tory presented in Fig. 4 (a)

shows that a 
ir
ular mothership orbit resulted in a smaller 
ir
ular orbit of the drogue. Be
ause of

the wind, the 
enter of the drogue orbit shifted to the west. The East-Altitude view of the system

traje
tory presented in Fig. 4 (b) shows that the resulting drogue orbit was in
lined be
ause of the

wind. The amplitude of the drogue's altitude os
illation was approximately 20m . The onboard

14



(a) Mothership with 1.4m

wing span, twin props and


able release me
hanism.

(b) Hemisphere-shaped drogue

with 30 
m diameter made of

reinfor
ed plasti
.

(
) Fishing line 
able with

20 lb maximal payload.

(d) Kestrel 2 autopilot

developed by Pro
erus

Te
hnologies.

Fig. 3 Hardware systems used in �ight test.

measurement of GPS velo
ities of the mothership and drogue, the airspeed of the mothership are

shown in Fig. 5 (a). It 
an be seen that the a
tual airspeed of the mothership essentially followed

the 
ommanded value, and the GPS velo
ities of the mothership and drogue os
illated between

8m/s and 20m/s, whi
h implies the average wind was approximately 6m/s. Figure 5 (b) shows the

wind estimation in the north and east dire
tions, respe
tively. The dire
tion of the wind mat
hed

the dire
tion of the 
enter shift of the drogue orbit, while the average magnitude of the wind

(approximately 4m/s) was smaller than the one implied in Fig. 5 (a) The di�eren
e may 
ome from

the GPS drifting error or the wind estimation error.

C. Model Validation

To validate the mathemati
al model, we for
e the simulated mothership to follow the same

traje
tory as the a
tual mothership, and then 
ompare the motion of the simulated drogue to the

motion of the a
tual drogue. The number of links in the 
able are in
reased until a suitable mat
h

is obtained.

Using the parameters shown in Table 1, we 
ondu
ted simulations using di�erent numbers of
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(a) Top-down view of the orbits of the

mothership and drogue in �ght test. The

mothership (larger) orbit was 
ommanded

with a radius of 100m and airspeed of 14m/s.

The drogue (smaller) orbit had a resulting

radius of approximately 90m. The 
enter of

the drogue orbit shifted to the west of the


enter of the mothership orbit due to the

wind.
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(b) Side (East-altitude) view of the orbits of

the mothership and drogue during �ight test.

The mothership (upper) orbit was essentially

horizontal, while the drogue (lower) orbit is

in
lined due to the wind. The amplitude of

the drogue's altitude os
illation was

approximately 20m.

Fig. 4 Traje
tories of the mothership and drogue in the �ight test.


able links. The airspeed of the mothership was sele
ted as 14m/s and the 
onstant wind ve
tor

was sele
ted as (0.5 − 4) m/s in the North-East 
oordinate. Figure 6 overlays the mothership

traje
tories from both �ight test and simulation in north, east and altitude dire
tions, respe
tively.

It 
an be seen that the traje
tory of the simulated mothership essentially mat
hed the traje
tory of

the a
tual mothership during the �ight test. Figure 7 shows the traje
tories of the simulated drogue

using 1, 2 and 5 
able links, respe
tively, overlaid on the traje
tory of the a
tual drogue during

�ight test. It 
an be seen that in the north and east dire
tions, the simulation results essentially

mat
h the �ight test results. In the altitude dire
tion, as the number of 
able links in
reased, the

simulation results followed the �ight results more a

urately in terms of phase, but the amplitude

of the os
illation slightly de
reased. Figure 8 shows the top-down and side views of the drogue

traje
tories from both simulation and the �ight test. It 
an be seen from Figs. 7 and 8 that as

the number of 
able links in
reases, the radii of simulated drogue orbits in
reased whi
h mat
h the

real drogue orbit more pre
isely, while the amplitudes of simulated drogue's altitude os
illations
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illated
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tions. The dire
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the wind mat
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enter

shift of the drogue orbit, and the average

magnitude of the wind was approximately

4m/s.

Fig. 5 Measurements obtained from Virtual Co
kpit.
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Fig. 6 This �gure shows that the mothership traje
tory of the simulation (dashed line) essen-

tially followed the traje
tory of the �ight test (solid line) in three dimensions.

de
reased whi
h deviate from the �ight test result. Thus, it 
an be seen that simulations with 1

to 5 
able links veri�ed that an in
reased number of 
able links did not signi�
antly improve the

a

ura
y of the predi
tions. As a 
ompromise between the a

ura
y of the simulation model and

the 
omputational burden of the su

essive optimal traje
tory generation, we sele
ted N = 2 as the

number of 
able link in the equations of motion.
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(a) Results using 1-link 
able.
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(b) Results using 2-link 
able.
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(
) Results using 5-link 
able.

Fig. 7 Comparison of the drogue traje
tories in the �ight test (solid line) and simulation

(dashed line) using a di�erent number of 
able links in north, east and altitude dire
tions,

respe
tively. In the north and east dire
tions, the simulation traje
tories essentially mat
hed

the �ight test results. In the altitude dire
tion, as the number of 
able links in
reased, the

simulation results followed the �ight test results more a

urately in terms of phase, while the

amplitude of the altitude os
illation slightly de
reased.

IV. MPC Formulation

Given a desired traje
tory for the drogue (e.g., a level 
ir
ular orbit), a strategy is needed to

generate a mothership traje
tory that produ
es the desired drogue path. Di�erential �atness has

been used in the traje
tory generation of the towed 
able system in [11, 20�22℄ by applying 
ertain

types of dynami
 models of the 
able. For the mathemati
al model presented in Se
tion II, it is

nontrivial to 
al
ulate the desired mothership traje
tory by using di�erential �atness. In addition,

sin
e the mothership has performan
e limits like airspeed, roll angle, and 
limbing rate, di�erential

�atness based methods do not dire
tly take these 
onstraints into 
onsideration. Furthermore,

during transitions between straight and level �ight and orbital �ight, the tension for
es exerted on

the 
able should not ex
eed the loading limit of the 
able.

In this se
tion, a strategy is developed to produ
e an optimal traje
tory for the mothership

to pla
e the drogue onto the desired orbit in the presen
e of system 
onstraints. In the literature,

when formulating the optimal 
ontrol problem for generating the desired mothership traje
tory, the

nonlinear kinemati
 or dynami
 models of the mothership were typi
ally used, and the obje
tive

fun
tions were usually based on squared error or L2-norm form. In this se
tion, to redu
e the


omputation time, we use linear dynami
 equations of the mothership and a novel format of the
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(a) Top-down view of drogue traje
tories using

di�erent number of 
able links in the simulation and

�ight test. As the number of 
able links in
reased,

the radius of the drogue orbit in
reased.
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(b) Side view of drogue traje
tories using di�erent

number of 
able links in the simulation and �ight

test. As the number of 
able links in
reased, the

amplitude of the altitude os
illation slightly

de
reased.

Fig. 8 Drogue traje
tories in the �ight test (solid line) and simulation using a di�erent number

of 
able links (star-dot line for the 1-link model, dashed line for the 2-link model and dotted

line for the 5-link model).

obje
tive fun
tion to formulate the MPC problem.

Letting vm ∈ R
3
be the mothership velo
ity relative to the wind frame and am ∈ R

3
be the

mothership a

eleration in the inertial frame, whi
h is sele
ted as the input of the mothership

dynami
, the equations of motion for the mothership are given by

ṗm = vm +wc (11)

v̇m = am. (12)

The performan
e 
onstraints of the mothership are typi
ally given by the magnitude of the moth-

ership airspeed Va, the heading angle ψ, the bank angle φ, and the air mass referen
ed �ight path

angle γa, whi
h is de�ned as the angle from the inertial North-East plane to the velo
ity ve
tor

of the air
raft relative to the air mass. The kinemati
 equations of motion for the mothership are
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written as

ṗn = Va cosψ cos γa + wn (13)

ṗe = Va sinψ cos γa + we (14)

ṗd = −Va sin γa + wd (15)

ψ̇ =
g

Va
tanφ. (16)

By 
omparing Eqs. (11) and (12), the 
onstrained variables 
an be expressed as

Va = ‖vm‖

ψ = tan−1

(

vm (2)

vm (1)

)

γa = − sin−1

(

vm (3)

Va

)

ψ̇ =
am (2)vm (1)− am (1)vm (2)

‖vm‖
2

φ = tan−1

(

Va
g
ψ̇

)

.

Letting pd
dr (t) ∈ R

3
be the desired drogue traje
tory, pdr (t) ∈ R

3
be the a
tual drogue traje
-

tory, Φ ∈ R be the obje
tive fun
tion value, y , (y0, · · · , yn)
T

∈ R
n
be the 
ontrolled variables,

yhi, ylo ∈ R
n
be the higher and lower dead-bands of the 
ontrolled variables, whi, wlo ∈ R

n
be

the weights on the 
ontrolled variables outside the dead-bands, u ∈ R
n
be the inputs, cy, cu ∈ R

n

are 
ost weights of y and u, f : Rn → R
n
represent the equations of motion, x ∈ R

n
be the states

of the equations of motion, d ∈ R
n
be parameters or unmeasured disturban
es, giec : Rn → R

n

represent the inequality 
onstraints, τ ∈ R be the response time 
onstant of the desired 
ontrolled

variables, sphi, splo ∈ R
n
be dead-band setpoints, and ehi and elo be sla
k variables [47℄ sele
ted

by the optimizer to penalize y above and below the dead-band, and given by

ehi,i =



















yi − yhi,i yi − yhi,i ≥ 0

0 yi − yhi,i < 0

and elo,i =



















ylo,i − yi ylo,i − yi ≥ 0

0 ylo,i − yi < 0

, i = 1, · · ·n,
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then the traje
tory generation problem 
an be posed as the following optimization problem:

min
u(t0,t1)

Φ = wT
hiehi +wT

loelo + yT cy + uT cu

+

∫ t1

t0

(

pdr (δ)− pd
dr (δ)

)T (

pdr (δ)− pd
dr (δ)

)

dδ (17a)

s.t. f (ẋ,x,y,u,d) = 0 (17b)

giec (ẋ,x,y,u,d) > 0 (17
)

τ
∂yhi

∂t
+ yhi = sphi (17d)

τ
∂ylo

∂t
+ ylo = splo. (17e)

A 
ombination of L1-norm and squared-error obje
tives, shown in Eq. (17a), is used to a

om-

plish multiple obje
tives. The 
ontrolled variables y are sele
ted as the 
onstraints of the system.

The L1-norm obje
tive was used to regulate high-priority 
onstraints like the 
able tension and the

airspeed of the mothership. In this 
ase, the 
ontrolled variables were not for
ed to follow a desired

traje
tory, but were 
onstrained to remain within 
ertain range of a

eptable limits. The sla
k vari-

ables ehi and elo are then used to regulate y to remain within dynami
 dead-bands parametrized by

yhi and ylo. The squared-error (integration) term was used to penalize the traje
tory tra
king error

of the drogue with a lower weighting that represented the lower priority of the tra
king obje
tive.

Eqs. (17b) and (17
) are used to regulate the states to satisfy the equations of motion and inequality


onstraints.

Eqs. (17d) and (17e) are linear �rst order equations that de�ne the regulations for 
ontrolled

variables represented by either a dead-band or referen
e traje
tory to the setpoints. The setpoints

sphi and splo are used to de�ne regions that are not penalized in the obje
tive fun
tion and are

referred to as the "dead-band". It is desirable to make the evolution of the 
ontrolled variables e�e
-

tively approa
h setpoints at a spe
i�ed rate so that ex
essive movements of manipulated variables

or response overshoots of 
ontrolled variables 
an be avoided. Based on di�erent 
ontrol obje
tives,

the initial 
onditions of yhi and ylo, 
an be set to give a wider dead-band at the beginning of the

simulation and only to enfor
e the steady state response (and vi
e versa). Di�erent initial 
onditions

de�ning a wide or narrow dead-band are the trade-o� between pre
ise steady-state response and
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pre
ise dynami
 evolution. Therefore, referen
e traje
tories of y by spe
ifying the values of sphi

and splo 
an be a step, ramp or other dynami
 signals.

V. Numeri
al Results

In this se
tion, the MPC based approa
h des
ribed in Se
tion IV is employed to 
ompute open-

loop mothership traje
tories for a variety of desired drogue traje
tories. The performan
e limits of

the mothership are sele
ted as ψ̇ ∈ [−0.35, 0.35] rad/s, Va ∈ [10, 20] m/s and γa ∈ [−0.35, 0.35] rad.

The MPC problem was solved using APMonitor Modeling Language [42℄. A step size of 2 se
onds

was sele
ted as a 
ompromise between the 
omputation time and the a

ura
y of the results. The


omputer used to solve the optimization problem has an AMD 64 
ore pro
essor with 64 GB of

RAM.

A. Desired Drogue Orbit with Constant Ground Speed

In the �nal phase of the aerial re
overy s
enario, the drogue must be pla
ed onto an orbit that


an be easily followed by the MAV. In this se
tion, the desired drogue traje
tory is a 
ir
ular orbit

with 
onstant altitude and 
onstant ground speed. Let rddr be the desired 
onstant orbit radius

of the drogue, θ (t) be the orbital angle of the orbit measured from North, and h0 be the desired


onstant altitude of the drogue, the desired 
ir
ular orbit of the drogue in three dimensions is given

by

pddrn (t) = rddr cos θ (t) (18)

pddre (t) = rddr sin θ (t) (19)

pddrd (t) = −h0. (20)

Letting vgdr be the desired 
onstant ground speed of the drogue, the orbit angle for a 
lo
kwise

motion 
an be written as θ (t) = vgdrt/rdr. Without loss of generality, the wind is assumed from the

west. A typi
al 
ir
ular orbit for drogue 
an be parametrized by sele
ting vgdr = 12m/s, h0 = 100m

and rddr = 100m Then the orbit period 
an be 
al
ulated by T g
p = 2πrddr/v

g
dr = 52.36 s. The starting

and ending times are sele
ted as t0 = 0 and t1 = 70 s, so that the resulting mothership traje
tory

has enough waypoints to produ
e an orbit. The optimal 
ontrol solver is sele
ted as IPOPT [46℄,
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Fig. 9 Optimal system traje
tories in the absen
e of wind. A horizontally �at desired drogue

orbit (triangle-dot line) requires a desired horizontally �at mothership orbit (dash-dot line).

The a
tual drogue traje
tory (dashed line) follows the desired orbit pre
isely. The 
able (solid

line) 
urved be
ause of the aerodynami
 for
es exerted on the joint.

whi
h is an open-sour
e Interior Point solver for solving Nonlinear Programming (NLP) problems

in
luded with the COIN-OR 
olle
tion. The initial 
on�guration and solution results are shown in

Table 2. It 
an be seen that the obje
tive fun
tion values were less than 0.5 when the wind speeds

were less than 5m/s, and in
reased to approximately 8000 when the wind speed in
reased to 10m/s.

This is be
ause the existing performan
e limits of the mothership made the resulting optimal orbit

unable to pre
isely pla
e the drogue orbit onto the desired orbit.

Table 2 Solution results using the desired drogue orbit with 
onstant ground speed

Wind speed (m/s) p
0

m (m) v
0

m (m/s) Solution Time (s) Φ

0 (−79, 90,−157) (−10,−8, 0) 18.4 0.1

(0, 5, 0)T (−67, 55,−157) (−9.4,−7.3, 2) 17.1 0.2

(0, 10, 0)T (−61, 35,−142) (−9,−5, 2) 48.1 7965.1

p
0

m = initial mothership position; v
0

m = initial mothership velo
ity in NED frame.

Figure 9 shows the di�erent views of optimal system traje
tories in the absen
e of wind. It 
an

be seen that a horizontally �at desired drogue orbit requires a desired horizontally �at mothership

orbit. Figure 10 shows the di�erent views of the optimal system traje
tories in the presen
e of

5m/s wind from the west. It 
an be seen that the desired mothership orbit is in
lined to produ
e

a horizontally �at orbit of the drogue in the presen
e of wind. The amplitude of the mothership's

altitude os
illation was approximately 40m. Figure 11 shows the evolutions of the 
onstraints
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Fig. 10 Optimal system traje
tories using a desired drogue orbit with 
onstant ground speed

in the presen
e of 5 m/s wind from the west. A horizontally �at desired drogue orbit (triangle-

dot line) resulted in an in
lined desired mothership orbit (dash-dot line). The 
enter of the

mothership orbit shifted to the west of the 
enter of the drogue orbit. The amplitude of the

mothership's altitude os
illation was approximately 40 m.
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(a) Airspeed Va vs. time.
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) Heading rate ψ̇ vs. time.

Fig. 11 Evolution of 
onstrained variables of the mothership using a desired drogue orbit with


onstant ground speed in the presen
e of 5 m/s wind from the west. All the variable values

(solid lines) remained within their limits (dashed lines).

variables Va, γa and ψ̇ of the mothership. It 
an be seen that all the variables remained within the


onstraints. Figure 12 shows the di�erent views of the optimal system traje
tories in the presen
e

of 10 m/s wind from the west. It 
an be seen that the desired mothership orbit in
lines more

in a stronger wind. Be
ause of the performan
e limits of the mothership, the resulting optimal

orbit was unable to pre
isely pla
e the drogue orbit onto the desired orbit, whi
h results in a large

value for the obje
tive fun
tion in Table 2. The amplitude of the mothership's altitude os
illation

was approximately 70m, while the amplitude of the drogue's altitude os
illation was approximately

15m. Figure 13 shows the evolutions of the 
onstraints Va, γa and ψ̇ of the mothership. It 
an be

seen that although all the 
onstrained variables rea
hed their limits during the �ight, the optimizer
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Fig. 12 Optimal system traje
tories using a desired drogue orbit with 
onstant ground speed

in the presen
e of 10 m/s wind from the west. The resulting optimal mothership orbit (dash-

dot line) was unable to pla
e the a
tual drogue traje
tory (dashed line) onto the desired

orbit (triangle-dot line) pre
isely be
ause of the performan
e limits. The amplitude of the

mothership's altitude os
illation was approximately 70 m, while the amplitude of the drogue's

altitude os
illation was approximately 15 m.
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Fig. 13 Evolution of 
onstrained variables of the mothership using a desired drogue orbit with


onstant ground speed in the presen
e of 10 m/s wind from the west. All variables (solid lines)

rea
hed the limits (dashed lines) during the simulation. The optimizer was able to produ
e

an optimal traje
tory for the mothership by keeping all the 
onstrained variables within their

limits.

was able to produ
e an optimal traje
tory for the mothership to pla
e the drogue orbit to essentially

follow the desired orbit.

B. Desired Drogue Orbit with Constant Airspeed

Be
ause the autopilot on the MAV is typi
ally designed to regulate a 
onstant airspeed, in

this se
tion, a desired drogue traje
tory with 
onstant airspeed is used to 
al
ulate the desired
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mothership orbit. The time derivative of pd
dr (t) using Eqs. (18) to (20) is given by

ṗd
dr =

















−rddr θ̇ sin θ

rddr θ̇ cos θ

0

















= vs
dr +w. (21)

Thus, the airspeed of the drogue ‖vs
dr‖ is 
al
ulated as

‖vs
dr‖ =

√

(

−rdrθ̇ sin θ − wn

)2

+
(

rdrθ̇ cos θ − we

)2

+ w2
d.

Given a desired drogue airspeed vadr, we have

r2dr θ̇
2 + 2rdr (wn sin θ − we cos θ) θ̇ + w2

n + w2
e + w2

d − (vadr)
2
= 0.

Therefore, solving the quadrati
 equation for θ̇, the 
lo
kwise motion is given by

θ̇ =

we cos θ − wn sin θ +

√

(wn sin θ − we cos θ)
2
−
(

w2
n + w2

e + w2
d − (vadr)

2
)

rdr
. (22)

The orbital period T a
p 
an be 
al
ulated by [9℄

T a
p =

∫ 2π

0

1

θ̇
dθ. (23)

It is not di�
ult to see that T a
p in
reases when the wind speed in
reases. In the presen
e of 5m/s

wind, T a
p 
an be 
al
ulated as 60.51 s by using Eq. (23). When the wind in
reases to 10m/s,

T a
p in
reases to 135.8 s. To guarantee that the optimal traje
tory of the mothership has enough

waypoints to produ
e an orbit, the starting and ending times are sele
ted as t0 = 0 and t1 = 70 s

for the 
ase of 5m/s wind, and t1 = 150 s for the 
ase of 10m/s wind. The initial 
on�guration

and solution results are shown in Table 3. It 
an be seen that when the wind speed in
reased to

10m/s, the obje
tive fun
tion value in
reased to 755.2. This is be
ause the existing performan
e

limits of the mothership made the resulting optimal orbit unable to pre
isely pla
e the drogue orbit

onto the desired orbit. The parameters of the desired drogue orbit were sele
ted as rdr = 100m and

vadr = 12m/s to 
ompare the results with those in the previous se
tion.
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Fig. 14 Optimal system traje
tories using a desired drogue orbit with 
onstant airspeed in the

presen
e of 5 m/s wind from the west. The resulting optimal mothership orbit (dash-dot line)

was larger than the one in Fig. 10. The amplitude of the mothership's altitude os
illation was

approximately 10 m, whi
h was mu
h smaller than the one in Fig. 10. The waypoints pla
ed


lose together when the system was �ying upwind (towards the west), and sparse when the

system was �ying downwind (towards the east).

Table 3 Solution results using the desired drogue orbit with 
onstant airspeed

Wind speed (m/s) p
0

m (m) v
0

m (m/s) Solution Time (s) Φ

(0, 5, 0)T (−74, 63,−159) (−6,−9, 0) 18.8 17.9

(0, 10, 0)T (−20, 40,−159) (−3,−4, 0) 39.8 755.2

p
0

m = initial mothership position; v
0

m = initial mothership velo
ity in NED frame.

Figure 14 shows the di�erent views of the optimal system traje
tories in the presen
e of 5 m/s

wind from the west. It 
an be seen that the o�set of the mothership orbit 
enter in Fig. 14 (b) is

smaller than the one in Fig. 10 (b). It also 
an be seen that the in
lination of the mothership orbit in

Fig. 14 (
) was mu
h smaller than the one in Fig. 10 (
). The amplitude of the mothership's altitude

os
illation was approximately 10m. Be
ause the desired airspeed of the drogue was 
onstant, it 
an

be seen that the waypoints pla
ed 
lose together when the system is �ying upwind (towards the

west), and sparsely when the system was �ying downwind (towards the east). Figure 15 shows

the evolutions of the 
onstrained variables Va, γa and ψ̇ of the mothership. It 
an be seen that

the desired airspeed of mothership in Fig. 15 (a) rea
hed its upper limit, while in the same wind


ondition, the desired airspeed in Fig. 11 (a) was still within the limits.

Figure 16 shows the di�erent views of the optimal system traje
tories in the presen
e of 10 m/s
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Fig. 15 Evolution of 
onstrained variables of the mothership using a desired drogue orbit with


onstant airspeed in the presen
e of 5 m/s wind from the west. All the 
onstrained variables

(solid lines) remained within their limits (dashed lines) ex
ept for the airspeed.
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Fig. 16 Optimal system traje
tories using a desired drogue orbit with 
onstant airspeed in the

presen
e of 10m/s wind from the west. The amplitude of the mothership's altitude os
illation

was approximately 20 m. The waypoints pla
ed 
lose together when the system was �ying

upwind (towards the west), and sparse when the system was �ying downwind (towards the

east).

wind from the west. It 
an be seen that the o�set of the mothership orbit 
enter and the in
lination

of the desired mothership orbit be
ome larger than those in Fig. 14. The a
tual drogue orbit shows

both horizontal and verti
al o�sets, whi
h imply the 
onstrained variables of the mothership rea
hed

their limits during the �ight. The mothership traje
tory in Fig. 16 (
) may look unsmooth, but this

is simply an e�e
t of quantifying the traje
tory waypoints. Figure 17 shows the evolutions of the


onstrained variables Va, γa and ψ̇ of the mothership. It 
an be seen that the desired airspeed of

the mothership rea
hed the limit, while γa and ψ̇ still remained within their limits.
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Fig. 17 Evolution of 
onstrained variables of the mothership using a desired drogue orbit with


onstant airspeed in the presen
e of 10m/s wind from the west. All the 
onstrained variables

(solid lines) were within their limits (dashed lines) ex
ept for the airspeed, whi
h was at the

upper limit for a fra
tion of the traje
tory.

C. Transitions between Straight Level Flight and Orbital Flight

The transition between a straight and level �ight and orbital �ight (and vi
e versa) needs spe
ial

attention for a towed 
able system be
ause the 
able may be
ome sla
k when the mothership turns

and may experien
e large and sudden for
es that may break the 
able [7℄. To prevent the tension

for
es exerted on the 
able ex
eeding the loading limit of the 
able, an optimal traje
tory of the

mothership is needed to keep the tension for
es within their limits during the transition. In this

se
tion, we fo
us on the tow-in motion in whi
h the system �ies from a straight �ight into an orbit.

The tension for
es on the 
able are sele
ted as additional 
onstraints in the optimization with the

limits ‖Ti‖ ∈ [0, 10] N, i = 1, 2. Optimal results in di�erent wind 
onditions are presented in this

se
tion.

Letting ta be the time when transition started, the desired drogue traje
tory in a tow-in motion


an be written as

(1) when t ∈ [0, ta], the straight-line traje
tory of the drogue is given by

pddrn (t) = −vgdrt

pddre (t) = rddr

pddrd (t) = −h0;

29



(2) when t ∈ (ta, t1], the 
ir
ular traje
tory of the drogue is given by

pddrn (t) = −vgdrta + rddr cos θ (t)

pddre (t) = rddr sin θ (t)

pddrd (t) = −h0.

In this se
tion, we use the desired 
ir
ular drogue orbit with 
onstant ground speed, i.e., θ (t) =

vgdrt/r
d
dr. We sele
t rdr = 100m, vgdr = 12m/s, ta = 20 s and t1 = 80 s in the optimization algorithm.

The initial 
on�guration and solution results are shown in Table 4. When the wind in
reased to

10m/s, the obje
tive fun
tion value in
reased to 1751. This is be
ause the existing performan
e

limits of the mothership made the resulting optimal orbit unable to pre
isely pla
e the drogue orbit

onto the desired orbit.

Table 4 Solution results of transitional �ight in di�erent wind 
onditions

Wind speed (m/s) p
0

m (m) v
0

m (m/s) Solution Time (s) Φ

0 (−80, 100,−155) (−14, 0, 0) 23.2 20.3

(0, 5, 0)T (−80, 67,−155) (−14, 0, 0) 20.1 21.6

(0, 10, 0)T (−70, 41,−143) (−14, 0, 0) 29.7 1751.0

p
0

m = initial mothership position; v
0

m = initial mothership velo
ity in NED frame.

Figure 18 shows the di�erent views of the optimal system traje
tories during a tow-in maneuver

in the absen
e of wind. It 
an be seen that it takes one quarter 
ir
le for the mothership to 
omplete

the transition. The mothership traje
tory had an altitude os
illation of approximately 20m during

the transition. Figure 19 shows the evolutions of the 
onstrained variables Va, γa and ψ̇ of the

mothership. It 
an be seen that the airspeed rea
hed its lower limits during the transition. The

large os
illation of γa explained the altitude os
illation of the mothership during the transition.

Figure 20 shows the evolution of the tension for
es on the 
able in the transitional �ight. The

tension for
es had a small os
illation (approximately 1N), while remaining within their limits.

Figure 21 shows the di�erent views of the optimal system traje
tories during a tow-in maneuver

in the presen
e of 5 m/s wind from the west. It 
an be seen that the mothership traje
tory had

an altitude os
illation of approximately 15m during the transition. Figure 22 shows the evolutions

30



−200
−100

0
100

200

−400
−300

−200
−100

0
80

100

120

140

160

180

 

East (m)

System trajectory

North (m)
 

A
lti

tu
de

 (
m

)

Drogue
Mothership
Desired drogue
Cable

(a) 3-D view.

−150 −100 −50 0 50 100 150
−400

−350

−300

−250

−200

−150

−100

−50

0

East (m)

N
or

th
 (

m
)

System trajectory

 

 
Drogue
Mothership
Desired drogue
Cable

(b) Top-down view.

−400−350−300−250−200−150−100−500
90

100

110

120

130

140

150

160

170

180  

System trajectory

North (m)
 

A
lti

tu
de

 (
m

)

Drogue
Mothership
Desired drogue
Cable

(
) Side view.

Fig. 18 Optimal system traje
tories in the transitional �ight in the absen
e of wind. The

mothership traje
tory (dash-dot line) had an obvious altitude os
illation (approximately 20

m) during the transition and 
onverged qui
kly to the desired orbit whi
h pla
e the drogue

traje
tory (dashed line) into the desired orbit (triangle-dot line).
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(a) Airspeed Va vs. time.
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(b) Flight path angle γa vs. time.

0 10 20 30 40 50 60 70 80
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Time (s)
ψ

 r
at

e 
(r

ad
/s

)

Heading rate

 

 
ψ rate
Dead−bands

(
) Heading rate ψ̇ vs. time.

Fig. 19 Evolution of 
onstrained variables of the mothership in the transitional �ight in the

absen
e of wind. The airspeed and �ight path angle rea
hed their limits during the transition.

of the 
onstrained variables Va, γa and ψ̇ of the mothership. It 
an be seen that all the variables

remained within the limits during the transition. Figure 23 shows the 
able tension evolution during

the transitional �ight. It 
an be seen that the tension for
es had an os
illation of approximately 2N

during the transition while they still remained within the limits.

Figure 24 shows the di�erent views of the optimal system traje
tories during a tow-in maneuver

in the presen
e of 10m/s wind from the west. It 
an be seen that the mothership traje
tory had an

altitude os
illation of approximately 10m during the transition. Figure 25 shows the evolutions of

the 
onstrained variables Va, γa and ψ̇ of the mothership. It 
an be seen that Va rea
hed its upper

bound while γa and ψ̇ remained within the limits during the transition. Therefore, the resulting

optimal orbit unable to pre
isely pla
e the drogue orbit onto the desired orbit, and this explains the

31



0 10 20 30 40 50 60 70 80

0

2

4

6

8

10

12

14

Time (s)

T
es

io
n 

(N
)

Tension force

 

 
T

1

T
2

Dead−bands

Fig. 20 Evolution of the tension for
es of the 
able in the transitional �ight in the absen
e of

wind. The tension for
es of the 
able had a small os
illation during the transition, while they

remained within their limits.
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Fig. 21 Optimal system traje
tories in the transitional �ight in the presen
e of 5m/s wind

from the west. The resulting optimal mothership orbit (dash-dot line) had a o�set to the west

of the drogue traje
tory during the straight �ight, experien
ed an altitude os
illation with

amplitude of approximately 15m during the transition, and 
onverged to the desired orbit

whi
h pla
e the drogue traje
tory (dashed line) into the desired orbit (triangle-dot line).

large obje
tive fun
tion value (1751) in Table 4. Figure 26 shows the 
able tension evolution during

the transitional �ight. It 
an be seen that the tension for
es had an in
rease (approximately 3N),

while they remained within the limits during the transition.

It 
an be seen that the altitude os
illation of the mothership in
reases as the wind speed in-


reases. The tension for
es only had small os
illations during the transition and remained within

their limits.
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(a) Airspeed Va vs. time.
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(b) Flight path angle γa vs. time.
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(
) Heading rate ψ̇ vs. time.

Fig. 22 Evolution of 
onstrained variables of the mothership in the transitional �ight in the

presen
e of 5m/s wind from the west. All the variables remained within their limits. The

large os
illation of the �ight path angle (15 s to 30 s) explains the os
illation of the mothership

altitude during the transition.
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Fig. 23 Evolution of the tension for
es of the 
able in the transitional �ight in the presen
e of

5m/s wind from the west. The tension for
es of the 
able had a small os
illation during the

transition, while they remained within their limits.

VI. Con
lusion

This paper presents a strategy for generating optimal traje
tories for the 
onstrained towing

vehi
le (mothership) of an aerially towed 
able system using MPC. To sele
t an appropriate number

of 
able links in the optimization, model validation was 
ondu
ted by 
omparing the �ight test

data with the results from the simulation with di�erent numbers of 
able link. The results indi
ate

that a di�erent number of 
able links (1, 2, 5) did not result in a signi�
ant di�eren
e in the

resulting motion. Two 
able links were 
hosen as 
ompromise between a

ura
y and 
omplexity. The

optimization formulation using model predi
tive 
ontrol was presented by employing a 
ombination

of the squared-error and L1-norm form obje
tive fun
tion. Di�erent desired drogue paths were
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(b) Top-down view.
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Fig. 24 Optimal system traje
tories in the transitional �ight in the presen
e of 10m/s wind

from the west. The resulting optimal mothership orbit (dash-dot line) had a o�set to the west

of the drogue traje
tory during the straight �ight, experien
ed an altitude os
illation with

amplitude of approximately 10m during the transition, and 
onverged to the desired orbit

whi
h pla
e the drogue traje
tory (dashed line) into the desired orbit (triangle-dot line).
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(a) Airspeed Va vs. time.
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(b) Flight path angle γa vs. time.
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(
) Heading rate ψ̇ vs. time.

Fig. 25 Evolution of 
onstrained variables of the mothership in the transitional �ight in the

presen
e of 10m/s wind from the west. The airspeed rea
hed its limit during the transition,

while the �ight path angle and heading rate remained within their limits. The large os
illation

of the �ight path angle (15 s to 30 s) explains the os
illation of the mothership altitude during

the transition.

employed to examine the strategy of the optimal traje
tory generation. For the desired drogue orbits

with 
onstant ground speed, stronger wind required larger maneuvers on both the airspeed and �ight

path angle of the mothership, while for the desired drogue orbits with 
onstant airspeed, stronger

wind required larger maneuvers only on the airspeed of the mothership. In the transitional �ight, as

the wind in
reased, the altitude os
illation of the mothership during the transition de
reased. The

tension for
es on the 
able were also kept within the limits during the transition. This MPC-based

optimal traje
tory generation strategy 
an be a framework for spe
ifying any arbitrary �ight path
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Fig. 26 Evolution of the tension for
es of the 
able in the transitional �ight in the presen
e

of 10m/s wind from the west. The tension for
es of the 
able had a major elevation during

the transition, while they remained within their limits.

of the towed body by optimizing the a
tion of the towing vehi
le subje
t to 
onstraints and wind

disturban
e.
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