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Hybrid Control of the Pendubot

Mingjun Zhang Student Member, IEEEBNd Tzyh-Jong TagrFellow, IEEE

Abstract—Swing up and balance control are two interesting con-
trol problems for the Pendubot. Many studies have been conducted
for swing up control of the Pendubot. A few results have been re-
ported for feedback stabilization of the Pendubot. In this paper, we
will apply a new hybrid controller for feedback stabilization of the
Pendubot. To the best of the authors’ knowledge, this is the first
implementation of a hybrid controller for feedback stabilization of
the Pendubot. Furthermore, it is well-known that it is impossible
to use smooth feedback to stabilize a class of underactuated me-
chanical systems around their equilibra, even locally. Various non-
smooth controllers have been presented for feedback stabilization
of this type of system. However, most of the studies are either based
on theoretical proofs or simulations. There is a strong need for ex-
perimental study. The Pendubot arises as a special test bed for this
purpose. This experimental study has particular interest for feed-
back stabilization of underactuated mechanical systems that are

. . g. 1
not feedback stabilizable using smooth control.

H

Picture of the Pendubot.

Index Terms—Hybrid control, nonholonomic systems, the Pen-
dubot, underactuated mechanical systems. ical systems, such as control of a cart [2], control of an Acrobot

[5] and position control of the underactuated robot [6].
For example, the Pendubot exhibits second-order nonholo-
nomic properties, which means the dynamics of the Pendubot
PENDUBOT [1] is a two-link (two-degree-of-freedom)are subject to second-order nonintegrable differential con-
planar robot, whose first link (shoulder) is actuated anstraints.
second link (elbow) is not actuated. Itis a simple underactuatedrhe systems that subject to nonintegrable differential con-
mechanical system (see Fig. 1). straints are called nonholonomic systems. It has also been
The position shown in the figure [1] is an unstable inverteghown that a class of underactuated mechanical systems can
equilibrium, which is the most difficult case for feedback stepe regarded as second-order nonholonomic systems [7], [8].
bilization among all the equilibria. In order to feedback Stabt-:ontro| of nonholonomic systems has been one of the most
lize the Pendubot to this position, swing up control is usualbyctive research areas in the last few years. The difficulty is that
used for moving the Pendubot close to the equilibrium marfpr a class of nonholonomic systems, it is impossible to use
fold; then switch to a balance controller. Many studies have begmooth feedback to stabilize the system around an equilibrium
conducted for swing up control of the Pendubot [2], [3]. This igven locally. Hybrid control has been considered as a good
not the purpose of this paper. We are interested in the balaregice.
control of the Pendubot, particularly, feedback stabilization of e hybrid controller presented in this paper is developed

the Pendubot around an inverted equlibrium. based on a general dynamic model of underactuated mechanical
Spong and Block [4] used a linear quadratic regulator (LQRY stems by extended application of the new stability theories for
and poI_e placement for the balanC|.ng and stabilizing controllq_;,rybrid dynamical systems [9], [10]. The particular interest of the
Fantoni, Lozano and Spong [3] discussed some results USigrid controller is for feedback stabilization of nonholonomic
energy based control by simulations. As well addressed in [3];stems. As reported in [7], [8], [11], and [12], many theoret-
these are the only solutions existed in the literature for balangg| siudies have been performed for control of nonholonomic
control. No hybrid controller has been reported in the Iiteratu@stems_ However, few results have been implemented. There is
for feedback stabilization of the Pendubot. This is the purpogéstrong need for the experimental study of control of nonholo-
of this paper, which is the first contribution of this paper. Theomic systems. The Pendubot arises as a special test bed for this
Pendubot also possesses some unique features and challegggsyse. As a result, this experimental study has special inter-
for control research not found in other underactuated mech@s for feedback stabilization of nonholonomic systems. This

. . _ is the second contribution of this paper.
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Il. DYNAMIC MODEL AND CONTROL PROPERTIES OF THE
PENDUBOT

The general dynamic model of underactuated mechanicg
systems withm actuated joints from a total of joints can be
expressed as follows [13]:

M(q)§+ Clq,q)q +elq) =T

i) = [l Mato)]
cwi=[calrd Calrd)
(o) = 0]
o 7(‘)1} @ 7

: . .. . Fig. 2. Dynamics of the Pendubot.
whereq = [¢1,¢2]" € R™ is the vector of joint variables. Here,

g1 € R™ represents the vector of the control links apdep-
resents the vector of the underactuated lididgq) is then x n
inertia matrix,C(q, ¢)q is the vector of Coriolis and centripetal
torques,e(q) is the gravitational term and, is the vector of g Equilibrium Configuration
control torque.

Then, we obtain the following dynamic model of the Pendubot.
See (2) at the bottom of the page.

An equilibrium configuration is a particular value of the state
A. Dynamic Model of the Pendubot and the control input for which the Pendubot is at restgi-,0

. . , Examining the equations in (2) of the Pendubot, the equilibrium
For the dynamics of the Pendubot (see Fig. 2), defineand %f'nts are given by

ms as the mass of actuated link (called link one) and unactuat%
link (called link two), respectively, defing andg, as the angles Baigcos(qr) + 050 cos(q1 + ¢2) =710
that link one and link two make with the horizontal linésand
l> the lengths of the two linkd.; andl., the distances to the
center of mass of link one and two, afidand, the moments Supposeo/6.g < 1, then solving for the equilibrium config-
of inertia of link one and link two about their centroids. It cardration

059 cos(q1 + q2) =0.

be shown that the physical and geometrical characteristics of 10

the plant can be described by seven dynamical parameters g1 =arccos <@)

ma, 11, a1, le2, 11, I2. The seven dynamical parameters can be T

grouped into the following five new parameters for describing G2 =Ny — 4 n=1,35,..

the dynamic of the Pendubot by a minimal set of paramete{%ich means the Pendubot will

. . A balance at a state
This procedure is called reparameterization.

z = (g1,92,0,0), if we apply a constant torquejo. The
0, =ml? +mal? + 1, last two elements of the state are velocities.

We are interested in the natural equilibria of the Pendubot
when7g = 0. Examining the above solutions, we have the
following four equilibrium configurations.

Oy =myler + moly e qu = —7/2, g2 = 0, (both link 1 and link 2 are in their
05 =male. lower positions).

92 Imgl?ﬁ + IQ

03 =molilco

M(q)§+ Clq,¢)dq + e(q) =r
M(g) = 01+ 02 + 205 cos(qz) 02 + 05 cos(qa)
1= L 0y + 05 COS(QQ) 02
o _ [0 —O3sin(g2)de —B3sin(g2) (g2 + 1)
C(Qv (J) - 93 Sin(QQ)(h 0

[ 649 cos(q1) + 059 cos(qr + @)}
059 cos(q1 + q2)

=175 @
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s ¢4 = —7/2,q2 = w, (link 1 is in its lower position and pendent. Interested readers many refer [14] for detailed infor-
link 2 is in its upper position). mation. TheA-sign represents wedge product, which is an alter-

* q1 = 7/2,q2 =0, (both link 1 and link 2 are in their upper nating multi-linear functional. The wedge product taRégorm
positions). and M-form to create afN + M)-form. It is the only outer

* q1 =7/2, ¢ =, (link 1 isin its upper position and link product possible given the change of sign that incurs when dif-
2 is in its lower position). ferentials are passed over one another. For example, the wedge

Note that only the first equilibrium point of the above four equiproduct ofzdz anddx + dy is (zdx) A (dx + dy) = zdwdy.

libria is stable. The remaining three equilibrium points are ur-he wedge product may be considered as set intersection. For
stable. An arbitrary small disturbance causes at least one of €¥x@mple, surfaces of constafttr, », z) and surface of constant
links to fall and consequently a large motion is produced. Fuy{z, ¥, z) intersects along the lines given d§A dg. The notion
thermore, the third equilibrium configuratian = 7/2, ¢ = 0  of interpreting the wedge product as set intersection is appealing
is the most difficult case for feedback stabilization, since vefyom a topological standpoint.

small disturbances will cause both links to fall. Consider the second-order differential constraint (3). After
simple transformation, we obtain the following differential
C. Control Properties of the Pendubot forms

From (2), we see the dynamics of the Pendubot are subject to

i . : =(0,+ 6 dqgr + 02d4
a second-order differential constraint as follows: w =(2 + 3 cos(q2))dn + b2

+ 03 sin(g2) 7 + 059 cos(qr + ga)]dt
(62 + 0 cos(g2)) 1 + B2 + O3 sin(ga)di dw =d( + 3 cos(q2)) A dds
+05g cos(qr +q2) = 0. (3) + d[83sin(go)di + 059 cos(q1 + g2)] A dt

The integrability of dynamic constraints is an important proyherew is a differential form obtained from the original differ-
erty for many physical systems. Depending on the integrabilightial constraints andw is the exterior derivative af.

of their dynamic constraints, dynamic systems can be classi4t js easy to check that A dw # 0. We conclude that the
fied as either holonomic or nonholonomic. Dynamic systengsendubot is a second-order nonholonomic system.

that subject to nonintegrable differential constraints are calledpoyriolo and Nakamura [15] have shown that the dynamic con-
nonholonomic systems. A class of underactuated mechanigghint of an underactuated two-link robot is holonomic if the
systems, such as the Pendubot, are second-order nonholongjyiGity term vanishes and only the second link is controlled.
systems. Controllability and stabilizability of underactuated me the first link is actuated, it is a second-order nonholonomic
chanical systems are closely related to this integrability progystem. For the Pendubot, not only is the first link actuated, but
erty. It is well known that it is difficult if not impOSSible to use also the gravity term is not zero. ThUS, itis a second-order non-
smooth feedback to asymptotically stabilize a class of nonholgglonomic system. This observation is consistent with our con-
nomic systems to the equilibrium state. In this case, nonsmo@ilision using new integrability conditions in differential forms.
feedback stabilization must be pursued or different control ob-

jectives must be addressed [8]. _ _ lll. HYBRID CONTROL FOR THEPENDUBOT
In order to check whether a system is holonomic or nonholo- - )
nomic, integrability of the differential constraint needs to be !N order to feedback stabilize the Pendubot around the equi-

checked. However, many integrability conditions in the literdlPrium @1 = 7/2 andgo = 0 (both links are in their upper
ture can not be used for this purpose. They are either coordinB@$ition), we need to move the Pendubot from its stable down-
dependent or have strong assumptions. ward posn.u_)n_(both Im_ks in their Iower_posmons) to an un-
We have developed new integrability conditionforclassifyin@tame equmbrlum ma}nlfold close to 'the inverted position. Our
holonomic or nonholonomic systems using the Frobenius TheIategy is to use swing up control first to move the Pendubot
orem in differential forms [14]. The condition is coordinate in€0Se to the equilibrium manifold, then switch to the hybrid con-
dependent and in general can be applied for any order of doller for feedb_ack stabilization. For swing up control, we use
ferential constraint. The condition states that a differential cole Same technique as the manufacturer. However, the manufac-
straint is integrable if and only if the wedge produst,of the turer’s controller will switch to LQR for the balance control. We

constraint and the exterior derivative of the constraint in diffeVill firstintroduce the swing up controller, then the hybrid con-
ential form is vanishing. troller.

To interpret the above differential form condition, we intro- .
duce the following notations and definitions. A. Swing Up Control

A function f(x,¥, z) can be considered as a O-form. Its ex- Moving the Pendubot from its downward position to a neigh-
terior derivativedf(x,y,z) = f.dx + fydy + f.dz is called borhood of its equilibrium manifold is called swing up control.
1-form. Further exterior derivative of 1-form, such @, — Swing up has been well studied in the literature. A good choice
fy=)dydz+(frz— fon)dzde+(fyz — fy )dadyis called 2-form  for swing up for the Pendubot is partial feedback linearization
and so on. A differential form is &-form for somek, wherek is  [1], [5].
a positive integer or zero. The Frobenius Theorem in differential It has been shown that the Pendubot dynamics are not feed-
forms gives necessary and sufficient condition for integrabilityack linearizable with static state feedback and nonlinear co-
of differential constraints and the condition is coordinate inderdinate transformation [5], [16]. However, we may achieve a
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linear response from either link, but not both, by suitable noB. Feedback Stabilization

linear partial feedback linearization. By extended application of the stability theory for hybrid dy-

Same as in [1], [4], expanding (1) for one control input of 3 mical systems [9], [10], we obtained the following hybrid
total two degrees of freedom, then control for feedback stabilization of underactuated mechanical
Mi1(q)i + Mi2(q)i + Cia(q, @) systems in the general dynamic model as (1).

N . The system (1) is uniformly asymptotically stablejtounder

) +C12(q, D)2 +erlg) =11 (4) the following hybrid control, if there exists constants;, k-,

Mo (@)ir + M22(9) @2 + Coa(g; D ks, ks, C, D and a positive real numb@r < 1, such that is
+C22(q,4)g2 + e2(q) = 0. (5) nonsingular and{ has all its eigenvalues within the unit circle.

Here, T represents the switching time for the discrete control
From (5), one gets

u(k)
o = — M5t (q) [ M. C. -
a2 22 ((J)[ 21(9)d1 + 21_(570 )?1 Dda + el )] ©) 71 =M (q)[k1(q1 — ge1) + k2(g2 — Ge2)
2204, 4q)q2 c2\q)]- + k3(21 + ]C4(_22 + u(k)]

Substitute (6) into (4), one obtains + Clq, ) + &lq)

M(9)ar +C(q,9) +elg) =n @) 4= el
where u(k +1) =Cu(k) + D | © ;1%2

W(q) =My () — Mya(a) Mz () Mo (a) ] S
C(g.4) =Cur(g, D1 + Crala. i M) =Male) = Molg) My (9)Ma(9)
— Mia(q )M22 () [Ca1(g: P)dn — Ca2(q, )42l a9 =Onle D + Orala, O .
&(q) =e1(q) — M12(q)M33' (q)e2(q). — My(q) Moy (9)[Car (g, d)n
Choose the swing up control as ~ (e 0)a]
B B e(q) =e1(q) — Mia(q) M55 (q)ea(q)

1= M(q)u+ (g, q) +e(g) g_[« AT DB

then | D C
i 0 0 Irnxrn 0
(jl = U. (8) A — IS IS IS I(n—'rn}f)( (n—rn)
. . . 1 2 3 4

Substitute (8) into (5): the reSlfIt is LAy Ap Ay A

G2 = M(q)u+ C(q,q) + &q) ) [ 0
where B= I 0

mxXm
M(q) = — M3 (q)Mai (g) L~ M35 (4e)Ma1(ge)
Clg.4) = 2{@ [Co1(q, @)is + Caa(, d)de] Au = — Mg q.) [Mm(qe)kl n %M}
— My (@) [Mar(@ksds + Ma1(q)kago] " )
(q) =~ Mz () [ea(a) + Mo ()b (2 — ge1)] s =~ M3 (qc) {Mm(qak«z + %|}
— M (q) M- k — Ge2)- _
_ _ 22 (g ) 21(0)k2(g2 _ 7 2)_ _ Ayz = — M3y (qe) [Ma1(ge) ks + c21(qe)]

T_h_e systemin (1) is partlally_feedback Ilnea_rlzed ans_l an ad- Agy = — My (qe) [Mar(ge)ka + c22(q0)] -
ditional (outer loop) control input to be designed. Similar con-
trol technique is also used in [5]. All above parameters are consistent with the model described in

Define the equilibrium poing. = [ge1, g.2]*, whereg,1 is the 2).

actuated part angl» is the unactuated part. Choose the control BY investigating the above controllet, we can easily con-
w as clude that it contains a continuous-time control parand a

discrete-time control paxt; as follows:

w=kp(ge1 — q1) — kad1- (10) _
ples =) = b ve =M(q)[b(a — ger) + (e — ge2)
It can be shown that if we choodg, > 0 andk; > 0 and + ksqy 4 kado] + Clq, §) + &(q)
suppose that the outpyt identically tracks the equilibrium o =M (q)u(k)

ge1 = 7/2, then the linearized subsystem defines a globally at-

tractive invariant manifold. The remaining nonlinear subsysteAs shown in the block diagram Fig. 3, this is a hybrid controller.
can be defined as the zero dynamics of the system with respElee basic idea of the two parts of this hybrid controller is that
to the outpulg;. The strategy for swing up control is to excitethe continuous-time control part depends on continuous-time
the zero dynamics sufficiently by the motion of link one so thattate information and the discrete-time control part changes
the pendulum swings close to its unstable equilibrium manifoldalues at fixed time interval. The values are determined by both
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 For the purpose of robustness comparison, we also imple-
mented the controllers for the following model with varied
parameters (called Model Two).

L ,,,,,,,, - 6, =0.0260 vs®
u(k)

Discrete-time
Control Part

7" (N . 6 =0.0119 vs?
| Unit Delay «—()bﬁ D e 65 =0.0098 vs
Maw) | 7= Swiiching 6, =0.1673 vs’/m
ddk) 65 =0.0643 vs? /m. (12)
For implementing the swing up control of the Pendubot,
|:Zero-71—‘or er we choose the following parameter values.
holder | « For the Model One, we choosg, = 50/s* andky =

v, 0 ‘ 8.8/s.

<J+_V,(”_‘ The Pendubot ‘ A « For the Model Two, we choosk, = 53/s* andk, =
i 8.62/s.

Vf (’) - Our particular interest is in the balance control. We compared
the experimental results of the hybrid controller with the con-
troller supplied by the manufacturer, which is the only controller

. - - in the literature implemented for feedback stabilization of the
D B COUEEY) Pendubot.

a

We have implemented the hybrid control algorithm for both

4{ M) H K %7 the Model One and the Model Two. One may use MAPLE or

MATLAB to conduct the computation and design the hybrid

Continuous-time control parameters for the balance control and asymptotically
Control Part stabilizing the system to the equilibrium state.
Fig. 3. Block diagram for the hybrid controller.  For implementing the balance control of the Model One,
we choose
the previous discrete-time control part and the state informa- ky =2884.2, ky =2192.0
tion. Whenever the discrete-time control part switches to a new ks =479.5, ky =2829
value, the discrete-time control part will always keep part of d; =0.2, dy =0.3

the previous control information. The hybrid controller design
easily calculates matrices to satisfy proper conditions. The
continuous-time control part contributes for partial feedback c=0.4, T'=01

linearization and the discrete-time control part can be regarded« For implementing the balance control of the Model Two,
as cancellation of the drift terms. Once the Pendubot reaches we choose

ds =0.1, dy =02

the unstable equilibrium manifold via swing up control, the k1 =3224.5, ko =2463.0
comroller W|I_I_sywtch to the new hybrid c_o_ntroller for asymp- ky = 547.9, fey = 3317
totically stabilizing the system to the equilibrium state.
d1 =02, d» =0.3
IV. IMPLEMENTATION RESULTS FOR THENEW d3 =0.1, dys =02
HYBRID CONTROL c=0.4, T =0.1.

The proposed swing up and hybrid controllers have been ifer the purpose of comparison, some external disturbances were
plemented for control of the Pendubot. added randomly by lightly hitting the links using a metal stick
« For our implementation, the parameters of the Pendubiéttest the robustness of the algorithm. Trajectories for both link
from the manufacturer’s user manual are identified as fodne and link two are given. The interesting fact is that the man-

lows [1]: ufacturer’s balance controller does not work for the model with
variation. Our hybrid controller still works well. Please see the
61 =0.0308 vs’ following various test cases for detailed information.
62 =0.0106 vs*
05 =0.0095 vs2 A. Control Based on Model One
84 =0.2086 vs? /m The following cases have been performed using hybrid con-

trol for Model One(as supplied by the manufacturer).

¢ Without disturbances: Fig. 4(a) and (b) show the positions
For future discussion, we call this Model One. The units  and position errors of the two links.
in the above parameters follow the International System ¢ With randomly added quick disturbances: Fig. 5 shows the
for Units. positions of the two links.

65 =0.0630 vs? /m. (11)
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Fig. 6. Randomly added slow disturbances.
Fig. 4. Without disturbances.
glect friction without using any compensation technique and it
+ With randomly added slow disturbances for visually estatill works better than the manufacturer’s controller.
mating the region of attraction: Fig. 6 shows the positions Fig. 8(a) and (b) show positions and position errors of link
of the two links. one and link two.

B. Control Based on Model Two VI. ANALYSIS AND COMPARISON OF THEEXPERIMENTAL

Fig. 7(a) and (b) show the positions and position errors of the RESULTS

two links implementing hybrid control for Model Two. From studying the above experimental results, we have come
to the following conclusions.

* Implementation results show that the hybrid controller
works very well. It shows a small transient shortly after
the system is switched to hybrid control.

The manufacturer [1] supplied controllers uses LQR and pole ¢ Fig. 5 shows that the hybrid controller responds very
placement for balance control of the Pendubot at the open loop quickly and robustly, even to large uncertain disturbances.
unstable equilibriumy; = 7/2 andg. = 0. Since the effect  Fig.6showsthattheregion of attractionis quite large forthe
of friction in the motor brushes and bearings at the first joint  hybrid controller. Slowuncertaindisturbanceswere applied
and in the bearings at the second joint generally result in limit ~ forestimatingtheregionofattraction, whichwasfoundtobe
cycle behavior, the controller supplied by the manufacturer also 72 degrees centered around the equilibrium state. However,
includes a small dither signal that reduces the amplitude of the we observed that the region of attraction for the controller
limit cycle. This reduction is called the friction compensation supplied by the manufacturerisvery small, whichwas about
technique. However, for our hybrid controller, we simply ne- 38 degrees centered around the equilibrium.

V. IMPLEMENTATION RESULTS FOR THECONTROLLER
SUPPLIED BY THE MANUFACTURER
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Fig. 8. Manufacturer’s controller.

» The hybrid control is very robust with respect to the model ¢ Comparison of Fig. 4 with Fig. 8 shows that the hybrid

variation. Fig. 7 shows a somewhat surprising result: the
hybrid control still works very well for large variations

of the dynamic model. However, the manufacturer’s
controller does not perform well under these conditions.
For our hybrid controller, the swing up controller can be
switched into it much earlier than the controller supplied
by the manufacturer.

By observation, we found in most cases the manufacturer’s ¢
swing up controller can not be switched to the LQR for the
model with variations. Since the region of attraction is very
small for the linearized system, the manufacturer’s con-
troller works very well only when the swing up will move

the Pendubotvery close tothe equalibrium states. However,
in most cases it is very hard for the model with variation.
The swing up either over shooting or under shooting the
state under which the controller can be switched to the
LQR. However, thisis notthe case for the hybrid controller,
since the region of attraction is quite large, the swing up
controller can always be easily switched to the hybrid e
controller for balance control.

controller works better than the controller supplied by
the manufacturer. For the hybrid controller, both position
and velocity errors are significantly smaller than that of
the controller supplied by the manufacturer. Also, the re-
sponse time is much faster than that of the controller sup-
plied by the manufacturer. Once our controller switches to
hybrid control, it quickly reaches steady-state.

The Pendubot remains a very special case among un-
deractuated mechanical systems that can use Linear
Quadratic Optimal Theory for achieving smooth control.
For a class of underactuated mechanical systems, it is
impossible to use smooth feedback to asymptotically
stabilize the system around the equilibrium state. For
this reason, we developed the hybrid control technique,
which can be used for designing a hybrid controller for
a class of underactuated mechanical systems, especially
where smooth feedback cannot be used to asymptotically
stabilize the equilibrium state.

We should note that we did not consider any technique for
friction compensation in our hybrid control. Even though
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We have presented a new hybrid controller for feedback stabj-
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