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Abstract— It is shown that adaptive canceling arrays which
track interference by regular updates of the beamformer weights
can introduce a spectral null at the excised interference fre-
quency. This PSD estimation bias effect we call “spectral scoop-
ing” is most prominent for narrowband interference (i.e. occu-
pying only a few spectral bins at the desired PSD estimation
resolution). Scooping is problematic in radio astronomy where
bias in either the weak signal or noise floor spectra can corrupt
the observation. The mathematical basis for scooping is derived,
and an algorithm to eliminate it is proposed. Both simulated
and real data experiments demonstrate the effectiveness ofthe
proposed algorithm.

Index Terms— Adaptive arrays, Interference suppression, Ra-
dio Astronomy, Spectral analysis

I. I NTRODUCTION

A. Background

This paper considers using a sensor array to form a power
spectral density (PSD) estimate for a signal of interest (SOI)
in the presence of strong narrowband interference. We assume
the processing architecture of Figure 1. Though the problemis
general, our motivation arises from radio astronomy (RA) ob-
servation, where the SOI is very weak and there is frequently
disabling man-made interference. The array could be a set of
many separate bare antennas as proposed for some new large
RA instruments such as LOFAR [1]–[3], or a compact array
used as an adaptive feed at the focal point of a large dish
telescope, as under study for the Green Bank Telescope [4]–
[8]

We will show that adaptive array interference cancellation
can have an undesired effect of over-canceling to the point
of notching out the baseline noise or SOI spectrum. This
phenomenon which we have dubbed “spectral scooping” can
be seen in Figures 2, 3, 6, and 7 in following sections. In
these examples, interference has been effectively cancelled by
the adaptive spatial filter, but so has some of the noise and
signal spectrum at the same frequencies.

The problem is more prevalent when interference, even
transiently, has a strong very narrowband component (spanning
only a few PSD estimation bin widths) as may be encountered
with some navigational beacons, pilot tones, dominant carriers
during quiet passages in AM modulation, and a variety of other
modulation schemes. The scooping behavior does not occur
when adaptive beamforming weights are computed from exact
array covariance matrices, but it will be shown that sample
estimation error terms induce a coupling between a strong
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Fig. 1. Block diagram of the basic array PSD estimation system.

interferer and noise plus SOI which causes this unexpected
notch in the desired PSD.

Of course, placing a null in the PSD biases the estimate and
can be as problematic as is incomplete interference canceling.
For radio astronomy, cancellation biases have been a source
of astronomers’ reluctance to adopt adaptive beamforming
techniques [9]–[11]. The focus of this paper is understanding
the causes of spectral scooping, and presenting a solution.

The remainder of the paper is organized as follows. Section
I-B and I-C describe mathematical models for the sensor array
and array processing and spectral estimation architectures.
Section II defines the “spectral scooping” effect which is the
central subject of this paper, provides an approximate analysis
of its origin, and introduces a proposed algorithm to mitigate
the effect. Section III presents both simulated and real data
experimental results to demonstrate spectral scooping andper-
formance of the proposed mitigation algorithm. Conclusions
and observations are found in Section IV. Finally, extended
derivations, mathematical notation, operators, and function
definitions are provided in the Appendix.

B. Signal Model

Consider theP element sensor array of Figure 1, which
produces a lengthP ×1 complex baseband sample data vector

x[n] = as[n] +

Q
∑

q=1

vq[n]dq[n] + η[n] (1)

wheres[n] is the SOI,η[n] is noise, anddq[n] is one ofQ
“detrimental” interfering sources. Vectorsa andvq[n] are nor-
malized array spatial responses tos[n] anddq[n] respectively.
Assume thats[n], dq[n], and η[n] are mutually independent
wide sense stationary zero mean random processes with vari-
ancesσ2

s , σ2
dq

, and covarianceσ2
ηI respectively. Assumes[n]

is spatially fixed, soa is constant. Due to interferer motion,
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vq[n] varies, but overL time samples called the “short term
integration (STI)” window, it is approximately constant. We
will treat vq[n] as a deterministic, though unknown, function
of time which depends on interferer motion dynamics and
the fixed element spatial response patterns. Examples of such
deterministic motion include interference seen at a radio tele-
scope from downlink transmissions of a man-made satellite,
or from a fixed ground transmitter where apparent motion is
due to telescope re-pointing to track sidereal motion of a deep
space source of interest.

The single–complex–weight–per–sensor beamformer archi-
tecture of Figure 1 assumes relatively narrowband array op-
eration (or subband processing) such that BW≪ D/c where
BW is the processing bandwidth,D is the full array aper-
ture diameter, andc is the speed of wave propagation. At
microwave frequencies, BW can be as much as 20 MHz or
more for a radio astronomical focal plane array. Thedq[n]
are each assumed to occupy only a small fraction of the total
BW, thus spanning only a few frequency bins at the desired
PSD estimator spectral resolution scale. Each interferer may
however be at a distinct frequency. This near-single-frequency
interference scenario is the condition that leads to spectral
scooping during adaptive interference cancellation.

It is desired to estimate the frequency sampled temporal
PSD of s[n] (possibly in combination with the noise PSD)
without the corrupting effect of interferersdq[n]. One straight-
forward approach is to compute a beamformer steered tos[n]
followed by a sample PSD estimator, as in Figure 1. Let the
beamformer output be

y[n] = wH
j x[n], j = ⌊n/L⌋ (2)

wherewj is an adaptive weight vector computed for thejth
STI.

A PSD estimate,Ŝy[k], can be formed fromy[n] using
Welch’s overlapping windowed averaged periodogram [12],

Ŝy[k] =
γ

M

M−1
∑

m=0

∣

∣

∣

∣

∣

N−1
∑

n=0

g[n]y[n + m(N − O)]e−i2πkn/N

∣

∣

∣

∣

∣

2

(3)
where g[n] is a length N spectral shaping window (e.g.
Hamming). For a fixed beamformer withwj = w, (3) can
be expressed in matrix-vector form as

ŜT
y = [Ŝy[0], · · · , Ŝy[N − 1]]

=
γ

M

M−1
∑

m=0

∣

∣DFTN{yT
m ⊙ gT }

∣

∣

⊙2

=
γ

M

M−1
∑

m=0

∣

∣DFTN{wHXmG}
∣

∣

⊙2

=
γ

M

M−1
∑

m=0

∣

∣wHDFTN{XmG}
∣

∣

⊙2
, where (4)

yT
m =

[

y[m(N − O)], · · · , y[m(N − O) + N − 1]
]

Xm =
[

x[m(N − O)], · · · ,x[m(N − O) + N − 1]
]

g = [g[0], · · · , g[N − 1]]T , G = Diag{g}
M is the number of DFT averaging windows used,O is
the overlap between successive windows, and the DFT (or

equivalently FFT) operates separately along all matrix rows
of its argument. Settingγ = 1/tr{GG} properly scales the
PSD estimate.

Exploiting stationarity over an STI and assuming spatially
white (i.i.d.) noise, define the time dependent array autocor-
relation matrix as

Rx[n] = E{x[n]xH [n]} ≈ Rx,j, j = ⌊n/L⌋

Rx,j = σ2
saa

H +

Q
∑

q=1

σ2
dq

vq,jv
H
q,j + σ2

ηI

where vq,j = vq[jL]. Signal levels, variances (e.g.σ2
s and

σ2
dq

), signal to noise ratios (SNR), and interference to noise
ratio (INR) in the sequel are defined at sampled complex
baseband rather than at the antenna.

The L-point, jth STI sample estimator ofRx,j is

R̂x,j =
1

L

(j+1)L−1
∑

n=jL

x[n]xH [n] (5)

Note that we do not in general requireL = N , and that unlike
the DFT windows, STIs do not overlap.

C. Subspace Projection Adaptive Beamformer

Beamformer weights,wj , are computed fromR̂x,j such
that interferers will be cancelled while steering a high gain
mainlobe towards[n]. The beamformer is updated each STI
to track interferer motion so that

wH
j Vj ≈ 0 where

Vj = [v1,j , · · · ,vQ,j ].

Any number of algorithms can be considered, including
LCMV, MVDR, maximum SNR, and subspace projection
spatial filtering [13]–[20]. Though we have observed spec-
tral scooping in each of these mentioned algorithms, in our
application we prefer subspace projection since its zero forc-
ing properties often form deeper cancellation nulls. This is
particularly desirable in the RA where signals of interest are
tens of dB below the noise level, so the following analysis
will focus on this architecture. The time-varying (on the STI
scale) subspace projection weight vector is computed as

wj = P̂jw (6)

wherew is a unit length deterministic beamforming weight
vector with the desired quiescent (interference-free) response
and P̂j is an estimate ofP⊥

Vj
, the perpendicular subspace

projector forVj . When interference dominates, the partitioned
SVD approach can be used to compute

P̂j = I− Ûd,jÛ
H
d,j (7)

whereÛd,j contains the normalized eigenvectors correspond-
ing to theQ largest eigenvalues in the decompositionR̂x,j =
ÛjΛÛH

j , Ûj = [Ûd,j | Ûs+η, j], andΛ is the diagonal matrix
of ordered eigenvalues.
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II. SPECTRAL SCOOPING

Causes of spectral scooping are subtle. All cancellation is
performed by spatial processing across the channels using
wj , which remains constant over an entire STI. However,
scooping is a time domain phenomenon that appears in the
DFTs used to compute the PSD estimate. The cause is an
underlying coupling between the spatial interference canceler
and the temporal PSD estimate that arises through the sample
STI covarianceŝRx,j.

We have observed scooping in a wide range of simulated
and real data experiments for PSD estimation with an inter-
ference canceling array using several adaptive beamforming
algorithms. A simplified demonstration program to illustrate
scooping behavior is available in [21]. This MATLAB (R)
script shows how scooping occurs with both LCMV and
subspace projection beamforming, and how the proposed al-
gorithm corrects scooping.

The following section presents a approximation analysis to
give insights into why scooping occurs from the perspective
of subspace projection beamforming.

A. Analysis

To illustrate the mathematical basis for scooping, consider
a single narrowband interferer at frequencyωd. Figure 3
shows scooping effects for both subspace projection and single
constraint LCMV (i.e. MVDR) beamformers.

We assume that

σ2
d ≫ σ2

η ≫ σ2
s ,

σd σ2
η/
√

L ≫ σ2
s (8)

These requirements may appear restrictive, but for the radio
astronomy application of interest, the signal power is always
less than the noise power, andσ2

d ≫ σ2
η is common. Also, the

second assumption is usually satisfied with typical parameter
values, for example withL = 1024, INR = 20 dB, and SNR =
-10 dB. Scooping can also occur when these assumptions are
not strictly satisfied, but these will be used in developing the
following approximation analysis which illustrates the genesis
of scooping.

Define the SOI plus noise signalz[n] = as[n] + η[n], so

x[n] = vj σd eiωdn + z[n], (9)

then

Rx,j = Rd,j + Rz = σ2
d vjv

H
j + σ2

saa
H + σ2

η I. (10)

Using (9) and (10) in (5), the sample covariance for STIj can

be expanded as

R̂x,j =
1

L

(j+1)L−1
∑

n=jL

(

σ2
d vjv

H
j + σd vj eiωdnzH [n]

+ σd z[n]vH
j e−iωdn + z[n]zH [n]

)

= σ2
d vjv

H
j +

σd

L
vj





(j+1)L−1
∑

n=jL

zH [n] eiωdn





+
σd

L





(j+1)L−1
∑

n=jL

z[n] e−iωdn



vH
j

+ σ2
saa

H + σ2
ηI + Ej

= Rd,j +
σd

L

(

vj nH
j + njv

H
j

)

+ Rz + Ej , where

(11)

nj = e−iωdjL
L−1
∑

n=0

z[n + jL] e−iωdn (12)

Sample error in the SOI plus noise covariance estimate is
expressed byEj , such that

R̂z,j =
1

L

∑

n

z[n]zH [n] = Rz + Ej .

Equation (11) indicates that the terms involvingnj or Ej

account for all sample estimation error in̂Rx,j. They are
the only random components in̂Rx,j. From (12),nj can be
recognized as the vector discrete-time Fourier transform for
STI windowj of z[n], evaluated atω = ωd. As will be shown
below, this observation is key to understanding the cause of
spectral scooping.

For Gaussians[n] and η[n], LR̂z,j is distributed Wishart,
which impliesE{R̂z,j} = Rz, E{Ej} = 0, and stdv{Ej} =
σ2

z/
√

L element-wise, whereσ2
z = σ2

s + σ2
η [22]. Also, it is

easily shown thatE{nj} = 0 and stdv{nj} = O(
√

Lσz′ )
element-wise, whereσ2

z′ = σ2
η + Ss[kd]. The PSDSs[kd] of

s[n] is evaluated at binkd which contains the interference
frequencyωd, so σ2

η ≤ σ2
z′ ≤ σ2

z , with the upper bound
being achieved only if signal and interference have overlapping
spectra. Given that they are zero mean, we can use the standard
deviations ofnj andEj for a fair comparison of relative sizes
in their expected contributions tôRx,j with respect to the other
deterministic components. Accordingly, an order analysisof
terms inR̂x,j, taken in sequence as they appear in (11), yields

R̂x,j = O(σ2
d) + O

(

σd σz′√
L

)

+ O
(

σ2
η

)

+ O
(

σ2
s

)

+ O
(

σ2
z√
L

)

(13)

where the “order of” relationship is taken element-wise in
R̂x,j. Given the stated assumptions,σd σz′/

√
L is much

greater than bothσ2
s andσ2

z/
√

L, so we may neglect the final
two terms. Indeed, any combination of signal power levels and
L such that the first two terms dominate the last two will lead
to scooping. The third term corresponds toσ2

ηI, which can
also be neglected since its constant diagonal form does not
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affect the eigenvectors used to compute projection matrixP̂j .
Thus we defineR̆x,j by neglecting all terms in̂Rx,j which
have negligible influence on̂Pj

R̆x,j = σ2
d

[

vj vH
j +

1

Lσd

(

vj nH
j + njv

H
j

)

]

. (14)

We now exploit this approximation to evaluate the structure
of P̂j , as computed from̂Rx,j. It will be shown that at the
interference frequency,̂Pj is approximately orthogonal to the
combined interference, SOI, and noise signal. This produces
a scooping null.

It should be noted that thougĥPj andnj are random, the
scooping phenomenon occurs per realization. When computing
a PSD estimate, these quantities come from the same, single
STI window realization ofx[n]. We have used statistical
arguments to assess relative sizes (on average) of terms in
R̂x,j so negligible components could be dropped to simplify
analysis. Now applying these average scale relationships in a
single realization, the effect of cross terms (i.e.vjn

H
j ) which

dominate sample estimation error can be studied.
Consider eigenvectors̆uj,k, k = 1, 2, of R̆x,j, which

closely approximate the corresponding dominant eigenvectors
ûj,k of R̂x,j. In the strong interferer case, the identified
interferer subspace is dominated by the two distinct terms in
(14). Sincevj andnj are the only linearly independent vectors
in the expression, the first two eigenvectors of this rank two
matrix are seen by inspection to have the form

ŭj,k = vj + ξknj (15)

whereξk is a scalar to be determined. It is shown in Appendix
A using the approach of [23] that the exact solution for the
dominant eigenvector of (14) is given when

ξ1 =
2/(Lσd)

1 +

√

(

1 + 2Re{ρ}
α

)2

− 4
(

|ρ|2

α2 + β
α

)

− i4 Im{ρ}
α

whereα = σ2
d‖vj‖2, β = 1

L2 ‖nj‖2, andρ = σd

L vH
j nj .

For strong interferenceση/σd → 0, implying that Re{ρ}/α,
|ρ|/α, β/α, and Im{ρ}/α → 0. So

lim
ση/σd→0

ξ1 = 1/(Lσd)

and the dominant eigenvector is

ûj,1 ≈ ŭj,1 = vj +
1

Lσd
nj . (16)

Using (7), the projection matrix for interference canceling is
P̂j ≈ I − ŭj,1ŭ

H
j,1/(ŭH

j,1ŭj,1), which, given (16), will be
orthogonal tovj + nj/(Lσd).

Now consider the subspace-projection-based PSD estimator
for this scenario, and for simplicity use non-overlapping (O =
0) DFT windows which match the STI window length (so
N = L and m = j), and a rectangular window (G = I and
γ = 1/L). With these parameters, substituting (6) into (4) and
using the single interferer and SOI plus noise signal of (9)
yields

ŜT
y =

1

LM

M−1
∑

j=0

∣

∣

∣

∣

wHP̂H
j DFTL

{

vjσde
iωd[n+jL]

+z[n + jL]

}∣

∣

∣

∣

⊙2

.

(17)
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Fig. 2. Spectral scooping and interference leakage effects. For all curves
z[n] = η[n], i.e. noise only with no SOI. For the solid curve noise is
temporally white. For the dashed and dash-dot curves noise is colored, with a
dip in the spectrum of -12 and -36 dB respectively near the interference
frequency, ωd = π/4. Total noise power was the same for all curves.
Subspace projection beamforming was used to cancel interference. Note
scooping is prominent in the white noise case, and is overwhelmed by
interference leakage in the deepest dip case. Total in-bandpower INR was
+10 dB for all curves, the interferer was at−60◦ relative to broadside for a
seven elementλ/2 spaced ULA,L = N = 256, andO = 128.

where the DFT is over0 ≤ n ≤ L − 1. Let ωk = 2πk/N be
the kth FFT frequency bin, and pickkd such thatωkd

= ωd,
the interference frequency. Then evaluating the DFT in (17)
at ωkd

and using (12) yields

Ŝy(kd) =
1

LM

M−1
∑

j=0

∣

∣

∣

∣

∣

wHP̂H
j

L−1
∑

n=0

(

vjσde
iωd[n+jL]

+ z[n + jL]

)

e−iωdn

∣

∣

∣

∣

2

=
1

LM

M−1
∑

j=0

∣

∣

∣w
HP̂H

j

(

LeiωdjLσdvj + eiωdjLnj

)

∣

∣

∣

2

=
1

LM

M−1
∑

j=0

∣

∣

∣

∣

LeiωdjLσd

∣

∣

∣

∣

2 ∣
∣

∣

∣

wHP̂H
j

(

vj +
1

Lσd
nj

)∣

∣

∣

∣

2

=
Lσ2

d

M

M−1
∑

j=0

∣

∣

∣

∣

wHP̂H
j

(

vj +
1

Lσd
nj

)∣

∣

∣

∣

2

(18)

≈ 0

which is approximately zero due to the orthogonality ofP̂j

andvj + nj/(Lσd). Therefore a null is placed atωd, in bin
kd of Ŝy. The desired, interference free PSD bin,Sz(kd),
is replaced with a null. At frequenciesωk 6= ωd, the noise
spectrum term from the DFT in (18) differs fromnj , so
orthogonality withP̂j is lost andSz(k) is properly estimated.

We are aware of one condition where the stated assumptions
can be met but scooping will not be apparent. In (14) we
have neglectedEj using order arguments to simplify analysis,
but in practice this term causes an error inP̂j that reduces
the interference rejection ratio (IRR). Since cancellation is



JEFFS AND WARNICK: UNBIASED ARRAY PSD ESTIMATION 5

not perfect, interference leakage due toEj can “fill in” the
scoop null, and even appear as a peak. For scooping to be
evident, there must be something to scoop. In other words,
the underlying SOI plus noise spectrumSz(kd) must be higher
than the residual interference level. Figure 2 illustratesboth
scooping as predicted by (18), and conditions where the
assumptions are satisfied, but interference leakage overwhelms
the scoop null. As shown, this does not occur unless the level
for Sz(ω) is much lower nearω = ωd than the average level
across the band.

To summarize, spectral scooping is caused by some finite
sample error terms in̂Rx,j which appear as a cross correlation
between interference and the signal plus noise sequencez[n].
The beamformer combines the individual array element data
streams so that the residual interference component cancels
the other signals present in the interference frequency bin.
This result generalizes straightforwardly to other adaptive
beamforming algorithms such as LCMV and maximum SNR.

B. Correcting Spectral Scooping

Consider a subspace projection PSD estimator of the form

ŜT
y =

1

LM

M−1
∑

j=0

∣

∣

∣w
H(P̂a

j )H DFTL {Xj}
∣

∣

∣

⊙2

(19)

where like (17) we have assumedL = M , O = 0, andG =
I, but have replaced̂Pj with P̂a

j which is computed using
only part of the samples in the STI window. Specifically, let
Nj = {n | jL ≤ n ≤ (j + 1)L − 1} be theL–element set
of all sample indices in thejth STI. PartitionNj into non-
overlapping subsetsN a

j and N b
j with La and Lb elements

respectively such thatNj = N a
j ∪ N b

j , N a
j ∩ N b

j = φ (the
empty set), andL = La + Lb. Sample order is arbitrary. We
may then define

R̂a
x,j =

1

La

∑

n∈Na
j

x[n]xH [n] (20)

which is a sample estimate for STIj computed from anLa

sample subset of the STI window. Following (15) and Ap-
pendix A, it can be shown that̂Ra

x,j has dominant eigenvector
ûa

j,1 ≈ vj +1/(Laσd)na
j , wherena

j is defined as in (12), but
summing only over samplesn ∈ N a

j .

Let projection matrixP̂a
j be computed from̂Ra

x,j as

P̂a
j = I− ûa

j,1(û
a
j,1)

H/((ûa
j,1)

H ûa
j,1). (21)

It is shown in Appendix B that this projection matrix is closely
approximated by

P̂a
j ≈ I− ṽj ṽ

H
j −

vj(n
a
j )H + na

j ṽ
H
j

Laσd‖vj‖

where ṽj = vj/‖vj‖. Using P̂a
j in place ofP̂j in (18), the

projection product becomes

P̂a
j

(

vj +
1

Lσd
nj

)

≈
(

I − ṽjṽ
H
j −

vj(n
a
j )H + na

j ṽ
H
j

Laσd‖vj‖

)

(vj +
1

Lσd
nj)

= vj − vj −
na

j

Laσd
+

na
j + nb

j

Lσd
−

ṽH
j nj

Lσd
ṽj

− (nj)
H ṽj

Laσd
ṽj −

(ṽH
j nj)n

a
j + ((na

j )Hnj)vj

LaLσ2
d‖vj‖

≈
nb

j − Lb

La
na

j −
(

ṽH
j nj + L

La
(na

j )H ṽj

)

ṽj

Lσd
(22)

where we have usednj = na
j + nb

j , L − La = Lb, and the
final term from the previous line was dropped in (22) due to
division by largeLaL.

Substituting (22) into (18) and taking expectation yields

E{Ŝy(kd)}

≈ 1

LM

M−1
∑

j=0

E

{∣

∣

∣

∣

wHnb
j −

Lb

La
wHna

j

−
(

ṽH
j nj +

L

La
(na

j )H ṽj

)

wH ṽj

∣

∣

∣

∣

2
}

≈ 1

LM

M−1
∑

j=0

E

{

∣

∣

∣

∣

wHnb
j −

Lb

La
wHna

j

∣

∣

∣

∣

2
}

≈ 1

LM

M−1
∑

j=0

wHE
{

nb
j(n

b
j)

H
}

w +

L2
b

L2
a

wHE
{

na
j (na

j )H
}

w

≈ 1

LM

M−1
∑

j=0

wHwLbσ
2
z′ + wHw

L2
b

La
σ2

z′

≈ Lb

La
σ2

z′ =
L − La

La
σ2

z′ , 0 < La ≤ L. (23)

The second line follows becausewH ṽj is small. Note
that ‖w‖ = ‖ṽk‖ = 1 and ṽj is the normalized array
response vector for the interferer. Thus in the typical scenario
where the interferer is observed in the sidelobe pattern of
the quiescent beamformer,wH ṽj is 20 dB or more below
the mainlobe response. In line three we have assumedna

j

and nb
j are uncorrelated. This is not strictly true since they

represent Fourier transforms of disjoint sample sets ofz[n] =
as[n] + η[n]. Typically s[n] is colored, and thoughη[n]
dominates inz[n], we have not assumed it is temporally white.
However, in the usual scenario the correlation time ofz[n] is
much less than largeL, so choosingN a

j and N b
j as non-

interleaved sets (e.g. first and last halves of the STI window
respectively) yields highly uncorrelatedna

j andnb
j . Line four

exploits spatially i.i.d. noise across array elements, andthe
fact thatE{|na

j |2} = La σ2
z′ , and E{|nb

j |2} = Lb σ2
z′ . Line

five relies on‖w‖ = 1 and some algebra.
For La = Lb = L/2 the estimator in (23) is approximately

unbiased by interference scooping, withE{Ŝy(kd)} = σ2
z′ .
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Fig. 3. Spectral scooping and the correction algorithm. Narrowband interfer-
ers are atω ≈ −0.5 andω ≈ 0.3, each with +10 dB INR relative to total in-
band noise power. The sawtooth shaped SOI is at0 ≤ ω ≤ 1. Conventional
beamforming did not cancel interference. Subspace projection and LCMV
beamformers both show significant spectral scooping, though typically the
LCMV null is not quite as deep. Insets show detail of the corrected PSD.

Note thatσ2
z′ is the desired SOI plus noise PSD atωd. This is

the basis for our proposed algorithm to eliminate scooping.
On the other hand, forLa = L, Lb = 0, E{Ŝy(kd)} =
0, which is the full scooping case predicted by (18). A
residual interference peak corrupts the PSD whenLa < L/2.
These behaviors predicted by (23) are verified in simulation
experiments presented below.

The scooping bias corrected estimator has the disadvantage
that only half of the data is used in forming the adaptive
beamformer weight,wj (though all data is used in the DFT
computation). Thuswj has increased estimation error jitter.
The following algorithm partially mitigates this limitation and
uses all the data to compute projections matrices. LetN a

j

contain the firstL/2, and N b
j the lastL/2 sample indices

in STI j. FormP̂a
j andP̂b

j usingR̂a
x,j andR̂b

x,j computed as
in (20) fromN a

j andN b
j respectively. Then

ŜT
y =

γ

2M

M−1
∑

m=0

(

∣

∣

∣w
HP̂a

j DFTN{XmG}
∣

∣

∣

⊙2

+
∣

∣

∣
wHP̂b

jDFTN{XmG}
∣

∣

∣

⊙2
)

(24)

j = ⌊m(N − O)/L⌋
where we have allowed STI and FFT windows to be of unequal
length, and FFT windows to overlap.

III. R ESULTS

A. Simulation Experiments

Figure 3 presents a computer simulated scenario using a
P = 7 element uniform line array with half wavelength
spacing. The SOI is located at an azimuth of5◦ with a
peak (across frequency) signal to noise ratio of 5 dB. The
SOI is a Gaussian narrowband random process with a PSD
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Fig. 4. Scooping depth in the interference frequency bin as afunction of
STI window subset size,La. Plots are relative to the desired PSD estimate
of the true noise floor PSD level. No SOI is present. Negative dB values
indicate a scoop; positive values show incomplete interference cancellation.
The “analytical model” curve is for equation (23), and the “experimental
result” is obtained with 100 Monte Carlo trials of subspace projection array
PSD estimates for each value ofLa. STI window length wasL = 512.

shaped by bandpass filtering, and appears as a declining
ramp structure with scalloped top in the figures. Two moving
narrowband interferers were present, one inside the SOI band,
and one outside. The initial azimuths were−60◦ and 70◦,
with angular rates of2 × 10−5 and−6 × 10−5 degrees per
sample respectively. A total of5×105 samples were used, with
non-overlapping STIs of lengthL = 256 and rectangularly
windowed (G = I) FFTs of lengthN = 256. Scooping
is clearly evident in the subspace projection beamformer,
distorting both the noise floor and SOI PSD estimates. The
algorithm of (24) was used to obtain the corrected curve,
which completely eliminates scooping while fully canceling
the interferer. Similar results (not shown) were obtained with
the LCMV beamformer by usinĝRa

x,j alone in computingwj .

Figure 4 compares the scoop depth predicted by (23) with
numerical results from 100 Monte Carlo trials. In the simula-
tions the subspace projection PSD estimator of (19) was used
with P̂a

j computed from STI subwindows of varying length,
La. A single stationary interferer at -60◦ was observed with
20 dB INR at the 7 element,λ/2 spaced uniform line array.
STI lengthL and FFT window lengthN were both 512, with
FFT windows overlapped 50%.

Good agreement between the curves is found untilLa →
L, at which point (23) over-predicts scoop depth due to
approximations made in the analysis. Interferer leakage, or
equivalently low IRR, due theEj error term is not taken into
account in the approximate analysis. However, both curves
cross 0 dB (i.e. no scooping bias) as predicted forLa = L/2 =
256.
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(a)

(b)
Fig. 5. The array feed test platform. a) Feed array mounted onthree meter
dish reflector. b) Close up of seven element feed.

B. Real Data Experiments

This section presents results from an experiment with a
seven element L-band (≈ 1600 MHz) array feed mounted at
the focal plane of a three meter diameter parabolic dish. This
test platform at Brigham Young University (BYU) is used
for rapid prototyping to study signal processing algorithms
for radio astronomy. Figure 5 shows the antenna system and
hexagonal array feed. The inter-element spacing of 0.6 wave-
length provides a “fully sampled” array [4], [24]. Development
of the BYU array is reported in [6], [25].

Figures 6 and 7 presents PSD estimation results for a real
data experiment. Array signals were acquired by a seven chan-
nel analog receiver, digitized at 1.25 Msamp/sec/channel,and
streamed to disk for post processing. The SOI and interference
signals were from CW microwave function generators with
antennas located on neighboring buildings. The SOI was seen
at boresight and the moving interferer was seen in the dish
sidelobe pattern at approximately30◦ azimuth. Interference-
to-signal power ratio was 113 dB at the sources, but the
interferer was approximately three times further from the
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Fig. 6. Real data experiment for a 7 element array feed and 3m dish. The SOI
is at ω = 0.0, corresponding to 1571.3 MHz. The 1571.35 MHz interferer
appears atω = −0.5. Note the 10 dB deep subspace projection scooping
null, which is eliminated by the proposed algorithm.
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Fig. 7. Scooping for the seven-element array feed using 50% overlapping
windows, and Hamming window shaping for the FFT calculations. Note that
scooping is less prominent than the non-overlapping, rectangular windowed
case of Figure 6 for the same data samples, but the proposed algorithm still
improves the PSD estimate.

dish than was the SOI. Data was processed using (24), with
length L = N = 128 non-overlapping rectangular windows.
Additional physical details for the experiment are found in
[26].

Figure 6 clearly demonstrates that spectral scooping does in
fact occur in real adaptive cancellation scenarios. We observed
scooping in virtually all of our real sample data with nar-
rowband interference, and even in some relatively broadband
FM interference cases. The proposed algorithm effectively
corrects the PSD bias. In cases (as in the figure) where a
small residual interference “leak through” occurs, its height is
typically less than the original scooping null depth. Figure 7
shows how a tapered spectral shaping window (e.g. Hamming)
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does reduce scooping depth when compared to using the
rectangular window which was assumed in the analysis of
Section II.

IV. CONCLUSIONS

We have demonstrated, both mathematically and experimen-
tally, the existence of previously unknown PSD estimation bias
which we have dubbed “spectral scooping.” This null in the
signal plus noise spectrum occurs while using adaptive array
beamforming to spatially cancel an interferer who’s bandwidth
is spans just a few frequency bins of the PSD estimator.
Though beamformer weights operate on the array spatial re-
sponse and are not generally considered capable of affecting
the temporal-spectral content of a signal, the fact that weights
are updated periodically with a data dependent calculation
opens an avenue for modification of the estimated spectrum. It
was shown that scooping is an artifact of estimation error inthe
short-term integration (STI) sample covariance matrix. This
sample error includes cross product terms between interference
and noise plus signal which couple into the PSD estimator.
Scooping does not occur when adaptive beamformer weights
are computed from snapshot exact covariance matrices, even
for time-varying interference spatial signatures.

A correction algorithm was introduced that exploits a spe-
cific relationship between the scoop depth and the percentage
of samples in the covariance estimation window which are
used to calculate beamformer weights,wj . We have found that
scoop depth is reduced (though not eliminated) when tapering
windows are used forG, whenL 6= N , and whenO 6= 0 so
DFT widows overlap. We recommend using these parameter
settings in conjunction with the proposed correction algorithm.

Scooping is problematic only in a somewhat specialized
observing scenario, i.e. withi) quite narrowband interference,
ii) regularly updated spatial adaptive filtering,iii) specific
relationships for the various signal powers and STI length as
in (8), andiv) when a spectral notch in the SOI is detrimen-
tal to signal processing goals. However, these conditions do
arise in real-world scenarios, and we have encountered them
repeatedly in realistic radio astronomical observing situations.
The effect is surprising, and we believe practitioners of array
signal processing should be aware if its potential corruption to
their experiments and applications which use canceling array
beamformers.

A simple demonstration code is available at [21] for readers
to familiarize themselves with the scooping phenomenon and
operation of the proposed correction algorithm.

APPENDIX

A. Exact Eigen Solution for a Rank Two STI Covariance

The first two eigenvectors of (14) are seen by inspection of
to have the form

ŭj,k = vj + ξknj , k = 1, 2. (25)

The exact solution for the dominant eigenvector ofR̆x,j is
found as follows [23]. Using (16), the eigen equation can be

expressed as

λŭj = R̆x,jŭj

λ(vj + ξnj) =
[

σ2
dvj vH

j +
σd

L

(

vj nH
j + njv

H
j

)]

×(vj + ξnj)

λvj + λξnj =
(

α + ρ∗ + (ρ + β)Lσd ξ
)

vj

+

(

α

Lσd
+ ρξ

)

nj

Where α = σ2
d‖vj‖2, β = 1

L2 ‖nj‖2, and ρ = σd

L vH
j nj .

Matching coefficients ofvj and nj respectively and solving
for λ yields the two equations

λ = α + ρ∗ + (ρ + β)Lσd ξ, and

λ =
α

Lσd ξ
+ ρ.

Thus Lσdξ = α
λ−ρ , which when substituted into the first

equation leads to

λ2 − (α + ρ∗ + ρ)λ − αβ + |ρ|2 = 0.

This is solved with the quadratic formula to yield

λ =
α + 2Re{ρ} ±

√

(α + 2Re{ρ})2 − 4(|ρ|2 − αβ)

2
.

Substituting this result intoξ = α
Lσd(λ−ρ) and taking the pos-

itive radical term produces the needed parameter to determine
the dominant eigenvector:

ξ1 =
2/(Lσd)

1 +

√

(

1 + 2Re{ρ}
α

)2

− 4
(

|ρ|2

α2 + β
α

)

− i4 Im{ρ}
α

B. Projection Matrix for Partial STI Window

We find a closed form close approximation for the projec-
tion matrix computed from a sub-window ofLa samples from
STI j. Compute the dominant eigenvector,ûa

j,1, for R̂a
x,j. Let

P̂a
j = I − ûa

j,1(û
a
j,1)

H/((ûa
j,1)

H ûa
j,1), which by substituting

from (16) can be expanded as

P̂a
j ≈ I −

(vj + 1
Lσd

na
j )(vj + 1

Lσd
na

j )H

‖vj + 1
Lσd

na
j ‖2

≈ I −
(vj + 1

Lσd
na

j )(vj + 1
Lσd

na
j )H

‖vj‖2

≈ I −
vjv

H
j

‖vj‖2
−

na
jv

H
j

Laσd‖vj‖2

−
vj(n

a
j )H

Laσd‖vj‖2
−

na
j (na

j )H

L2
aσ

2
d‖vj‖2

P̂a
j ≈ I − ṽjṽ

H
j −

vj(n
a
j )H + na

j ṽ
H
j

Laσd‖vj‖

whereṽj = vj/‖vj‖ and in the final approximation the last
term was neglected since it is very small due to division by
L2

a.
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C. Notation

The following notation, operators and identities have been
used in the paper:

1) z : bold, lower case denotes a column vector.
2) A : bold, upper case denotes a matrix.A = [a1,a2, · · · ,aN ].
3) a, B, α : italic, non-bold, Roman or Greek denotes a

scalar quantity.
4) I : identity matrix of appropriate size.
5) i : =

√
−1.

6) AT : transpose ofA.
7) A∗ : complex conjugate ofA.
8) AH : complex conjugate (Hermitian) transpose ofA.
9) |A|⊙2 : element-wise magnitude squared.

10) diag{A} : extract diagonal ofA to form a column
vector.

11) Diag{z} : diagonal matrix withz appearing along the
diagonal.

12) tr{A} : trace ofA.

13) A ⊙ B =







a1,1b1,1 · · · a1,Nb1,N

...
. . .

...
aM,1bM,1 · · · aM,NbM,N






, element-

wise, or Hadamard product.
14) Sx : DFT based power spectral density vector for finite

length random sequencexj . This notation is an excep-
tion to rule (2).

15) DFTN{A} : N - point discrete Fourier transform along
rows of M × N A.

16) E{A} : expected value of randomA.
17) stdv{X} : standard deviation ofX .
18) ⌊a⌋ : floor operation, rounding toward zero.
19) Â : estimate ofA.
20) O(·) : “on the order of.”
21) ∈ : “is an element of.”
22) ∪, ∩ : Set union and intersection respectively.
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