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Lecture 1l - Mecb\am‘cs and Phase Space,

T. Classical Mechanics

A. N ewtoncan Mechanics

We have talked about dh stobistics Fa.rf ot statistical

Mechanics | now we need a quick review of f. mechtics
?rl@.

Asido V)Mj ths Mul&i[)le wawes | Stehsthcal mechanics or
AHatistcal {:wrmodynam'és? they ave eguivalent . T former
emphosizes Y connechon to physics.

'ﬂ“- mechan(cy ﬁuut 30(4 IWMJ w (wémd«o‘ory f?ky;fcs s

Newfonian mtechanics. For a sitof N pordicles, Newon's
Second law 1s*
m: .J_’_!_E. - F Y; : position veckor of purbicle ¢
g* 7 F: ¢ foree on paracle ¢
w; ¢ mass of Fur{-,uea

Often, tw. 4orce ona pardicle can be described by o pofential | U-
They are velafed by

Eit t—aél:—‘. '-'—YL‘L u=u(!‘,,r¢)...)rﬂ>

-

1€ Yove ave o exteymal foras, and only interochoms berween
Parbicles, Buwn tin total pofenpial U can be simplr'{n'cd to




o suom of palrwise Bg{cwﬁwlc bedween tur particles -
W= Z— \1:3((12-!,-!5 U (Vij) : Pa'(vuliu Polm{idf

(<L
i Ty = l‘fc".‘fjl

EX“‘WPR: Lewnard Jones pofendial

SN S IZ— ¢
o [ wod - ey )]
N

We ave @o?vna 0 need to compare Newlondan uechauics 4o two
ofhr &JPes of mecdhanice (Laimngicm and  tam( ffonian’) oo
T want o do a simple. example . Ve will also waout a

sol ed Fvvlolem b discuss hu oncept of phase space.
Grample : Harmonic Oscillator

\’\/\/W Spring potential : U=} x?

‘“;_’: particle Mass i m

idtal conditions: x(d=x, , (o) =Y,
Newdon's equation of motion:

d% _-M _ 2 (Llpe) =~k
"eF o PRTR T Z (36

d?x ?
moZl S dx 6 -t
e b = ST e let 0= (=

. =% L
.,-wax=0 W lsahqc/enoy 9




Twis is & S2cond erder , homo gencous oDB- w? is always
P°$N"W€‘ s0 Solutions,  ave g’,w;/\ by‘.

L) = Asin (Wt + Beos(wh) AR are constants
%V‘NI &V A and 9 Lrom twe imital con didion |

Xto) = A sin (o) + B (os(o) = B= Ao
vy = flél-:- s Aweos (ad) — Bwsin(wb)

Vo) = Aw co5(0) — Pw sin(0) = Aw= Vo, A= %g.

S, o Qm\ 90\14-‘[';07\ LS

L&) = Y gin (W) & 7o cos (wb)
W
V() = Vo 0% (wh) — Ao Sin (Wh)

B. Lagran @ian Mechanics

Lagrangs tought of mechanics di Fevently tuan Mehon - Bather
Bun nivking of fozs aud inertia, he dnought tuat Mature
W some ways always aokd optiwally. So, i this way of
'W."Vlk;lﬂ-s) e e@/mln,'ovtg Juat Govern cijuw'os mivi mize
somcthing . This somtdwing is called i ackion.
t. |
S= f L[ﬁ., ) ‘5;,"5) 9 Oencmlf'ar-c] coordinadcS
VAR RN N
ackon ],aq'mnaia,n‘ %:: generalind veloaties

A shorthand for: chb-rﬁ't—)“"@mi’lj'ﬂ"‘)im*’) N pardicley




The gtheﬂ(ized coordinades can pe K,4, &, or they can be
o coor disle granstermahion like r, 6, ¢ in sprrical cow divafes.
T generliznd velocifies are time dovimfives of fe aenem/i'wl
coor dinales,  Mathemadionlly, 4nis (s vepresented ac
- ﬁ C@: ;‘jm, "‘I§M> @l ‘5( C.-r)-t) ) Y‘I")
3 ®

ﬁzr?'(ﬂ_)f)i")'“)“‘n) b ‘ 32 (6, ~s ) Xp)
IN® EN (1(157)'").@“) zﬁf:zN Crt)-c?-)"‘; fu\

The Laﬁmng;nan ts ik o “cost" tmat e pardcles P2y -
The oction is a sum of fue sty and minimi 9}0\3 ‘e qehiom
g’cwé NS e 'Fa% or 'l'mjtr-'\'Wj with bhe least cost.

Minimizing ue ackion onshional gives fw Buler —Logrange
e%m{fims for tne (M paydicle

3 3_L_> _ oL _ I

ge( . B Iy
The Lagmna;wn s given bj

L= K[ibﬂ" ufﬁi) K: EineHc energy
B i W: potential energy
%) 4 gystem "wants“ 40 chawt a patn tat balaaces
kinetic enegy and pofential energy-

Le¥'s show that fwe Eulwvtagmn&e_ e%umlfians give us ‘e
Sam &ning oS Newton's P4 Law .




Eagivaltnce of Lagrangian and Newtonian mec hanics :

Euley- Lagrange eﬁuavﬁon - ( particle , Constant m
i( éh) _ Lo §=X
34/ 93 §=r=V
Laamnafan :
L= k-U k= Fmv
Pat dogether :
Lmut= ) =0
At{ W( (2 K )
dQCSm{' dl«PeﬁA on X
dv- U
Mmoo = —=— o= F
ot ol i

S) U Lagrangian way of doing mechanics is eguivalent-
why leayn it ?
* Tt can solve gome problems muchh more easily.
— probelems with con strainds
— problems <n di fferewt coovdinates (no Messy
coordinale fran stavms)
The Eulev-Lagrange G ic invanant 49 coovdinefe trnstinas
(proof in bwk). This i e reason fov “generalized coovdinates!
o Bt comes Upin stat dhermo. “shryef your Life", el ciiang
+ Alditional physical principle/ way of understanding fue wor(d.}
e Connechon ¥ Hamildomian mechanics (rext)
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| s Cla—dé bLe amy.

Assume L=0 at y=r~T1,

What 9 ouv” generali zed coordinale?

By

A

(0)=6,
3 2Ly _
e\ s2l)

b
What |
Combine 4o

V)

\ 4

E 2
S X
" e
3 ) o D
S .M, T~ S g
3 3 e -k M L i 154
. [ N -
m © oL S -
9 . S T 0
k “ \’po h Qb cyL h =
& . | m,l n cv@ 5
s S R S = %U S <
m ¢ V m =
) a y ’1— S m .ﬂ\’
s /m < S < 2 A | s 8§ g w,..
¥ > o v A - S n - m
R ) J ( & .M_J (o) | ~
N A2 T, TTE L=z £ R 4
| ..m . Lc ao y ... w rnl M
S A T BT R . 38
o .m S =7 — I el P e )
o v .S
=)
=

To conclude, [ et

smg =0

<«
—
‘f

M,9,¥ are conslants
+

—
a

R




Thisis a nonlinaxr 2*° ovdwr ODB- We can sdwe if
MNAANAANAAN
vww\en'callg or Y case whert B<«<l. D Y (affer
caGe -
. | 2 £
sn 020+ b+ Keep b1 prder enly-
4
%5: + %9=D §(o)=0, Sawme »:%wv{'iaw oS
b (o) =9, Zar monic  Mmofon,

Bo .-
= Lain(we) ¢ 0, cos(wh)
plt) = s ° check ynifs -

D) = By cos(wk) * Swsin (k)  O= vad | &= "
_ V= C"‘/g‘: -'—z = L v
w= {9 [27 E s

for £he numerical Solutign:

! ; S
%* wenf0  W=9 = %% -.~_-w"g’m9’ &(2)= b,

9_-
LA

— o

dt /) 9[0): eo

C. amilfonian Meshanics and Phase Space

Lagrangian mech anics haw some odvantages over Nedionan
MLONNICE SUh ol easith coovdi Aasle bransferms aud 4w alo’\\.i\\J
o mort escily incwpovake pmstuints. However, Statishi cal
mechanics 15 usually, exprssed (a terms of W.
L uill first explain me%aa{—ions and fwen provide some
perspechvt on hy of is uwsed and what it s o do win
phase Space-




In Hamilionian aechanics, we work wih generali 4
coovd L nakes a,aq;vn Howwcr, o Icujclc’ffcrtm is fhat we
use o genenalized womeavm o vather fin a generali 2d
\/L\ocfhj . The generalid momentum is defived in ferms of

tu Lagrangian :
SL Note fu change in i,ndus(;ﬂ? from,
pi= . t=\,4 -, %N Loxamngian Mechanics- we are

3

13 "ﬂaﬂcnftv\&“ “n 2D afYay o (D.

Whak is Xue aeneralized momenfum? Tust like we Wave e
qgn- Coordinale and gen. velocly ) nis provides & definition

ok p imorcatim, nak | Tc Enriast |0 pordivaic | bmngforsatios
£y makes ouv (i{e easier weth d: {ferend coordirale Syetems,

With this new coordimale (that replacs 41) |, we can define o
new %wn%i{v called o thamilfomian by o Legendve transform

of e Laynngiam
H(ge, P, t) = ZL%-LP.-, = L(4:,4:0 %) (1
What s Y Hamildonian and what does it mean? Tf s usmlfa

A +otal eneroy (exce.P{— in rae cirewmstances).

when is the tamilfonian egual otve Energy?
) At coordinade branstevan (s Liwe MALFMAM#
(2) te potentfal is velocidy independents

Demonstabion that H is te total enerpy

L= K(3)-Wlg)  Asume carfesian, 1D




Using the tofal derivfive diff ) du derivatine of eguation o
oud e Guler Lagrange equation gives Hamilion's eguations

= =2 — mVv Conventona(
04, T definition of
. mo mentum
=4qp-L
=vp-b = Trmvr—omr + L
= Lmv+ U
H= K+tW

dqi_ M op:, _ oM

&& - opy 4 4t dg:

Two 15 oyder ODEs
wstead oG one Z'M‘

%mn(-i-ﬁfs 4o0.

and time,

Feflg, pit)  i20,.

Me total derivative of £ s given by

Z(a& by of dp
253 T om 4t

Tt is offenthe case in gtet mech fnat we have guandities
tat are funchions of b p; and g (e-4- pressure). We can

use Hami l{on's eﬁmﬁous fo deseribe e dynami cs of trese
Cons der o %uan#fl—nj + tnat s a fvmeton of e Pi 5%

Y

ovder 0HE.




(O

j_f :dotal change as £ moves turmugh phase space

of ., change of £ at ort pant ja prase space.
ot

Now, Usiv% Hami on's &g vations

dg; o opc oM 1o

Tc s \ us s = .

O )t o a"“m"z "l derivbive
does &

i 9£+Z(ﬁaﬁ _2% oM H:“:iﬁsmwa«a

Rang % 2 Pr O fwoush P eP"a

Thrt (s a Compact wey of writing the sum o i rff,ht—hqud
side . th i called oo Polssom brackedr
9!; i ezbm'h'ow of mobion of §.
%% T §'9) “3

oA 2B _ 2A 3B
paeis 5 (3530 %)

Why wse Hami [tn's £.0.- M cuhhor tuan Newton er Lagrange 7

1) Like Lagrange | bether coovdinafe transforms +man
Newdon's €-0. M-

@) Two | s¥ ovder 6DES can Somelioes make Lidfe easier
esp ecially wben vwwxe,riauug £n~k7a-t-;w6.
The real value of Hamiltonian medtanics is conceptual,
AANCAN
vadher Huan practical.




|1

kuj Concept 1: Greometry

let ws call Hw CN-dimensional space (where N'Es e nowberof
particles) defined by the Lagrangian varcables «; and &;
state space. Tnaddition, lef us call fin 6N ~dimensiona]

space. defined by e Hamilfonian canoncea| vavialdes ¢ aud p

P hoese Space .
AN AN

Phase space ha$ an impof‘hn'f pvoper'(—\J tuat stak space IS vot
opuarantced 4o have. Phase cpace has & symplectic gconetry.

Alsgepléctic geamity medns 1ot Jd velous of hase 3pace
doesnt with ime . The space 15 lncompressible -

A puhaps simplishic way + twink about tis is Hat
da dg, - d dp JP = const G’guamn-kec/ for
f L S il Pe bt notfor ¢,

This is a cvitical mathe matical Pmperl'y ) because i+ allows us
o deding o proboa bility densily. £ phase space ehranged
viome, dun we cauld nof pormalize Pyobﬁfn’l,i-}-if_{.

Anotler Way fo think adoout tuis is fuat pi are fiue sproper® variables.
Thcq art Y covreet “Oon)uﬁq-lc “variable +o %-

Show  Putuon F)CamPle, with stijlech. and nom’Symf)[wéb
Yskem.




[2

There s an (,mpof'[’un'lf tueorem for statistical Harmodynamics
Xuak results £rom tuis property. Suppese uat fﬂf(éﬁ,;,p.’,{)
is tue proba bildy clmsﬂv of a giwa tnstance of a set of
wolec ules Mvirg ‘e positions 4; aud momenta p;. The
SymP}eo\‘io P'VI”HV of phase space implics tmat phese
Space 15 like an incowpressible Huid ) c.e. that +he
dmeu"l'j i constant. Mathematiolly, 4uis 15 expvesied as

£ Fosson Brocket
é% r %% tgpHs = 0o
::% = - 55,43 Laouvelii‘s Theorem
3 %[éﬁ 3* %2&7 LiouvilleS Egurtion
R TR N O
charge tn P'Nbelet-[;nj = _Cvange in prlo donshy as

at a given poinf iin prae space syslem moweS in phase space.

This s o fwndatimal equation for von—yuilibriom st mech.
We will come bade {o (+ laler. for now, just nole uat phase
Space W tuis wmporfaut priperty.

Frally, vwolt fuat Liouville's eguation also applics at equilibrivm.
Here,

D20 = 35 ko aud pogy
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\(eg Conapt L Sx_jmme;hy

Abore | ut Saw “funat dynamics can be tought of as acotion
th phase spac. What doeg mﬁc fnic moh'on imPl:‘,,‘Z

Fivst, what do we mean by symmety? we wean Haf
when we do some kind of transformation ; Sowething doesnt

change -

Example -

Rotztion o€ a

/\ /‘\ a;::[c leave, e
Shape vuchau 4.
S$o,i% (s rbfez{-:ml[

L/ L/ ?

{nvariant or

rar(-aHomlhj éymwvl'n'c-

Tmvariance of fue eguatious of noHon fo tanstormation are
kinds of Symmefries as well.

Noether's thugrem says Hhat 1f the system's dynamies
hawt o symmetry , dwn +nis tmplies trere is a congerved
%dan-t'i'l'y Yt conc:sPonAs-}o-hw(’ 57’”““”""'7

txa MF[(. 1 Bme  ihwaviance -

Suppo% tat He= #(3;, ) ) not o funchon of Fime.

; /

L
1t ot +?H'JH'§ "?%*—'0 15 tmplied from alovie

Q.
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é‘i |~ (g_‘i?_li_g}iéﬂ'. =6
d¢ RACLE: % Ofc dpc  9pc 9%

Time wvariance imphies Hmt H deesnt canse.
o _ (2£-0)
(5%+2) 3t

ln oYher weﬂi&) W " e ezm-b’ons
ol motion don't de?en,d on tine !

othor examples tnat I wond prove are tnat translationa

AN\
ngme‘h‘/ ln P\M-Ge, Space means tnat W
is Conserwed and votghonmal slfmma"y 1 phase Space
means thad angular momeatum is conserved.

1€ e Nawilbonian doesn't ech[?cfﬂy dzrcucl on e

Consevued ADVan-l"{"lCS can be i&m%:’@"c(‘, 051#} +tve Polsson
brackek

c\g_ o §+5@D

Jt t t 2'(:1 H% £ is aconotant of
g ot or L s

ke 18 $EKE=0 ST =0 . Vconserved?

Bxamp(¢ : Linear mowentm is conseyred
b H3e 2 M oAk aw
Fis o L P52 ops Py o4 2%
/ g ./0 Gor {"""T(}ﬂ +V(§) +ranslatipal
ZCNV(C PfZ' I .— . { mwm::
are indepeadimt atl (] Lo ik V’FVC%D wn g
variables =y Men N 2o
2%;
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I Quantum Mechanics
Classieal mechanies (s grest for many ,wmany srtuabrons. fowevey,
if particles arn small enough, Huiv guantm nafore needs
b be accomted For. We will quan-l.—i(y what Yswall enoyh

means (n o few minsdes,

Ot guick wnfe : T am aot oo guantvm mechanics gy, o please

-(‘waiw. some. of my lguovance (v fthis orta-

A. Mathematics of waves
Tt really holps tn QM. 49 e famillar wif waves.
let's quickly veview.

Clossical wawt uation in [P

) 1 : .
%‘ =cteY  Lihig propagatng b tine

C: ware pvquOaHon Speed X: space

Solution fov o %m\rc(ivxj wave *
“(lex-wt) Y (k- wh) L: wort wmber %i)
e

W= Ae é
W: angul ar freqoency [‘%—)
w= 20f £ z"/)\_ W= ko Ap constants Ldenwiad
? by £Cs, BCs

.Fv:%d('\C7 ot |¢n5+h
C tonfinuons wavtnumber)
Recall (Bulevs fovmala)):

5£o= cosO 1+ (cin®

Solution £or a s-l'qndiv? wave (single mode):

L= ((LEE;"{-I- bé““f)(cé'wrfc!emx) sing= (% -6V /2

Jiguete wame.numbw/ coso-= (%% 4 e
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‘F;G/ - B waves
A

Line
(C_.‘JS?.})
s
C) Work out < soluhion for b traveling wane
Ezﬁ,_c‘t( tl“ - L
50 L w)=-hktu Fowviey transbrm
97.‘:’ v o - ~£kx
B Poteo tem 6> Je™ wip dx
od i =\ L ({x
2 oydu) Cinear | Momogopesus. 7,1153 h\;.\,[k,'t)

Constaut CoeSAcicnt

2
W 30 —> siveS & fosines

A ol -t .
A L b et < A e L pp e

ﬁour\éano conditims for a W with a
gingle wavelensth | xo: ko= 2[p, , wp=clo

n o E e a ) ek

A .
ers ) = (=8) s 20 &9°E (Rty) o Tak FT
of B.C.

Matching With our g lukim @'Neé :

B2 = 2w €% §(h-bo) =AY &t rrnye ™t

A(k)=0 Bll) = 2o 8CL-by)




Z\

Now dakee P inverse Fouvier transform

i(fox-wpt)| e it Single mode traveling
wane we prgoribed
ok the boundaries.

(1Y) Work out a solution fov-a ;-l-avlding wawg,
Solve by separation of variables

wixt) = ae

w _ 29" -

o -c"._a_—.::‘1 (et w=4W) g

a‘(@ _ .2 9?('(:3) L cz'(:_a_!i
e e de oK™

2 2
.%é,f_; = é%%’- =-T <« must e%ua( o Constant

t because LHS = fn o §

must be Nepiiv _
vecnuse, exmentinl 210 RHS = Brofx.

growin Wont Sakisty
onysical B.C.S

Solyt £ime ODE $or £(&):

C

67.% 2 1 A‘Q 2 g 2“4‘ 0(&", C"\W,
— - c =‘7 L L=
dgr il 4yt theg=0 Congtront Coeflicient

~ijet et rves Sines <€ fBines.
{) = oe uli i TILL

t+bhe
P~ aerb cLFmds on TCs.
Solve spoce ODE for gix) : I
Again, 2" Yevder, Gnear
2 e NP )
%—%-’ —gb"z = %+avz=o toretont (oefficiort:
G S Sines & cosines.

ﬁ(x) = C e-élx +d eﬂx

When stationary, only fixed values of ¥ are allowed-




2

ExamP\c : '3"’) =0 5[22{‘) =0 [9(—&»6 wf fixed ends)

5[0)‘-' Ceo{-deoc ctd = O

2 c=-d
g cetim 4 g 0

J (czﬂ.“; - _zﬂ1X> we c‘am ic(uvliﬁ ¥
oS Yx wows:

213 ¢gin (21‘(5) =0

eifther d=0 or \6,\= 0,%,l, %,

‘&( “:07 l, 2' 400

WHing it all fogethovgives :

Wik, k)= gt (0 i e
QX -t Yct + b L'ﬂ,,ct)( ~LenX A&L ?C)

Nooitt e &7 2ad,c=un

x4 = € 1 bt (et deT

This is £ a sinde mode only. Fov all mrdes tut slution is

wixg) = Z (ae "M C‘M)(‘c E&'m+ Aeu‘“x)

(iii) Uv\ccr\'a'u\{j?rivxcip\c of waves
The alpove 1l\ ushrades an "\marwnkj Princ P(L" bedween

Coaud . € kwow b exacty. The dedtn imchim sets £=Lo.
Becauge of {uis) T have aplant ware sprud out overalf %.
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Theet {s o generl wncertaindy principle of Fourier ransterm
CoMMgate variables.
Suwm;e. 1 Wave o Bautsian fumchown

Grussian
wifh variquce

_xt
o= L enp(35) -
™ fouriery Transform of € is T

A
'g Ulb = éxp ("'% Elo}) (Grussian
with variquce
TWis is algo a Gaussian, but e 28R 702
vaviane is Yo? A

lets dbine b'xL-"D’?' and a'ﬂj' as Afollows :

§(ﬂ=exp(*;_%a) = cr,:--‘/o/‘

Theetfore - D‘-;';'O‘f::(

IT€ the variance in e positon goes op (daom)
fen Y vaviaute (n B wawnum[wf} k] &0 s dewn CJP)

2Blue L Proun Mag a aood eKample for givirg vs infultion pere.
Lt £ amsithng ot astop light in dee turn (1ne, and fu
blinkers Seem +o be in gync ({—»ab‘vcuq), He longer T wait,
te movt surt T am fuat ey do have tie came frequncy.
[n othr werds) loneer times fell me more information about
freguencies. It would take tnhinite fine o il they were
Y exact same Fvubugmoa, (and et qust off by & Uffe Lit).




24

Conversely, svppose tere were very many Lreguencies of
blinkers- £t would only -l-nkc,a.vev\j sharf tme o il
'ﬂﬁby wert  all da'ﬂw!nb‘

“When did I Enow® dunat e Dlinkws wert e same?

. ﬁqmdas vevy close ~» spread out over tine
. ﬁfﬁ,j{m‘es 51?"&.14 ount —2 locasked more pcﬁ&(.y 1 b,

B. Wave-Porticle Duality

There is duis Sort of fundamentml split at Hue heart of
Physics , and rally, in Mathemotcs. We have disuede
things (¢'f)'l numberof “W"g) and corhauous tuing s (e.g.)
dime). In Physics prier o c.1900 , and it should be nofed
in evryday experience, the world was reatly divided
ind fuse two thigs. Twe perhineut examples are
light and M

Light was seen as cnhawous. B obeged maxnell's
%uw"iMS- T+ pVOPaaa-kS as o wawe (see above).

ZE P B 2z

£ _ gt —=c*V B € ¢ Speed of light

v ¢ VE Yo = L
E: eletnc field B magmnetic ied.

Pardicles | a5 we avt een -I-nl.ldh% aloud, weve seen as discrede-
Elechons were Enown 10 ke o fype ot particle.




Thert wert o senes of swprisiwz_ expenmental discoveries.
The FW&(CD"A‘L eblect demonstraled fuat [ight had o
pertice natyre.

/,Oc' ~ MiA Lo Q/ecbw,maj of liskts
naded 10 ¢xpfe an elchrn
P PNy ensiy i waon i§

Conetal) _(,,mﬁ_ fegutncy 0 (o
m ﬂoﬂ 0 oD .

The conclusion s fuat fight has o pardicde amhne
(puetw) aud e enevgy of Ha Light was hypotiesied
+ be ﬁ'-vfh by :

=

E=hf o |B=%w h=
tle\ct's ‘me\n) h= £-62b x|ap;q Js

(4id) Planck doveloped frmula while tryivgdo sdoe Bre blackbody
wdiafln W cetastrophe. Einsioin donneckd o o e phofd -
electne effeck. Ginskin given bt wobel prize bor fuis.

Su\osezacd'f-j, electons (partides) were digcovered 4o have
o waw lile chowacter in 4w double -5kt erperiment.
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Matler i fracied  Cenderfered) Nk light:  Swow video fom wikipedia.
Mo¥es
* bvwen one particle octs as tf irrkv{oﬁva. wihe ifself.
o Patlrn s buatlt vp stfistially. Particls appeav
N o Yrandom! Lashion.
. t£ you +y 10 dofeet the parkide lefore 4+ nits, it

changet 1fs Stale- < smau enousl, sqou cmd measuce wio
in-lerérivz.

Qnsu\'l—'ng, Conclusvon'  pwadler particles ave wavelike in Sme u)ud-

p= ’Cs?_ - TPardicle momentvn o< wavt vwmber.

Svoua»l-ious fer €< p ot Planck - E insten abua-h‘ons-

-

le] ave fundamewtal 40 B.M. Ty ane |ife Y(aws
They oert pPetulates based on expers mntal obgervahons.

A’}?Je') % Saa"lé P"E e dq’,h'm ['s uimw_{_ 4_0 ‘H/J-
? <%
de Proglie Wﬂv&ler\é-l’h : AT W 2 e very srall wwles
P My A is bl:y when p
is small-
Main talzaways:

. Liqhk' and matter are not pardicles or waves  fhey are
“‘;av-kc(e—waws“. Thy art both 4wings. Thic is wiat (s
meant by “ware - parbicle duality”
* These effects only happen for matler 1€ momeniom i swall
Example : Colloidal pardicle in water (eg. polyctylent)
S R=|lum speed: ar= [4%/s densly : o% | 9/cm®
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m= f\l:fgfka = Lg

4 il - PRI 0
on? ;ﬁ[l,um)‘:! = 19 m

15
me Y10 lca

- b YA

vy
h . b.b36 ko Ts -2 s f g .13
N= T T . —‘g,SKIQ e t=— =/ .Gxe
P dxo ¥ em %é/ por 1
S 1
A _ VS X! 7 Ts = bgn
R™ Tt C|is e hegligible ! S

Frample 2: §lechon accelerated at (00 V.

E=4\ G = Lbol S C

-1

E-= l.bx(o‘_'qc- loov = L6xjo "J

2 -3
|;=_P, 2 p= IZM&E Me = 2109 x(0 £

ZMe,

-3 N BN 1
=12-4. - 1.6 X '%_,’."J
p= |2 %100 K ck

=5 xtwo B k5™/¢
bylo~34 esm'/s

lep'ﬂ k?"'/s
otomic radius of hsjdva?em ) f,h‘:’: D.2¢< 7;

L 45| deliniddy ot negigible !

A

~ |-1 y\o'lom v .2 X

2 b
A=

* Measuremnts always vesult n indevochions that canmot
be N.a(wkd- Again, duls 1s o result of Scale: E-9, even a
Single phofon messes with 4w ofnfe of av eglechon.
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C- fhe Sc.hr?bd'm@or € quation

S0, with the idea twat watler is a dual wave/ pardicle Lhe
‘Fou.r\clers of %Vaﬂ‘I'UM mechanics V)dﬂ,‘kd 4o N."w’f""k' wmechanics
In devms of wave ec&ua.ﬁoyn.s

0F 209 <« waw equation

'a_‘_:l =V ax‘b .
We gaw above, dwat the wave eﬂvn-h‘oln has a Solwhon

efa'r ahawctinj wave (in ID)

9 x «t) L ei(ﬁx-w?:)

We will vow aubstitude tiwe Planck - Einsjen e%\WHOnS tinto thic

expve%ion
E":'%V) w= E/‘A
P=k — IDvesion p=hk b= Vn

Pz, = o exp (tﬁc{-&) ()

This is a {—mnl'cn.a “wave-particle in free 9Fac.e.‘ The founders
ourived at duis by intuibon , by combining tdeas of waves
and porticle mechanics. We would L o go backweyd s
and find o di ferenr'al e%,,q;l-.‘on fuat is Consi Stent Wit
this soludion. 'n’léhlperm[»s, we Can Solue more complex
pvolblems. What Lilows were is not YCallﬂ, a derivation. 1t
ta wore Llike Wg/ H Lounders of BM used 4o
arae at Yu Sch(’éd?naer t gvation .




Lets fivst Look at e -b‘tmc,—dv.pemdm&- Bdo tuis we
will take the e deimbe of (). T&lﬁv\a the Live
dervative a'ul‘bg‘

N _iE . px-Et
& T“"P(‘ v )
oy o _LE : .y ¥

We will pause Here for now , and [ook af tme spatial dependenc
next Taking tre derivatve of () witn vespeet 4o space wice,

o _ i . PR\ ¢
3 Foop U )= ke

ox
314_' t ,."z ﬁ_zﬁ':z
e ) P =T o g

Reaall Bral tin entigy of o1 'Frcc(rj m.ovi-\a, parficle consists of $he
Linetic energy omla

E= -%mv‘: {;m = F?'=2"\r5
%,
T 2
IR JRREPAE
wm oK

Ra\-li% both twe dime dimbive and oo spatial doi varhve
4""6”“‘ W
oS — Hami Honian

2 9
L%ﬂ=~i_—.aq) = '«.’hﬂ’:ﬁ‘}’
ot Zm oX? ot




For a parficle tn o podential, fue Hamiltonian i ac(wzﬂ&(

A

a A VA ~
K= K+ U= E; +W
and Y differential e«bua{,—o‘on can be wviffen as

ARSI M L
L&\ St - [Tm-a—)'c?"‘f\k(f) \P

What did we do?

e We used fin Planck-Emafén equations and Y solution
for o plane wavt to walé,c o wave-lile differenhal
etbm{'iﬂn wn Jams of ‘tw.Par-&i cle Ham [Honian.

* More. vigorgusly ) this e%m,-i-:on Is a postulaic or o law
lite Newions 2% \a oo,

OF course, tnts equation ts alled Scrodinger's eguation:

Lets wnk oat the geneval , 2D Time- endut Schvddinger
Equiier.

& = | -2 oy u(r,t)] wir, 0| 19D ket vechor cn
g o Hhlbert space

A

b 190 = BIOIWEY | B Hamitrian operror

When tae tamiltsnian doesnl depend om -HM&, e b‘.m—dv.()endm{r
e uakion can b&“'fvrmw&" wdeymied

el R s
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Using o spectm! decomposition | this can be wntten oS
0o ’. t
Qlr,) = ?:oc’h exp( LE;T“") ¢ L0)
Move on Hhe time~dugeadmt Solubign (ater wen we do sowt

examples. Subs{—i-{mﬁl\a st one of tse modes (any n) iato
the Schwo cl'mgex E«buml;im\ gives,

3>

2 ~iEnt
‘P.,M] = | ZaV? “:I (%1% g )

gy A (£ Fru] oo P <2t
Eatold = 2 9] 0

. M .a— —iE"‘b/ﬁ

This gives kS e So-called Time - Ludepeadmt Schrdodinger Eguation

|2 Poufym = )

e = g (8

Twis i's an e‘rgcnva[ue prldem. | W) et cigeuﬁp;b Veckor or eigen ~
function. B | the energy) 15 the eiacn\m[u(.

The Pouner transtorm of G Sdm’o'cl?nje, czwﬁon oives an
C%Ua«h‘m exp lic.d in e Mmomgaiom
a 3 oo
h al}’ - .__e_ a A a A& g
570 1 G ) Ui
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3
4
FLW] =Y¥{ | )=V The Fourier dransform defintbion
~ On o
_ R pr
Flu] = w L¢1= o v [e # dir)dp
(U ) J -
=0
Note bt the momenivm (s e fpuner m‘:l”ﬁ wmnable 49 posifion.
s UNCeriaw ?Y‘{M{D{C.{
« Anodmer yeason whey position and momeafm ceve -fne
canonical vaviables in dne Hoam:(tonien
D. B xamples
Exam Particle tn Free Space
7 Self: Add this one next year
Brample 2.: Harmonic Osei[lator
Reminder : clash cal Harmomic osci[later
- Gal + W=tbx? =1 2
A Spring pa-h-ntml K= Z XS = ZWm,
1
| article Mass ¢ m
wikal conditions: X =2 , v (o)=Y,
1%, -
m LALd = “%..
dgt I
AliY JQ Loy ~
et + %‘709-0 = — + L=V \D"”- &IIM ) l't—wzﬁ
G ' 3
L) = T2 gin (W) ¢ 7o cos (wb)
V() = Vo 0% (wh) = Aot sin (Wh)




%

Back 40 e Quantum Haymonic Oscillater (i) ...
“The 1D ﬁm&vdept’wdem‘; Sohrs&nﬁor E%mé'm Is

-t -\ 2, 2

Initial eondtion : §(G0)= @, (x)
Eou.uc!arg Conditions :  § (-, ) = Plreob) =0

(L) Dimensional Analysis

Forot) to s'th[c‘Fy. \ets male e Pwﬁ[m dimeunsionless

=% I - i:?z [tm’yz becnuse flcv‘léwﬂ
Paramelers? m, M, w m-)lca h> TS wIY

T s prety staighfforward . Lot T="w

0 is not 1S obvious. We can leave it and solve for it cwhlle

we non-dmensonaliZe.

£ v
\ @ A i N
b’c\uﬂ,‘z_ai-_—_’_f‘j __-9;1.3:_“: *-‘-mw?'fs”zq, .a“-ﬂ‘/"canai
— al " 27' ~ 2
)X; -a(god-'l‘l\ul.foy
o o - G
"?—S{-'—"--i J—.%f_ LM szﬁ,{,
ot amw 0T 3%r 2 4
V.
ho 2_ _ (i. ke
et ==l = 022 F e Gag
P PR 22| | 2o M) g
Ot) l,a%:—-\—z-_ﬁ,f']ix‘v X=% ‘7\), wt
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Th dimensionless equation has e aatwal length (bﬁw) and
time (1= Yw) units for this problem-

Quick onde cliek s _’L o 35"‘/" ‘S HSSL RN
mMw h& ys = /s
V= -L- =
% ‘/9 & v

Now we can focus on tne matn and add o vm'{s/ramm{ers
bock loder whin we want Hum.

(1) Sepora Hion of variables

Tae equabim (#) & o linear POB. This [t ordr in Be and
Second order in sppa. T is complex. There are varions methods
0€ Solulign. We uwill use U meimed of sepawation of variables.

L-aiz--(-&pq.*"lixlq’ ."Drop e bildes.
w2 v Sert of like & diffusion
C%ua{'\'an with oo sFar['\qulj
Asvve Y form of o prodact depeudin’s reackion (ot
Soludi en: comp lex +me).
Y= £(+)4(z)
t éuﬂ\ \ 3 [(:ﬂ) _“_3
2" x>
ot | ¢ L ],
9 St —-i-F NF3 Dinde (au 'Fj
-"_F%CL '%‘{5311 ‘%K/ = A Musk equal a congtant.

\/”_’j
enhj&_pmels M\»jdupu\AS
on 't en X
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We've divided oux PDE into o ODES. Ont iS au ©06- LVP in
e . The ofier is an oD E- BVP ia Space

L ¢
- = l — —_— = —
© £ ¥ M
@ .._L..L‘fﬂ ..fo-K._ ._LA? 'l"J"X‘ =
zgdx,,‘fz = —3 4kt T2 %3 ?fﬁ
This is an eiemwd.u.e, l-.»obl,avl‘ 2 S
L9-29 o Z="352%3
elgﬂv\\nlu( k A;'H'Crﬂnﬁﬂ.l or&m&-{

Has eiga\(-'uncﬁm solutions.
(it Solw. ODE # |

%{-:4)&{: = J§A§= —ildg = Qaf=-tkb+const

{(%) = const exyp (-t %)

(ls) Sove obE #2 @-Ime_ indepeadimt Schrddinger eguation)

3 . ?
ST *‘i"‘j”&j > 21 ~%q = ~22g

v
ax sz

M, (2x-%)9=0
dx* J

This (s a Z"AorJer, non- comstant coe [Gaentr oDB: Non —const ant
coe fricient oDBs are speeial cases. (Bumembar Bessel fwvohiens |
sphevical Bessel funchons, dé‘-)
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T4 furns ount tmis ODE is mont well-fknam 11 o di flerent
form. We ned 4o change variaboles 4o be able to lok it

up and use numencal packages.

let gle) = exp(-x/2) h(x)

[AG’:A&] werk oat tur trams formation :

d -% -
R Ahom- % ‘”‘

dx
1 o ‘l vx’/
83 -y Ak(t’)J—xc /‘hac)-xe 2 dh
dx A~ dpe
B g
A~~~ dio dx?
~’é/z- "’c’/"dk .x‘k ]
ch d’h
(x N e —2xe T te =

Substituie tlh{-o{’w,oﬁgfm( obg :
7 /z
[()c"mn -%—h &x:’] //z+ (22 -X) = O

Azk dk )

-2 2. ~ =0
w x! +[xl+l)o ')C>\/\
A"V‘ QD‘\
e ¥R (2x-0)

This ﬁ%va:ﬁm 15 called Hermite's di fferential %m-ﬁ'on-

THis 15 @ Singular Sturm~Liauville eipen value grodlem .

R

E-NRPY-§ NN
Ikﬁ' b’k/ I' ¢ Zx'é! ) '8"2)0 (
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Soluliong o Hemifes DE are given bg o Sumof
Unwfﬂy 'M&Pcmd;wb 6i99n-FuV\OHOVLS

}\(x'\ P CI-HV) CX:) +& Yn 6() (Am Z-‘:Zn n=9,1?%)..
- AN v

Hemide polmonialy.  flermle Lomobions
(of 4he [*1ind) vEdhe 2% pind | 22~ =2n
A=n+Vy

eigervmlues

[-As.'é"] How do we calculate Ha(x) and Yalx) 7
7‘1(- H'n(x) can be 0b+a3he,4 bym ezFresy.on.

n o
H LK) = B e ':-;.‘(ex)

Ho('x) = l x:'-
2 % 2
Moy = By e” i({x )= -e (c2xe”) = %

- { A x*?
H, 00 = =y e’gz f;;(e-x’) exz (—-Zex'whc"(: X)

U]

2

= Y -2
() = $x>— 1Z¢ | {-I.t[¢3= L6y t- Yot 12
T o vikipedia
Lek's checke bomake Sure dese ore ackually Solutions.
'Z‘f—H—h» —Zxd_u_’_' + InHn0AN =0

d* dx
?
n=0: H{y= | %:':2;0 £ 0~ 2¢-0+2-0-1l =0 v

s\ s =2 dth d"“’,‘ = -2 o+ 2 v
nEl s "ﬁsl—é—‘;ﬂo = 0-2¢2+21'2x=p

h=2 " Hz-"— L[‘F“'l é}‘:‘:: $\C é:,if = 8 = Z-— ZX(‘gx) 4 2.2.0.[)(7'_2);0 v
¥ v

N
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Twe problem 1o finding wiat i fabulated. Kommer's DE is givn by
?
i"; t (- %) S —aw=p

It Was Suboms M (2 b, %) and W(a,b,2) which are called

con tulnt hj Feraeowl—rio Lonchoms  of St \c'(f%t (M) and

Setond (u) kind. st also come up in fue Gactz problem
in fored conveckion.
Adtrwal nofaim o M jg:

M (a,by3) = ,F‘ Cajb,2) € notation for generli2d
/ hgpcr 3601%-(’1\'0 Seriés
: hyp#4“ isine name oF tne Pyton fumction

On can wridt Hermife polynoials and functions using Confluent
hyper ca'wnwhio funchions.

()= W EL |4 ) - haperue i i Tipthon fnchion.
Yot = M (53,7

M i3 also knaon aS Kummer's comflvent Wypergeometne fmchom.
U {5 also brown aS Teicome's conl{pent hchevemh{g fomchew .

The Ya() cannof be physionl solction s. They divedze do inGinidy at
points in e domain, so /‘/’/zf 00. So, Tese canwot be
wawe funchons. (Ynlr) are wok compatible with B.C.'s7).
We now haw ba solufion for 3C><')

ﬁ(x') =C e A’ “Hn (x)




%9

[Asi&j Tt gix) naed 19 e normalized so fuat

{gntn|gnt) = 1
j ( Lomplex Conj “jak
) dx = |
9"6()3" ARREYN use 4uis +o solve for C
This will] Givt us o priper onb»biH'y dms{{w’. T {fund {uese
valws ond v fied Using Mathewahica .

y= ()

The integrals for Y ouly eon verse for ne even. Tucs is sy ey
are not physiaml  But for fe evem wmes, tre mwovmali 2ation
constant i«

<A | ,
co=(2n LB L)y uor CUSLERT renyrind

IR this Seavtmce o> Hhe antm(
_ binomial coeHiciewts. Super
CQO' [

Afler normualizing | we wave our complete set of
orfonormual boasis fumchons, aud twe solubion 4t
poblem tn Yu x-direchon.

2
3;-,(?0 = C, 5-’c/1 Ha(x)

= (2" hfﬁ)—vz
An = n-l-‘/z, n=g,(,..
Where e orihonormal pre perty of Gnlx) says fuat
gn|gm7 = Sam = 220 12"

1, nom




Jgan]mao dx = Snm

() Produck sdlubion
Now we can put our +wo soluwtions togetuy,

$lx) = F08) 90K) = Ay exp(-ihnb) Cnexp (-272) Hale),
K coeficient dor T <
By swerposidion, a sum of soluthions is alse a sdlwhon, g0

7 g-ehClm\ Solution i3

s 2
L)’CX;H = Z An Cn exp (;"L)t.c\; ._,70/,2) Hn ()

n=o

-
WCE T AN S Dy A R

(Vi) Tmiftal condifion
The last ‘Un‘u“‘i we ned pdo is wse due niFisl condifon
o defermine e An.

lf B wmitrl state be Y,6). FDv’exqule, 1 could be

2z
%é’f) = — Cﬁf( ’O_C:L"l A Gaussian wave
0 25t e

The Cocflicieats ave given (9\\1
An =<%l3h>

A= JW\P,,M 3h063dx = f%&)chéﬁ
.y -0

“# () dx
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We ned o evaluate Hhis 'm-l-e.qml for eachh n. We can dp 4mis
now enically . HoPc-(:ul(.tJ An=> 0 as n30= guickly, 5o ouv infind
Sum Converges and we dent havt I do oo many Ln{eﬁﬂds.

[Aé-&] Preof of formula for An
o0
<"Pol3h>=f¢<,(x‘) In () dx

[

= j Li Am exp ©) '3.\6‘)1 I 00 dix

~00 £9

J
L N ~

SVCM\ yetms-cv\:l’a:\'io"\a'e P, 60

oo 0
= Z Am j Gn(e) gm C-)dx

M= _ope

Do
m2o

(vid) C\os'mé Comm ewsts

¢ The e.iamvukat oo 18 the dimension (ess energy-

A, > B

L ,  Bamhwlnefl) ,n=e 8,2,
W
omts: hwe= Trel v
We Can see his because e eigen valut problem Lor gex) is
the fime- independont Schrodinger eguation

Intne classical problem, tne energy te comhuuob Any value
¢ allowed. tn tw guantm prdem Jwis te nof 0.
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* One oy algo want Jo 0ok af fue momentm, What
is fue dimensionless  momeugmn”’

p= Wi h=qt ,Q':.]_i,f‘:;,

a%‘f:
I,
P=§%=’F\ I S P
§’=Z= &%}Vz check gnids ’P\mw=7‘s-hs'>'s
251":-&3:“6?""79'
L_‘me) &6"‘/ v
Lmawwhm)

(yﬂii)- Review Nuwmencal Solution

. o over numerical aoluhion

+ Talk alout tn Contert With the postulates (lelew).

E. Postulates of Buantom Mechanics

Wt 5 o succmet Suumary of He miniwonm sef of rdes we
need 4o desceriloe quantym Mechanic 57 quis  will help us
understand whabt quanhm dechanics veally is; what it means,
awnd low $o m%twm-ﬁcul(a Coupult uMat we need.




b2

(i).Cassial Mechanics

I Tl stafe of 4t syskem af i b is deseribed by ecitying
3N gencralized coordmaks q.(h) and fuir omjugele
wom eata p; o).

2- T value of any funchon of fm 3i auqd P Hﬁi, Fi;é),
is Jdltermined for awy time + whht tue inikial spade
(s specibied at &

7. T il evoludion of tue stale of By sysim is given
by Hamilton's 25 uafions,

I ok i

T — = (2;
& ~ op; Ho G T WLALA)
dv. . _aH

dt o O

(i) Bvantum Mechanics
|- T stafe of dwe sypbm ts chfined by gPec;-CyEﬂ-; o
ket Veobow |p&)) at tme +, .
e This 15 eébu.wq[,ewf to 9}’“‘.'652“‘3 a  wave fynchon
dix t,) or (}\7(?,-(;0).

2- Every measurable physical guandity A is chscrilbed by
on oPe,m-Fw A in the Hilbert Space- Tuis operator is

17
an observable .
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. Efqmyfc" The Ham: |tostian qycm-érr
A
H=~—:‘;Vz+ W)
)
Kinebic Enegy  Polentla( Bnergy
optvwter opevater
© Example : Posifion

R=r
‘ EXaMP{/&: Momenfum
§= 1hV

2. The on(ﬂ Po%"-b((, measure ment of a physicel %uan'h.-(—u{ Ais
one ok 4w eigenwalues of -t doserwble A.

Aoy = Al®
* Brample : Energy
ﬁ |97 = B9 Energy (s twe eigenvalwe.

4. he waqbilfh of meqsurirg an eigmmlue_ ay, c',orrcspovw(.'n.é
B 4t physi cal guantidy 4 from o sysiem in stefe |7 is
guen by

P(a,) = <‘M\H’>l \fu-n(;f,'b'H’ (%) dﬂ\

tWheve [u,? ave eigen Jechors c:oﬂ'r_spmémé to e ergonvales
Ay, Ko?md'o\' This fsusually o D-E.
A|u,,> = ay|Uay = Au (x£) = anuU,(x,¢) -

[As:é,o.] Thet (s an easier way o 92{ Plan) u.c:nﬁ fhe spectal

Ce,c‘genvq\v.LD decomposition,
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|49 = % Co[Un)  (opestml dempos;{—iou)

Using mis ekpression giwes

l@ﬂl%lzf | <ua|en [uay| = 1ol

SOJ

P(an) = lcnlz

We get tw tn by wsirg mor-{‘(nonoma(,{-h] of the cigm-(w(-s
<t [§) = 7 umcnfun?
n

F EC,\ <u’h\,“‘-n7 = Gm
n S

omn = | =y

b 0if m#n
Cm = <uml $) = f“m(—")q’c’(;'&) dx
- o0

S. If Hfle meaasure ment of e cboavuh"(«? A gives the yalue
Ony 1ren Hie sysiem imuediately adder becowes tle eigen- kef
aociated with hat value, [Un7.

On
¥y = \_Cn.\m Tk renovmalies . Cn

el could be complex, oo dlurt
could be a phase shifs-

b-1he time evolubicm of tne stak vedor \‘-}’(,-97 1s 9ove,ml-cf
b‘d e Schrddinger equation;
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