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Lecture1 ProbabilityBasics

A set Notation a briefreview
Venndiagram

Let A be a set ofpoints I AC

A is a subsetof 1 ACR A

wis a point in S W ER W

AC WED W A thecompliment

suppose A CA and BCA

mEgEhBEBpÉhh A's BMs

AU B or A A B and
union intersection

If AAB is
thenull set then

a

no area ofoverlap

we say that B
Aand B are

disjoint or

Fllyexclusivan
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B Probability Axioms

Thereare severaldifferentwaystodefineprobability By
probability Imean a numberPCA assignedto event A
that corresponds to howfrequently A occurs

1 classicalprobability p A III
cardinality

e.g we know
beforehand nutmber

2 statistical probability
pay him It

where n are

e.g we measure
repeatedtrials
ins and
A A

3 subjectiveprobability degree ofbelief
Canapply to non randomprocesses e.g a presidential
election This is thedomainofphilosophers and social
scientists Canbeuseful but not ourfocushere

4 Axiomatic probability mathematically rigorous measure

originallyformulatedby Kolmogorov

ii P 0 impossible event

ii l PCR L sure event

iii P A 0 non negativeprobabilities

iv if A NB then countableadditivity

P AUB P A P B theprobabilities of
mutuallyexclusiveevents add
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theseaxiomsgiveprobabilitiescertainproperties that
must always be true These include

r

P Ac 1 PCA

9YaÉtn p A p B if Ac β joint
probability

PCA B

Aor P AUB PCA P B P AMB
B

Example Deck of cards

Placeofspades z 1 92

P Zen 4 52

P ace of spades or ten Placeof spades

P ten P aceofspadesnten

The
492 4

92

A final comment on themeaningof probabilityand randomness

sometimes the ideas of probability and randomness are
misunderstood to mean that no order or lawsapply In fact
thelackof determinismdoesnotimplythis at all Thetheories

ofprobability validatedbymany experiments givevery
precise and orderly laws that predict the range of
behaviorof singleevents and the frequency ofmany
events Evenoftheeventis notdeterministic theprobabilityis
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C ConditionalProbability

Sometimes we want to know the probabilityofsomething

EIEEfaea.EEeEn Iis
iscalled a

P A B
P

P A andB
A given B jointprobability

Note that
p A B PCB A

The probability that for example I am wetgiven
that it rained is not the same as the probability that
it rained given I am wet I mighthavetaken a
shower

Also note that P B 0 or theconditionalprobability
is undefined

Finally in the case that the two events are

independente the following holds

P AIB P A it doesn'tmatter
what B is on A

Usingthedefinition independenceimplies

P AAB P A P B Jointprobability and
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contrast this with mutualexclusivity
P AMB 0 P AUB PCA PCB or

It oftenoccurs that I don'tknowthejointprobability
P AMB But a littlealgebra helps us

P A B PEEL
PCB A PHIL
PAMB P A B P B PCB A PCA

P AIB P t
pcA Bayes

Theorem

T.in formativnssIprior
posterior

gñ obability

Also it isoften the case that I mightnot know P B
but I knowotherconditional probabilities In this
case I can use the battalprobability

P B P B A PCA P B AC PCA
A

combiningwith Bayes theoremgives

P AIB
Plac
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t Suppose I go in for a covid test Only1 ofIthe have covid the test is 95 tacitate if one
has covid buthas a 20 falsepositiverÉtéthe
testcomes back positive what is theprobabilitythat
I actually have covid 95 sensitivity

The question is asking for P covid truepositiverate

β 5

Bayestheoremsays falsenegativerate
type II error

P Covid
P

P covid 90 specificity
truenegativerate

P covid 0.01 p notcovid 0.99 α 10

P t Covid 0.95 P notcovid z o
falsepositiverate
type I error

Pct P covidPavid P 1notcovid P notcovid

0.95 0.01 0.1 0.99 0.1085 priggas

Pcovid 1 5.001 0.0875 8.8 itfesprior
what if false positiverate was 0.5 more

P notcovid 0.008 PG 0.01445
1

P Covid 8Eur 001 0.657 66 better
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DCombinatorics

Combinatorics isthemathematicaldisciplineconcernedwith

counting We can combine some ofthemore elementary

insights in combinatorics withthe classicalmodel of
probability PCA 141

121 to Janpobabilities
This is oftenuseful in games but isalso insightful
for molecules

Thefundamentalprinciple of combinatorics is that if

eventA hascardinalitynA numberofways to doeventA
and event B has cardinality up then the cardinality
of event A B is MAXUB

or

case 1 arranging ordering objects

la order n differentobjects n distinuishable

Example or or
on or or or 3 6

or ooo a

b order n objects of whichp are identical

Example or o
indistinguishable

P

n p 3 h 3

3131 1
o D 2

3 3
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Generalformula
p q p

for objects pq v

c order kobjectsfrom n with replacement nk
Example oror n 3 oooo oooo oooo ooo

1 2 oooo oooo sooooo soooo
32 9 oooo

d order k objects from n wout replacement
n y

Permutations nPk

Example oror n 3 oooo oooo oooo ooo
1 2 pomade sooo

6
oooo

case 2 selectingobjects no ordering

2a selectkobjectsfrom n wout replacement 1
k n k

combinations Ck
Example DoDodo n 4 k 2

OoooSo Oooo ooooso 41
binomialcoefficient

onoooo oooo oooo 24ns 14 6























































































2b selectk objectsfrom n with replacement Itk
Example DoDodo n 4 k 2

oooo oooo oooo

t.in na oooo oooo oooo

change ooo ooo oooooo oooooo 10
from2A Do00

summary 3 differenttypes ofproperties

orderingus notordering

distinguishable vs indistinguishable

replacement vs no replacement

E Stirling'sApproximation

An importantquestion formolecules Howdo we
calculate n when n is a bignumber

111 n term e

moreoften we writethis as a cog

en u In tan n é a la 2n n Inn none

en2H ntfs lan n

nenn n

when a a

enn nennnf


