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Lecture10 StochasticDifferentialEquations

There isone last important topictotouch on in stochastic

processes We saw with the FokkerPlanckequation that we

can follow the propagation of a conditional PDF to understand

the process statistics But what aboutfollowingthe dynamism

ifeng.ee E te
seems like we

r such a variable

A Langevin equations
considerthe exampleof a harmonicoscillatorwithBrownian Forces

my mff EFi Fs Fp FB Fg spring force

k Fp
separateout FB Brownianforce

Fs ksX otherforces

Fp kpv FbltFB t apsete
FD Dragforce

Gaussian whitenoise independent
ensemble
expectation

It FB 0 we have a dampedharmonicoscillatorwith x O and
v O as the equilibrium solution Seeappendices fordetails

In the overdamped limit no inertia we can writethisequation as

D kp ksx Felt FB t a singleinstance

oftheBrownianforce
Epx Fo't

arandomprocess

Thishas the form

a x t b x t t 3 t 0

3 t BLE'S SCEE
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Wecall thiskind of equation a Levin Eaton
Noteaboutunits

EEEIAME E bixE SLE ITIL
Slt E time E time

If a 0 and b 1 we getthis Langevinequation

1 3H x t fr Lt It

This is thewienerprocess wegivethis
Integrand

a newsymbol

dW a sortofdifferential wienerprocess

t W t Idw whitenoise is 4
Thisstochasticintegralcan Technically W t iscontinuous
berigorouslydefined bytymutsedi.fi attatn'integral

Thisnew wienerincrement Ito differential has theproperties
dw 0 dw at dw N o Jt

Furthermore dwisGaussian aMarkov process I'm notgoing
toprove it toyou but it follows from thefact that WLE is

continuous

Usingthisnewdifferential we canwrite our Langevinequation
as a proper stochasticDifferentialEquation SDE

dx t a xt de b x t dw

There is muchmore wecouldexplorehere Forexample there is an
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entirebranchofmathdedicatedtostochasticcalculus SDEs and
stochasticnumericalmethods

B Connecting FPandSDEformalisms

We haveseen twodifferentways to lookat Markovprocesses

bydistributionwiththeFokker Planckequation and by instance

with a stochasticdifferential equation We want toconnect

thesetwoapproaches

Suppose I have a FPequationwith a deterministic initialcondition

ANF 8 Bix f f f x t Xo to

f x t 01 Xoto 8 x Xo

For a veryshortstep Dt Dx A and B are constant

2
Aff 122 Flo S x Xo

Wecan solvethis via Fouriertransforms

IF ikA kBF F o eiko

3 KA EAF
f E f o exp ikA Ek t

exp ikat Bkt 2 ikxo

InvertingtheFourierTransformgives

flat Ear ext
1
2 2 1

Dex o
At t 0

We assumed that Dx and Δt were small
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f DXDt
2m exp 39142 this is our shorttime

KernelTax At from
theF Pderivation

ThisisofcourseGaussian This kernal is onestepof a Markov process
In a veryshort time the noise hasno time for skewness or

fat tails Thecentral limit theorem tells usthat itmustbeGaussian
at leadingorder

You onlyget a smalldeterministicshiftof a1st plus a randomkick
of variance BDt But this is exactlywhata Langevin equation

ÉÉÉ en Adt ft 3 0 4327 1

So we have a directcorrespondencebetweenthe twoapproaches The

drift coefficients areequal
a x t A x t

and thenoiseamplitudeisthesquarerootof thediffusionterm
b x t BEXI

CAppendix Noiseless solution to DHO

DHO equation ofmotion initialconditions

o Xomtg ksx KDV
V o V0

v

Combine to 2ⁿᵈorderODE

m kpff hsx 0 xD Xo 1 0
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Toexp Ht É scsids rememberthe
integralhasunits

Forcetime 191

statistics of this process z

x xoe.tk e
t s
3s as

Xo ethey e
t s ᵗ

sds

xoe.tk e it
435

ds

x Xoe th

var x t 4 4 7

e
t
sids é't l t sids

é't e
t s t s s ds'ds

XpSLS s

zf exp El tts t s S s s dids

ftexp k 2 25 as 11 e t e as

eé e é k Ek e

var x
22 1 ett same as

Ornstein Uhlenbeck


