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Lecture11 LagrangianMechanics

A Newtonian Mechanics ofInteractingParticles

We havetalkedabout thestatistics part of statistical
mechanics now weneed a quickreviewof the mechanicspart
Aside Why the multiplenames statisticalmechanics or statistical

thermodynamics They are equivalent Theformeremphasizesthe
connection to physics

Themechanics that youlearned in introductoryphysics is Newtonian

mechanics For a setof N particles Newton's second law is

mi Ei Ii positionvectorofparticle i

Ei forceon particlei

mi massofparticlei

Often the force on a particle can bedescribedby a potential U
They are related by

E 2 Iill U U t ta IN

If thereare no external forces andonly interactionsbetween

particles then the total potential U can besimplified to
a sum of Evie potentialsm between the particles

U Uii l 1 E l Ui Vi pairwise potential

Example LennardJones
potentia
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uij ri 42
246021.120

Uii

we are going to need to compare Newtonianmechanics to two

othertypes ofmechanics Lagrangianand Hamiltonian so

I want todo a simpleexample We willalso want a solved

problem to discusstheconceptofphasespace

Example HarmonicOscillator

springpotential U kx

mis particlemass m

initialconditions X o Xo V o V0
Newton'sequationofmotion

m F F kx hx

md kx Enx o letwith
1 w x o w is a frequency Fsg

Fs
This is a secondorder homogeneousODE w isalways positive
so solutions aregivenby

E Asin wt Bcos wt A B are constants

solvingfor AandBfromthe initial condition
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co A sin o Bcos o B Xo

u t d AwcosCorti Bwsin wt

v10 Awcos o Bwsin o Aw 20 A 28
So the final solution is

t sin wt Xocos wt

V t Nocos wt Xowsin wt

B Lagrangian Mechanics

Lagrangethoughtofmechanics differentlythanNewton Rather

than thinking of forces and inertia he thought that Nature in

somewaysalways acted optimallyn so in this way of thinking

the equations that governdynamics minimize something This

something is called the action

S L qi qi t g generalized
coordinates

ᵗ
Lagrangian's generalizedvelocities

action
particles

shorthand for L 9 92 In 4 Init
Thegeneralizedcoordinates can be x y Z or they can be a
coordinatetransformation like r O in sphericalcoordinates The

generalizedvelocities are time derivatives of thegeneralized
coordinates Mathematically this is represented as

I I 91 921 EN
12 911qu gn

or 91 k fat In

92 92 E E fu
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IN IN 911921 EN EN EN In 521 In

The Lagrangian is like a cost that the particles pay
The action is a sum of thecost and minimizing the action

gives us the path or trajectory with the least cost

Minimizing the actionfunctional gives the Euler Lagrange

equations for the ith particle

Fgf 0 i in IN

The Lagrangian is givenby
L k qi U qi K kinetic energy

u potentialenergy

so the system wants to chart a path that balanceskinetic
energy andpotential energy

Let'sshow that the Euler Lagrangeequationsgive us the same

thingas Newton's2ⁿᵈLaw
Equivalence of Lagrangian andNewtonian Mechanics

Euler Lagrangeequation I particle constant m

F Eg 34 0
v

Lagrangian
L K U K mv

Put together doesntdependon

mu 1m u o
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mu 21 0 m1 ma F

so the Lagrangianwayofdoingmechanics is equivalent
why learn it

It can solve someproblems much more easily

problems with constraints

problems in differentcoordinates no messycoordinate

transforms

TheEulerLagrangeEq is invarianttocoordinatetransforms
proofinbook Thisisthereason for generalizedcoordinates

It comes up in stat thermo storyofyour life TedChiang
Additionalphysicalprinciple wayofunderstandingtheworld
Connection toHamiltonian mechanics next

to conclude lets solve an exampleproblemwith it

Example Pendulum with a Lagrangian

Ix
whatis ourgeneralizedcoordinate

to r0107 0 r o x y couldbeanysoOo Do Oistheeasiest
mg

0 L k U

what is the kinetic energy

K m v r O K mr

What is thepotentialenergy
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Assume 4 0 at y r thebottomof the pendulum

U mg ytv y roso U mg r rcoso

Combinetoget L
k U mr 0 mgr 1 cos 0

2
mr o 2

mgrsino

Plug intoEuler LagrangeEq

mro mgrsino 0 M g rare constants

mr mgrsin 0 0 1 Esino 0

Thisis a nonlinear2ⁿᵈorderODE we can solve it numerically

or in theTat where Occl In the later case

sin 0 0 keepto 1ˢᵗorderonly

9 2 9,0 0 0101 00 sameequation as harmonic
o 00 motion but w 9 r

OH sin wt Oocoswt checkunits

t Docos wt Dowsin wt
D rad rads

w CIE F
w Flr
Forthenumerical solution

1 w'sin0 0 w 9 r 1 w sino o 0

If 0 010 Do


