Lecture, [2 - Hamilfonian Meshanics and Phase Space

Lagrangian mech anics Waw some advantages over Nediomian meghamcs
U af easior coovds Amle baansforms aud 4w aliliyy to mort essily
iNeor povake ponsteaints. Howewer, Statishi cal mechanics is usmugexpnswi
i terms of tHam (foni an mchanics. T oill first ecplain fne
e%m{—'mns and ten provide some perspecht on why of is used and
what it s o do wrHn phase Space-

A. Bamtldonian's E%ua{:iovls
In thamilionian awchanich, we werk wi ﬁwef'@t«'ui
coordinaeles again s Howeutr, o yz,«jol:{facm is fnat we
ust o genealized womeatvm . vather fin a gencerslizd
\ldoct'hj . The generalized momentum is defined in ferns ot
tu  lograngian

Note b chmlﬁb in E,ndw(;"\? fHom

p; = a—L—- t={,%-, 2N Lhﬁmngiar\ Mechamcs- we are
a%i "-F(aﬂcnin&“ the 2D arvay fo (D.

Whak 1s Xhe aenerali zed momenfum? Just like we Wave e
@n- Coor dinale and gen. velock y twis Pyovidbs e defnchon

ok mwicrdom| waek | ¢ ERAria 140 cprdisie bmne ol
Lt Makes our (ife easier wth different coprdinale syclems,
Wtk this new coordimate (Huat Yq:laas $i) , we can debine
new abxmn%i{«’ called e Hamilimian by a Legendve Hransform

of He LAgmngf-ﬂh:
M (g, pe,t) = Zt%m, = L(4:,4: %) (1y




What fs Y Hamitdonian and what does i+ mean”? I ts usuqlfa
A Hotal energy (exceP{,— in rart cwrewmstances).

when is the tfamilfonian equal 4o fre Gneryy?
(1) Yt coordimnde branstivan s Liwe independent
(2) te Po-l-en.-lrfal is ve(oa{-l»y l‘nde.Pev\dnn'l?

Demonstration that H i e total enerpy

L= K(”t) - Uiq) Assome Carfesian | 1D

ak:.a.—L-: mVv

L= lim,-"- A p=2 Convent ona(
04 oV definition of
TP %P—L mowmentum
—up-L=rmr—imrt ey = tmrtr i
H=K+K

Using the tofal derivafive diff ) du derivative of eguation (1)
oaud e Buler Lagvange equation giveS Hamilions eguation,

dai  JIn é’E_':- SH “Two ls{'erda.v ODJBS
dt - &Pb / dt - _b’%‘i‘. wstead o€ one 2"
ovder 0DE.-

. e Bisson Pracket

Tt 15 offentte cace n stet mech dmat we have guandifies
that an funchions of b p; and g (e.q. pressure). We can
use. Hamilion's equmtions fo deseribe tue dynamics of trese
%t/ané-f-ﬁfs 4o0.

Cons der o grantity + tuat is a fynction of €t pi 90 and Lime,




'S:"F(”bz, Pi;t) £20,2) .,
Mhe botal derivative of £ s given by

% G (Bl )

?{
j_f total change as £ moves tuvaugh phase space
Of ; change of £ ot omt pant ja prase space.
ot
Now, vﬁmﬁ, Hami l4on's %uq-h'ows
1o L
g _ o op _ M o deriumhie -
T ) o g kP8 st
Hhow 8928 £
* ot z(.a_%a,ea I
ot 2% Opi  OPi O%F s P o

Tt (s a CoMPaG(’ way of Wi‘lfl"? He sum on fe V‘fghi‘—hﬂud Side .
ttis called oo Risson bracked
d¢ i ﬁ g{: {-}3 & ezbm'h'on of motion of {.
T )
oA 3B _ oA 9B
A28 = Z( 4, opi O 83,;)
U\mj wie Hamiltn's £.0.M métor tan Newdon or Lagrance 7
() Like Lagrange, better coovdinade trans fovms +nan Newdons €-0.4.
(@) Two |5F oyder 6DBS can Sombians male e easier especially
when aumeriolly tndegrating.
The real valwe of Hamiltonian medtanics is concepiual, rather

AANANCALNS
Huan practical.




C-k(.cj Concept 1: Symplechic C'mmmé

let us call Hw N -dimensiona space (where Nis fe nomberof particles)
defined loy ‘e Lagmngiqn variables 4; and &; shate space. In
oddi tiov, let us call 4w 6N —dimensiona| Space delived bét the

Hami [Honian canonceal vavialles ¢ aud p phase space .
AN AN

Phase space has an important pvoP&r(ﬂJ tuat stalke space s wot
opuaranteed to have. Phase pace hos o symplectic geonery:

A symplectic geomtry means tunt die velowe oF pase space
doesnt c with Lime - The space 15 lncompresible -
A porhaps simplishic way o tuink about tuls i tat
& 9Mamn~kecl for

J\AQ( el%z alzzﬁdp‘ JF‘L JF&«' = COnS'{.' Pe b«-l-bwl--ﬁ:r %‘ |
This is a cvitical mathematical property , because it allows us
b debine a pro ba bildy densﬂy. 1E phase space changed
vaomt, Mun wt cauld nof pormalize onlaAfﬂ'Li-HfJ.

Anotlher Way 1o think adoout tuis is tuat p; arefue “proper® variables.
‘Tl’tco] ort Yhe covreet “Oom:;uqu “variable +o g

Shotw) P\ﬁ’mﬂ F}CAWIPI& with Scjmpleaﬁc. and non-’gymplaahb Wekm.

Theve (s an Cmpor'['an'lf tueorem for statistical Warmodynamics Xuak
resulds from tuis property. Suppise fuat f=‘f[$¢;,p[/£) is H
proba bildy deasiy of a giwn tnstance of a sef of mole ules
havirg ‘e positions 4; aud momenta p;. The symp)eal-ic property




)

of phase space imp lics Huat phese Space 15 like an inco wpressible
Huid ; t.c. tat e densily s constang. Mathematonlly, uis
15 ewasseé as

o Eson Bracket
g-3F 1in¥3 =0
Bb% = - 55,4} Llcuvi'lii‘s Theorem
3J°-= 5 %(9_5.’ él‘_ ] %2&? LiouvilleS E4vertion
% Elfom  om g
change tn prob densidy = _ Cvanse in prbo densihy as

at a given pont in AL space syslem moveS v phase space.
This is a fundatimal eguation for won—apuilibriom stet mech-
We will come badk {o (+ later. for wow, just nole fuat phase
space Wao tuis wmuportaut priperty.

ﬁml,luj , wolt tuat Liouwil(e's eguation also applics at equilibriom.

0
3%20 = 29)kt=0 add § = Seg

D. va Conapt L Sx__qmm,-hy
A\Oove, we Saw Hnat A&Jum'cs can be ought of as aotion ip P'MS&
spact . Wwat doeg Wa-\c fuis motion imply 7

Fivst, wMat do we mean by Symm ehy 7 we weam Avat- when we
do Some kind of transformation Sowe-thing coesn change -




E :
R Rotetion of a

aircle leaves tin

| shape unchanged .
(1 L s
NI N i

javariant er

votaHo rally éymwl'n'c.

Tariance of fur eguations of moHon fo transformation are
kinds of symmefries as well.

MM& Says Hhat 1f the system’s dynamics haw o
symmetry , twn fuis tmplies trere is o congerved %dan'ﬁfy Yt
covvesponds Jo ot 57'"%""7

‘Examp[c: Eme invaviance-

5«/{;,7952 tat H-= #(35,7{) ) not o funchon of Fme.
i au

dé ?H'J'H'; ?&‘ =0 s mplseé from  alove
éﬁ = (?__“, 2-&., - —— éﬂ'- =6
dt ZH} H‘g z§ 04 opc | op %
Time nvariance implies tnat H deesn¥t change.
ot d i ')
o’ I °

ln oYy wef&) W e ezm-{-;ons ol motion
don't depend on tine !

Oter examples Hwt I wond prove are tat trans lafional symmetry
—mN N
ln phase space means tnat lingyr momenfum is conserved and

AN~ — U




4

rotatoal Symmd"y 11 phase sface, means tha & a”jfﬂ lar momeadvm
is conserved.
1€ e Namilbonian doesn't ech[?ci'Hq clzr»cucl on e Consevied
%Van-l'l{ﬁCS can be tc(m%:@r“a(‘, 0'5?.#} twe Poisson brackek

o $¥5

o _
ét t A 3 £ is aconottat of

aohi or £

Yetbove 1€ § 6 [-[-z':O ﬁ-,o . Yconserved !

Examp(¢ : Lineay mowentm js consavcé

Pp M S = z M M W

i= 04; op« op: 99¢ b‘ij 24,
P /
Jeo e pty. 606 HTIOTIE) umlato
ar 'ut.&zuaml- a(!f:i‘j. 16r 9 \f’f'\/%d){ t:::‘m
variables =y fren N s
2%;
Exam!,{c : Nfcomponm& har monic ogci llafov
[ sping onstant
Spro = 1y 2
AANO pring potendial s L= ZZ AR
ANE Kinetic enemy : K= Z 1 myt
pzr-lnc‘cmaes

inchal condchoms:

e %= Lp Vib)= Thyo

C—

X=2

Comp art and contrast with gﬁmnﬁian forma]iswm -
Lokl ek dem
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