
































































































































































































Lecture12 Hamiltonian MechanicsandPhasespace

Lagrangian mechanics havesome advantages over Newtonianmechanics

suchas easiercoordinate transforms and the abilityto moreeasily
incorporateconstraintsHowever statisticalmechanics isusuallyexpressed

in terms of Hamiltonianmechanics I will firstexplain the
equationsand tetrudsomenperspective onwhy it is usedand
what ithas todo withphasespace

AHamiltonian'sEquations
In Hamiltonian mechanics we work withgeneralized
coordinatesagain However a keydifference is that we
use a generalized momentum Pi rather than a generalized

velocityThemgneralizmomentum is defined in termsof
the Lagrangian

Notethechangein indexingfrom

pi
2

5 1,4 3N LagrangianMechanics we are

flattening the2Darrayto ID

What is thegeneralizedmomentum Just like we have the

gettoordinateandgen.velocitythisprovides a definition
of a momentum that is invariant to coordinate transformations

It makes our life easierwithdiffentcoordinatesystems

with this new coordinate that replaces fi we can define a

newquantity called the Hamiltonian by a Legendue transform
of the Lagrangian

H qi pi t Pi qi qi t 11



































































































































































































What is the Hamiltonian andwhatdoes it mean It is usually

the total energy except in rare circumstances

WhenistheHamiltonianequaltotheEnergy

11 thecoordinatetransform is timeindependent
21thepotential is velocityindependent

Demonstrationthat It is the total energy

L Kg U q AssumeCartesian ID

mv U p 2g In mv conventional

dentiethe
H Gp L

Up L v mV mv U mv U

H K T U

UsingthetotalderivativedH thederivative of equation I

and the EulerLagrangeequation gives Hamilton's equations

Two 1ˢᵗ order ODES
Ipi If 3 insteadof one 2ⁿᵈ

orderODE

B ThePoisson Bracket

It is oftenthe case in statmech that we have quantities
that are functionsof the piandqi e q pressure We can

use Hamilton'sequationstodescribethe dynamicsof these

quantitiestoo

Consider a quantity f that is a functionof the pi qi andtime



































































































































































































f f gi pi t 0 1,2 3N

The total derivative of f is given by

128 Epift

If totalchange as fmovesthroughphasespace

If changeof f at onepointin phasespace
Now usingHamilton'sequations

3H 2 Iq
analogousto the
materialderivative

Howdoesf
change

É 2 ftp2 q
as it is

convected

throughPhaspace
E

There is a compactwayofwritingthe sum on therighthandside
It is called a Poissonbrackete

If It f H
equation of motion of f

A B Ei EgEp ftpFI
Why use Hamilton's E O M ratherthanNewton or Lagrange

1 LikeLagrangebettercoordinatetransformsthan Newton's E 0M
121Two 1ˢᵗorderODES can sometimesmake lifeeasierespecially
when numerically integrating

The realvalue ofHamiltonianmechanics is conceptual rather
than practical



































































































































































































C keyConcept 1 symplecticGeometry
let us callthe6N dimensionalspace where N isthenumberofparticles
definedby the Lagrangian variables qi andqi steepace In

addition let us call the 6N dimensionalspace definedbythe
Hamiltoniancanonicalvariables q and P prepare
Phasespacehas an importantproperty that statespace is not

EEEIEE.EE i i
Echangwithim The s

A perhapssimplisticway to think about this is that
guaranteedfor

5dgdq2 dq3ndpdp2 dp3N constEpibutnotforqi
Thisis a critical mathematical property because itallows us
todefine a probabilitydensity If phasespacechanged
volume then we couldnotnormalizeprobabilities

Anotherwaytothink aboutthis is that pi arethe proper variables

Theyare thecorrect conjugate variable to q

Show Python Examplewith symplecticand non symplecticsystem

There is an importanttheoremforstatistical thermodynamics that
resultsfrom this property Suppose that g g qi pi t is the
probabilitydensity of a giveninstance of a set of molecules

having the positions q and momentapi Thesymplectic property



































































































































































































ofphasespaceimplies thatphasespace is like an incompressible
fluid i e that the density isconstant Mathematically this

is expressed as
PoissonBracket

If g 0

Liouville'stheorem
9

Liouville's
Equation

Él qᵗp Fp i

change in probdensity changein probdensity as
at a given point inphasespace systemmoves inphasespace

This is a foundationalequation for non equilibriumstatmech

Wewillcomeback to it later For now justnotethat phase

space has this importantproperty

Finally notethat Liouville's equationalsoapplies at equilibrium

27 0 S H 0 and g seq

D Keyconcept2 Symmetry
Above we saw that dynamics can bethought of as motion inphase
space Whatdoessymmetryof thismotionimply

First what do we mean by symmetry we mean thatwhenwe
do somekind of transformation somethingdoesntchange



































































































































































































Example
Rotationof a
circle leavesthe
shapeunchanged

So it is rotationally
invariant or
rotationallysymmetric

Invariance of theequationsofmotion to transformation are

kinds of symmetries as well

Noetherstheoremn saysthat if thesystem's dynamicshave a

symmetry then this impliesthere is a conservedquantity that
correspondsto that symmetry
Example time invariance

Suppose that H H qi pi not afunction of time

f H H 3 0 is impliedfromabove

H H É 3 o

Time invariance implies that It doesn't change

8 o 07
Inotherwords

don't depend on
IITYisonservet.tn

if the equations ofmotion

other examples that I won'tprove are that translationalsymmetry
inphasespace means that harmomentumitconserved and



































































































































































































rotationalsymmetryinphasespacemeans that angularmomentumm
Tonserved
If the Hamiltoniandoesn't explicitlydepend on time conserved

quantities can be identified using thePoissonbracket

Frist 5
motion or f is

thentore it t 3 0 IfEf
is aconstantof

conserved

Example Linearmomentum is conserved

pj É Ei i 3 2

zeroblcpiq.si 0forH T V18
translating

are independent 91 i Ifor if VtV qj in q
variables then 2 50

Example N component harmonic oscillator

too springpotential u In
spring

constant

kineticenergy K I mV

two particlemass
initial conditions

Xi O Xi Vi o Vi omis
Compare and contrastwith Lagrangianformalism

L k U q X girth



































































































































































































Fai 88 0 Tui O

mV kxi 34 mV
2 Ex

moi kx 0 m kxi o Ex to

dff w xi o w 4m

Vi o Vi Xi o Xi o

Hffenian
formalism

U qi Xi p
2 moi a Pim

q 34 pi 3 Hamilton'sequations

E me kxi

Ei Ex
ex

In 1 ex

Xi o Xio Pilo Muico

what if we add friction a dampedoscillator Wedon'tget
Hamilton'sequations becausethe system is not conservative

The equations of motion are

Em If ex gp
friction proportional to pi
with frictioncoefficient 8

we

8hasunits oftime
Xilo Xi o pilo mui o



































































































































































































E Appendix Extra Examples
Example N component pendulumusingHamiltonian mechanics

compare and contrast withthe Lagrangian frameworkabove

F n ia m

int
k mrO

Emg r roso

H k u

I mro mg r rcoso

Needtowrite intermsofgeneralizedmomenta

Pi Iq_2 _2 mr oi 0 It
H Fp 1mg r rcosoil findit intermsof pi
Nowgettheequations of motion

it
A
weneedtheseCfetp
derivatives

Ip Ph o mgrsino now substituteback
intoHamilton'sEq's

It mgrsino

Oilo Oi Pi o mr 0i o



































































































































































































Example Chainslidingoff a table

chainlength e massdensity

chainmass m

2

kineticenergy k xev

mv

Potentialenergy U F dz

Songdz

more potentialenergy
need afunction for m z

m O when z l x

m when z e
slope x

trent

Nowintegrateto findU const X x e

m Z X Z X 1
u mingdz
e x e

xglztx e dz xgz dz kg x 1 dz

12 xg x e z xge xg x e l

Flex I x
xge Xglx 17g e x

xgfx tg f fex x

gx

so k 1 Xev E U Xgx



































































































































































































so k Xlv EU 2Xgx

L k U
r
Xlv 2 xgx

Fr 0 fixer xgx o

df Fx
d
e


