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Lecture13 waves and Particles
classicalmechanics isgreatformanymanysituations However ifparticlesare small enough their quantumnatureneeds to beaccounted

for Wewill quantify what smallenough means in a fewminutes

A Mathematicsofwaves

It reallyhelpsinQ.M.tobefamiliarwithwaves let'squicklyreview
Classical wave equation in ID

2
2 2 1

U thingpropagating t time
C wavepropagationspeed X space

solutionfor a traveling wave

u A e ickx
wt Beilkxwth k wavenumber rata

w 2nF 2T w kc w angularfrequency Vsd
frequencly wavelength A B constantsdetermined

continuouswavenumber byICs BCs

Solutionfor a standingwave singlemode

U aé ht beiwnt céhe deiknx discretewavenumber
andangularfrequency

Recall Euler'sformula

e D coso isino single I c so leiote011 2

x
Note Solutions are derived in theappendix
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B Uncertaintyprincipleof waves

There is ageneraluncertaintyprinciple of Fouriertransformconjugate
variables that we can use to understand waves and localization

Suppose I have a Gaussianfunction
Get Tariance

f x ta exp Eor

TheFourierTransform of f is

F k exp 16204 EYETariance

This isalso a Gaussian but the
variance is Yo 1

02

lets defineox o and of as follows

f k exp Efi of Yo
singlepointinspace

Therefore 02_Of Also F SKxD éikxo
singlewavelength

If thevariance in the positiongoesup down thenthevariance
in the wavenumber k goesdown up
3Blue1Brownhas a good exampleforgiving us intuitionhere If I
am sitting at astoplight in the turn lane andtheblinkersseem
to be in sync frequency the longer I wait themore sure I

am that theydohave the samefrequency In otherwords longer

times tell me more information about frequencies It wouldtake
infinitetimetotell theywere theexactsamefrequency and not
justoffby a littlebit Conversely supposetherewere verymany
frequencies of blinkers It wouldonlytakeaveryshort time to tell
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theywere all different

whendid I know that theblinkers were thesame

Frequenciesveryclose spreadout over time

Frequencies spread out locatedmoreprecisely in time

CWave Particle Duality
There is this sort of fundamentalsplit at the heart ofphysicsand
really in mathematics We have discretethings e.g number

ofapples and continuousthings e.g time In physicspriorto
c1900 and it should benoted in everydayexperience the

world was neatly divided intothese two things Twopertinent
examples are light andextrons

Light was seen as continuous It obeyedmaxwell'sequations
It propagates as a wave see above

2
22 c T E 1T c TB c speedoflight

E electricfield E magneticfield
Particles as we havebeentalkingabout were seen as discrete Elections

were knowntobe a type ofparticleTherewere a series of

surprisingexperimentaldiscoveriesThephotoelectriceffectdemonstrated

that lighthad a particle nature
mm

Light t E
minimum frequency of lightneeded
toexcite an election

Mmmmm higherintensitydidn'tmatter if
metall toworkfunction frequency toolow
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Theconclusion is that light has a particle nature photon and
the energy of the light was hypothesized tobegivenby

E hf or E hw h

Planck'sFormula h 6626 1534 Js

Aside Planckdevelopedformula while tryingtosolvetheblackbody

radiation UV catastrophe Einsteinconnected it to thephotoelectric
effect Einsteingiventhenobelprizeforthis

Subsequently electrons particles werediscoveredto have a wave

like character in thedouble slit experiment

expected

1

I

obtained

Matterdiffracted interfered like light Show videofromwikipedia
Notes

Even one particleacts as if interferingwithitself
Pattern is builtupstatistically Particlesappear in a random

fashion
Ifyoutrytodetecttheparticlebefore it hits itchangesitsstate
Measurementsalways result in interactions that cannotbe
neglected This is a resultof scale E.g even a singlephoton
messes with the stateof an election
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Resultingconclusion matterparticles are wavelike in someway

I 4k Particlemomentum a wavenumber

Equations for E I are Planck Einsteinequations They are

fundamental to Q M They are like laws Theyare postulates
based on experimental observations

Aside Thesecond P E equation is equivalent to the deBroglie

wavelength X verysmallnumber 2 isbismuth P

Maintakeaways

Lightand matter arenot particles or waves they are
particle waves They are boththingsThis is whatis
meantby wave particleduality
Theseeffectsonlyhappen formatter if momentum is small

Example colloidalparticle in water e.g polyethylene

size R 1µm speed v mms density g 19 cm

m g p R 9m 1mm 4 1018m

m 4 10 kg

p mV 4 10 kg 1061 4 10
2
Ksms

x I II.IEI aisxtot3Hsmyg.Em i.sxis'm

Js Kgms h 15 157 negligible
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Example Electron accelerated at 100v

E qV ge 1.602 15190 E 1.6 1019c loov 1.6 10175

E 21m p J2meE me 9.109 10
3
kg

p 2 9.1 10
3
kg 16 10

171 1 5 10
24
Kgms

x room 1.2A

atomicradiusof hydrogen ry 0.25A

17 5 definitelynot negligible

D Appendix solvingthe waveequation travelingwave

É c k i k'cñ Fouriertransform

in é uh t dxFf kidin o ke w
u eihxuck.tl2ⁿ odrder linear homogeneous

constantcoefficient

w so sins cosines

in A k e
kt

B k e ikat Ack eint BLE e wt

Boundary conditionsfor a traveling wave with a

single wavelength Xo Text wo cho

1 o
u x t 7 u x t a e

box wot Definitionof
the B C




















































































5

Resultingconclusion matterparticles are wavelike in someway

I 4k Particlemomentum a wavenumber

Equations for E I are Planck Einsteinequations They are

fundamental to Q M They are like laws Theyare postulates
based on experimental observations

Aside Thesecond P E equation is equivalent to the deBroglie

wavelength X verysmallnumber 2 isbismuth P

Maintakeaways

Lightand matter arenot particles or waves they are
particle waves They are boththingsThis is whatis
meantby wave particleduality
Theseeffectsonlyhappen formatter if momentum is small

Example colloidalparticle in water e.g polyethylene

size R 1µm speed v mms density g 19 cm

m g p R 9m 1mm 4 1018m

m 4 10 kg

p mV 4 10 kg 1061 4 10
2
Ksms

x I II.IEI aisxtot3Hsmyg.Em i.sxis'm

Js Kgms h 15 157 negligible


















































































6

Example Electron accelerated at 100v

E qV ge 1.602 15190 E 1.6 1019c loov 1.6 10175

E 21m p J2meE me 9.109 10
3
kg

p 2 9.1 10
3
kg 16 10

171 1 5 10
24
Kgms

x room 1.2A

atomicradiusof hydrogen ry 0.25A

17 5 definitelynot negligible

D Appendix solvingthe waveequation travelingwave

É c k i k'cñ Fouriertransform

in é uh t dxFf kidin o ke w
u eihxuck.tl2ⁿ odrder linear homogeneous

constantcoefficient

w so sins cosines

in A k e
kt

B k e ikat Ack eint BLE e wt

Boundary conditionsfor a traveling wave with a

single wavelength Xo Text wo cho

1 o
u x t 7 u x t a e

box wot Definitionof
the B C


















































































x t in o t 2 aé wots k ko TakeF T

7

of B C
Matchingwithour solutiongives

ñ k t 2 a e
int s k ko Ack eint B k e

int

ACK 0 B k 2Ha SckKo

Nowtake theinverseFouriertransform

u x t a e
box wot thesinglemodetraveling

wave we proscribed

at the boundaries

E Appendix Solvingthewaveequation standing wave

Solvebyseparation ofvariables

2 c let u f t g x

291 a ˢ g it

442 112 8 mustequal aconstant
because LHS fn of t

mustbenegative
because exponential

andRHS fnofx
growthwon'tsatisfy
physical BCS

Solvetime ODE for f t

9 Fc't If of o
2ndorder linear
constantcoefficient

gives sines cosines
f t a é be

re a orb depends on ICs
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SolvespaceODEforg x

192 982 1 982 0
Again 2 Herder linear
constantcoefficient

Givessines cosines

g x c é de

Whenstationary onlyfixedvaluesof8 are allowed

Example g o 0 g 2H 0 stringw fixedends

g o ceo de Ctd 0 c d

g2n ce.io2H deiol21t

d e 8
e
d

we can identify8 as Yxnow
Zid sin 248 0

either d 0 or In 0 12 1 32 forn 0 1 2

g x ce deik En th na 1

Putting it all togethergives
U X t g t f x

a e isn't be let ceilen deiknx

shiftbeett 2 Vnc Wn

UCX t e
wut beiwat c e iknx deing

Thisisforasinglemodeonly Forallmodesthesolutionis

UCXH E aé bent cethnx detent
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