Leckure [4- Quanfum Mechanics

A. The schrodinger Equation
S0, with the idea tuat watler is a dusl wave| pardicle; the founders

of Quantum mechanics Wanded 4o re-—wrile wechanics 1nderms of
wave e%uaﬁtms

.9;:'1 - 'V‘ %}P’b . < wave abun-h'on
We gaw above, dwat e wave eﬁ\m«h‘o\n has o solwhon fer a
{'raulinj wave (in ID)
Qix,t) = o exp|(by-wb)]
We will now gubstitute tiw Planck-Einsian equations wnto thig e;qm%ion
E=hw w=
P= e — Ibvesion p=hk 5 L= Y

Px )= 0 e¥p Uﬁ({’&) ()

This is a {-mweliu.a ‘wave-particle i free $Pa¢e5 The founders
ounived at duis by indui hon by Combfning tdeas of waves and
Par{—id& mecanics. We would Lpe o ge backweyd s and Find
o di Feventr'al eguahom fuat Is Cousi slent Wit this Soludion.
Then perhaps, we can Solue more complex problems. What follons
Wert is not really o derivation. 1t ia more Like the veasoning
H Lounders of OM wsed 4o arive at Schr'éd;naey £ guation.

Lets Livet look at Hme fime - ependene . T do tuis we will fuke
e e devivatve of (Of)- T&Iﬁna the twe dervathve alws,
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(%) bb =--"E ¢ L) = M= EY

We will pause Here for now ; and [ook at tue spatal dependenc
nect: Taking tre derivatve of (i) with vespect o space fwice,
o _ _E_____t

ox l * e"? (s )= _E’ v

PaIT - s z?i”. -

Reall Bnat tine entigy of o ‘Fftdv Mv{*&, Faf'ﬁdt consists of Hhe
Einetic energy onla

T 2
Be gms B = pleamE oL o B

Rt\rl%v‘% boti tw bime drimbiue and e spatial dori wehve togetey,
RN W P o b [P i e
ot 2m ¥X? ot -
Fr a Fm.cu n o po-lcn-ha( fne Hamilbonian i ac(w&[[&:
b= keil= & e,
and Y differential equation can be wvitfen as

A M R |
th & [Max-f\k(f)}q’

What did we do”?
e We wsed e Planck-Emateém e:bvn-ﬁons and Y solution for o
Plane wadt to provide o differenticl equatitn in Jams of tne
Par-&ic(c Ham [Honian .




* Not o classioal wave equedion (oscllaben only). Net o drffusion
@4uation (dAMPl'\% on(;)- SomeMert N botwieen.
- More vﬁejomuc,tg, this e,bm-{-ion Is a postulale or o law ) Jife
Newlons 24 \a .
Of course, tnts equation ts alled Schrodinger's eguation: Let's

wnl out fhe geneval , 2D Time- endint Schvbdinger Equnkion.

et = | -2 o'y u(r,t—)J wir, 0| 14D ket vector cn
= oc Hhlbet space

b 1006 = RIOLEWY | s Hemittonian opemtor

B.Time- lndependent Sciwbdinger Bguation
when P Hamilfsaian doesnd dtpemi on Hme, e {,—'um&—dv,()ev\dm&

&g uakion can ke“—fwmw&" welymted,

0@ = exp( =it £) (U507 opemter/matic in
"~ an exponential

Using o spectal decomposition this can be wntten as
dlef) = Z e (2E) 400

Move on the Hime-dipeadnt Solubign (ater wen we do sowe
CMWPIQQ' Subs{—ihﬁt\a st one of Ynse modes [Ar\y n) iato
the Schw dinger Bguation gives,

{e, -Cnt/p 9 (')] T——- V't u] s Y (,_!_r_))

4 B - (B ] e e <




Eo Pnlv) = ngzw] b (¥)
This gives ks e So-called Tﬂwwm
X.d— 7 « Wi b = E,fw"’) A v = Ean

This is an eigenwalug pridem. | ) ie bl cigadek vector or gigen—~
fonction. Bn | Yhe enexgy, i5 the eigenvalue .

The Pourner transtorm of Hu SdArﬁdeef &Jwﬁon ofins an
C%Ua‘ﬁi)v\ e.KP lic.-} in e momeafym

q
way . Ly

5% @1,1)96.5\1(? P)‘V(f) dp

The Fourier trans form deﬂnilner: 0L *$ Elu] = L
s L[ BE Node e different
FLY1=¥p) - (Zﬁ)%d e % Wr)dy  FET conwenbon-
T The T m;czven{—-ons
- [ g in duse notes ant
FL$] =Y - é@;s/,“ S ¥ dp inconsistent |
~00 -

Note that the momeatm is twe Funer cm‘ltlﬁa-le wnable 49 posiHion.
* OnCertamty principle !
¢ Anotmner yeason whey position and momeafiu aeve fne
eanonical vmviahles in tne Ham:(tonian .

G- Postulates of Buantvm Uechanics
Wt 15 o succmet Summary of He miniwom sef of rles we need

+o describe guantm aechanics? s will help us ynderstund what




quantm  sechanics veally is, what i€ meams, and  Uow to
Mt%uvm-(ficql(a Cau,ka wat we need.

(i)-Cssical Mechanics
- The stafe of 40 syskem af ft b i cdeseniloed by ‘}Pea'-(y[nﬁ 3N
generali zed coordenaks 4. (h) and Hueir conjugate Mimeata p; () -

2-The valwt of any fimchion of fae §; aud pi ) £(4¢, pist), 15 drber—
mined for awy fime t whea twe nibial Stk is sptclﬁod at &,

7.1 Bl evolubion of twe stale of system. is Siven, b”
Hami [fon's &4 vafions,
I dp oK :
&t = -é—?-; 'It—'-""a—%'; H'—”"%ﬂ"l‘“—(ﬁi;‘é)
(i) Buantum  Mechanics
|- T stade of e sysbm s chfined by specitying o ket Veokow
M’Cb?} al tme 4 .
This 1% e«tqul.ew-f {0 9’7@((-‘32% a wave fynchon 4(%,{:03 or
&(‘P{ﬁ)).

2- E\rercj measurable physical 30aa-(i'l-7 A is chscriled by on
opcm'fﬂ 2 in Ehe ilpert Space - Thuis operator is an “observable”
Efqmp(cv' e Ham [tostian qycm-hrr

H=-2 4+ rd)
\./r—J \"f—)
Kinehic Evrg tay Potentle( Brnergy

o[zvm;h-r op¢ votor




EXaMPLe, 'Poen-ﬁw\ and Momenfum
R=r B=ihy

-

2. The on(g PO%?M(, measure ment o a physicel %uawﬁ{-\, Ais pne ok
4 eigen values of e bservable 4.

Aoy = Al®)
Evample : Energy
ll:‘W? = Bl¥2  Energy (s the eigenvalwe.

Y. e waqhi[ﬂj of mcasqn"z on eiﬁey\mluc a, C.orrcsPov\A.'n.é b
tue physicall tboanﬁ{-nj A from o sysiem in stefe |¥7 is given by

Plan) = |un 43 = | f U (%6) P () dr |

Wheve [u,.? are eigen vechors corvesponding to e ecgonvalwes ayp

(oymﬂ’or This 1s uswally o D.E.
A Iu”> = dy luh> = Au (x‘&) b “'\“ﬂcx,t) s

[Asié,a] Thewe is an easier wey to 92{ Plan) Minﬁ the spectal(
(e.c'gznvq\u.t.) decmFoSHﬂ‘O'\.
DE % Cop | Un) (%pw(’m( decmpsﬂ—:’w)

Using tmis ekpression gives
P(ap) = l(unlxy}l = |<u.,\\c,, \u.,.7\ = [cal®

We get fwe Cn by vsing twe orthonomalidy of the eign -leds
<'M.m IL[’) = §<UM\ Cn IQn?




o0
Cm = (| 9 = [umb$tx,8) dx
- oe

S. I Hu measure ment of m%oamh'ﬁ A gives the yalug
Oy tren the syskem immediadely adder \ecowes tle eigen- ke
asociated with that value, |Un?.

On
by = \%";\\uﬂ I venovmalized . cn

could e complen, $o dure
cod e a phase shitt.

b- The time cvolutim of 4ue stak vedor W7 is 9ove,ml-c(
b\d e Schiddinger c%m{—ian:
d
"‘3{,\“"‘*‘7 = W) | vy
whert HEY st cbgervable associated with e Lofal enersy.

Seme Commenks :

o« Postulades 2,4, and 5 are kind of weird. wWhy dots e wave —4unction
“collapse” o an & %en-ﬁlwﬁm? Tis 15 Uhat diflertnt interpretntions of
Mty explain. Tw fest ia Sort of straightfwward fom 4 math.

¢ The uncerhinty Pr'mc:.PLe, 15 a cmsaiuence. of te poStulats, not
o. portulate ifse [ T+ s a natuml resal§ of He wave meenamcs.

. Numencal Solutign ok At guantvm harmonic oscil(ator
. o over numerical golefion
e Talk alpout tn Covtext With the postulates




B. Appendix: Quantom Harmonic Osi llatfor
Rewmindexr : clash cal Harmomic osci[later

! 2
\’v\/\/‘«’ spring pofentia] + W=FEc? = 3ufmx
|

= ) Pa,r{id( MASS ¢ m
niltal conditions: (D=2, , v (o) =V,
% _w
dg? oK
d% & d?y 2 . 2
T mEEe = T e Y, Lol

XE) = Yo gin (W) + 7, cos (wb)

W
V() = Vo €05 (wE) — Ao sin (wh)

Bock 40 e Quartum Haymanic Oseillator ( AHD) ...
The 1D time-dependent Sonridinger Equabin is

. Y o A A\ 3

g‘l
R 17NN AL 'L SRR LV,
c%-a’t' Zm X" 2 ¥

Tnitial eondition : p(%0)= @ (x)
Bou.uc‘arg Conditions : 9§ (-, +) = P(+e=%) =0

(L) Dimensional Analysis
Fiest) v simplfy, \ebs male 4t problom dimensionless

i"f_ 'ﬂ/a 1": t/-c & = f{’yi [4’"’1:22 becruse f“y“l“"’:g




Paramelers? m,h, w m>ks M TS wIY

T s prethy s-l-ruiq\n-[:-(ﬁorwa.rd. Lk ©=Yw

0 is not 05 obvious. We can leave it and solve for it ch'le we
non-dimensionals 2.

v
o 1 ~
E’Guﬁ'&_ai.—.’f‘,..& “' 1?”‘& oa“ﬂ‘/?'canai

|
L 2 2L 4 g ma
o m 1T + ol divide by
_a& ’V\ 33," yuz v
L-Tz—_,_.l—l,_“’_+l.'“_";’.£x‘-[>
o amw LT 3% Z A
Y.
. .k _ L)z
e T T G
. & 2 ~23 ! moe o
(%) taa%'-'—-li%%,f']ix‘v X=% —4\—)) t=wt

The dimensionless equation Was i aatwal leagth (bﬁ/_w:w) and
time (,T,’- '/m)) onits for this probolem.
Quick onds cliek s L o Je &5""7;‘5 et

I R _—_lff,/s

L= gV
W ‘/5 S

Now we can focuws on tne matn and add o um‘(s/ramm{ers
bede lodr win we want flum.

(iD) Sepora Hon of variables
‘T‘"C C%U'L{“M [_4’) © a l."\Cﬂl’ PDE' I‘("(S ,s‘l-or&r in e aud

Setond order in s, TH is complex. Theve are varions methods
o€ Sotukign. We will use the metnod of S(_Pa/ra,%iov\ of variables.




jo

&Pg + -l,;‘x;‘(P . ‘Drop e bildes.
X . J .
« Sort of Like a diffusion
c?’uaﬁon wifnh oo 3 pertially
Astume Y form of o -onel-ua(' &Peudm‘ﬁ reachon (ot
Ooup[cx -E;Wt)~

b AR
w2

Solutron -
Y= .F(t)ﬂuc)
ali)) |y 2B Loy
P >x*
B_L- N by 1 . L
AL R S
_"_F%% < '--\z-'{g—a—;%z + "‘i'?(}z < >\, Must abuq,l o Constant.
g \/"__/
en\l-jdv_pmcls M\“Jd“P"‘AS
on t enx

We've dinided owr PDE into fwo ODES. O i au ©06- LVP in
time. The ofter is an oD E- BVP in Space

@ '%%%:l ‘-? i—%:-.%'g'

| | 4% 2 _ L & .
@ -33iletri=n = LR
This is an eiamvulu.e, P»o‘.olem

&%
tg22qg , X=T3get 3

N & fterental o,’mm‘w

eigtﬂmlu(
Has eiga\émc{-im So\utons.
(it Solw. ODE # |

-é-&--l).'(: = _lgcl-cz -ixdt &{:-E){.b-f-@net

dt




I

§(%) = const exp (-i %)

(Iv) Sdwe oDE #2 @\me. iudependont Schrode noer e%uq,Hm)

O ~229

This is o 24order, non- constant coe Bicientr ©DB. Non —constant
e fricitnt oDBs are special cases. (Bamembsr Bessel funohions
phavical essel €umctions, ede.)

T4 furns out fmis ODE is mont well-fnom i1 o di flerent Lform.

We med 4o change varableS 4o be able o ook f up and use
numenacal packages.

lex gla) = expC-—xt/'z) h(x)

[Aside] Werk oat e €rams formation :

d =% -%
e oxe Muot e d

1 R x4

ig'*-e /"km+s<c /‘hm - xe rdn

(h& A~ dx
Cx B T
o~ die dx?

- /z X dh X% e
ch dh
(X N e h-2xce A¥+6 el

Subgtituie  into $e on(,-iM( obb :

/z
[(ﬁ -t)h Zﬁdk +I;,] /42_} (2x %)

\\
0
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dZh dh
oo TEL K r X)W =0

gt dh
PR I (2x-0)

This Cdbva:l'im 15 called Hermite's oi fferentral -c/.ﬁm{-»'on-

This 15 a Singular Storm~Liauville eigev value prodlem ,

.4, d
Lhe ¥h, X3 4o "25, B=2r-l

Solutiong Jo Hermifes DE are giwen by a Sum of Lin(,a,f(,y
wndepen denb 6i9@n-FvnOH0nS

}\(}(’3 =2 Cl 'H'n Cx:) +c7'Yn 6() M Z-‘-’ 2n n=0,14%.
- X o v
Hemile polgnonials  dlermide Lonotions germlucs

(of dhe [%1cad)  ohdne 2 pind 22\ =2n
1: '\'!-\/7’

{Aa’.“h’] How do we calculade Mn(x) and Yalx)?
Fﬂﬂ. Hn(x) can be 0b+a3lne<‘ by-h/.e, exPyessfon.

Ha(X) = (:-ﬂn 6”’ '3%. (e.'x:)

Ho('x) = l .
v Iyt X 2
o) = e” f,;(ex )= -e (—2zcef’°) = 2
2 2
o = (Y e 3‘%(6—#)= exz ("Ze-xirbfxtehx)
= Y'-2

) = 88-12e  delo= o e vz

M‘\:vm Wikipedia
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Let's check tomgke Qurt dese ore act ually So lwdi ons.

2
f‘__‘th. _?_;cd.i_('" + 0O =0

dx* dx |
n=0: f,= | %x*-‘z.-_o > o0-2c0+20l=0V

(A ]
ns\ b i =2 %c?_%’—eo = 0-%2+202%x=p V

ne By = he-n &R g, *gf‘: <g > 8- 2x(g) 422 (P90 v
¥ v

e problem ic -ﬁnd?mé wwat ic fabulafed. Kummer's DE is giwn loy
dw

dw
il tb-2) 35 —a« =0

Tt has sdubons M (x)b,?) and W(a,b,2) vhich are called conflueat
Wy pergeomottic Lonctions of e Lirek (M) and Secomd (1) kind.
Twse also come up in fue Lractz preblem in fored conveckion.
Averwal notatim toy M jg:
notation for gen eral: 2d
M(“,b) 3) < 'F‘ qubl%) = hgpz\rgeow-h\'o Series

: hyp!# “tsHae name of tue Pytuon function

O can wreide Hemide polynomials and funchions vsing Confluent
hypergeomene furctions.
I = 2"W (_% )_li}x?-) & hyporw is e Ppthon frction.
Yotx) =M (-3 j'li ) x”)
M 15 also knam as Kummer's conflvent Wypergeowetne fmchom.
U {5 also known as Tricomi's conblyent hypevgeovetnc fmchon .
The Yalr) cannct be physionl golution s. They diverge fo inEinity at
points in B domain, so [Pl £ 00, So, these canvot be wave
fonctions.  (Yals) are wok compatible witn B.c.%57).
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We now haw tne solufion for 4(x)
400 = C- &™ i o>
[Aside] The go) maed 40 b2 normalized so fnat

& tomplex conjugale
<0 | gn ) =f Gn0Agn (A dx = | y
il use tuis Ho solve for
Thes | wil] Gt us o proper onb»biH'y dms.'i-«,- T found tuese valwes
and werified usin-g Mathevwaica -

= ()

The integrals for Yo ouly eon verse Lfor ne even. Tucs s “"‘7*"7 are
not physical But for e even omes, tre novmali sahion constant i

2

< Wow! chat T recogmad s
- ()} > rec
Cn "( Z (:,) '\]_1?) Seavtnce o3 e antm| bitomiql
—~ coe Ficients. chl !

Afler normali2ing |, we Wave our complete set of ertionormal
basis funchows, aud tue solubion 4 Fiu problem (n Y
x-direcHon.

gnlxd= ¢, Pt

-,
an[JC) cn"‘(Z““!JTT.)
tn = n-\—‘/t‘ n=o, [)...)Oo

Where fue erthonormal FvoFa(ﬂ:, of 3.,\06) says fuat
<3'\\3m7 = Swm = £ 7

1, n=m

Jgnm 3m6<3 dx = S,.M

- 00
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Now we can Fw(’ our 4wo soluwfigns "]O@&Hu\r,

Qi) = F) 908) = Ay exp(-ihnt) cnexp (/2) Hnle),
Ko coefrcient foe T Q-
By swerposition, a sum of solutions is alse a sduhon, 2o
B generzl solution is

Ylxt) = PZ AnCn exp (—vkat “%72) Hn ()

n=o

I
=%  Cp= Urhﬂ I\ﬁf) fx

(vi) Tniktal eondifion

The last ‘U/dv\? we ned fpdo 15 use de sl condfion
to defermine e An.

Lkt B wmibal shate be 4)96")- vae_)(qm_Pl,(, i could be

%lx) F — CF(’[ {Eﬁf A Gaussian wave
{zxo2 25t pockek:

The Coefticieats ave 33‘!&\ bd
An =<%l3h>

A“‘: ‘rn\l)o[f) 3,\065 dx = fq'oé‘) Ché
-2 —oo

We ned b0 evaluate Hhis iwkqml for each n. We can dp mis
vwmeriml.lq. HOPC‘FV“.'J An=20 as n0° %w'd:(yj g0 oV nfinid
Sum Converges ond we dett havt o do dyo many inie grals.

%Hn&) dx




lb

[Aod ] Preof of formula for An

00 e
< %l ﬁrh =f¢o(x) gt dx = j [Z Amerxp(0) “gmi¥) | g0k
—o® ~o0 (M=0
L J
speckra\ representation ot G,60)

oo 20 po
= z A‘m s‘ ﬁn(l)gm()‘)&( = Z Ahsmn i A‘h ‘/
m=o _ W2o

[ 4

(i) Closing comments
* The eigonvaloe Pon is the dimensionless energy-

Ap ® -%\—' , Bamhw(nsef) [ n=e, 8,2,
w
ids . hwe 0.'9‘-;- v

We can see this because tne eige,nmtw— lea[(w' Lor glx) is Yhe
time - indegendnt Schradinger eguation.

clntpe classical prollem, tne enecgy is confiuuasts Any valwe 16
allowed. W bu guantm prodfem fms tc not so.

* O “on also want Jo [0k at fue momentom. What is fu

dimensionless amomeugvm ’

p=h= @E,:,)Vz check gnids :
hew = T's kst ':E;g"r‘? = bdnlst

(o)™ = oG 7 (romanim)




