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Lecture14 Quantum Mechanics
A The SchrodingerEquation

So withthe idea thatmatteris a dual wave particle thefounders

of quantummechanics wanted to re write mechanics intermsof
wave equations

2 v waveequation

we saw above that the wave equation has a solution for a

traveling wave in ID

Y x t aexpli kx wt
we will nowsubstitutethePlanckEinsteinequationsinto this expression

E HW

k IDversion pay
w Eth
k Plh

Y x t aexpli
ᵗt

This is a traveling wave particle infree space Thefounders

arrived at this by intuition bycombining ideas of waves and
particlemechanics We would like to go backwardsand find
a differentialequation that is consistentwith this solution

then perhaps we can solve more complexproblems Whatfollows
here isnot really a derivation It is more like thereasoningn
thefounders of QM ITtarrive at theSchrodingerEquation
Let's first look at the time dependence Todothis we will take
thetimederivative of Taking the timederivativegives
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8 Epaexp i

in 2 E 4 Lik in2 E4

We willpausetherefornow andlook at the spatialdependence
next Taking the derivativeof withrespect tospacetwice

2 if a exp i Itu
2 f 4 24 m p24

Recallthat the energyof a freelymovingparticleconsistsof the
kinetic energyonly

E mu Em p 2mE 7 2 E4

Puttingboththe timederivativeand thespatialderivativetogether

in 9 In3 in2 Hamiltonian

For a particle in a potential the Hamiltonian is actually

it K in Em tie
andthe differentialequation can bewritten as

in 3 EmE tux 4

Whatdid wedo
we usedthe Planck Einstein equationsand thesolutionfor a

planewave to provide a differentialequation in termsof the

particle Hamiltonian




















































































3

Not a classical wave equation oscillationonly Not a diffusion

equation dampingonly Somewhere in between

More rigorously thisequation is a postulate or a law like
Newton's 2ⁿᵈ law

of course this equation is called Schrodinger's equation Let's

write out thegeneral 3D Ieddntschdingr Equation
in 4 k t In UCEt 411 t 147Ketvectorin

a Hilbertspace

in314 t Ltl 4 E It Hamiltonian operator

BTime Independent SchrodingerEquation
WhentheHamiltoniandoesn'tdependon time the time dependent

equation can beformally integrated

14 t exp t 1411,07 operatormatrixin
anexponential

using a spectraldecomposition thiscan bewrittenas

4 r t E.cnexp Et incr
Moreon thetime dependentsolution laterwhen we do some

examples Substituting justoneofthesemodes any n into

the SchrodingerEquationgives

in e then tis't u e
Entnone

t.ir EéÉ Eitu an é ate
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Entner Ém7 tu 4n r

thisgivesus the so called TimeIndendentschrodingrequation

EmP u 44 Enter A14ns Entyn

This is an eigenvalueproblem Un istheeigenketvector or

eigenfunctionEn the energy is theeigenvalue

TheFouriertransform of the Schrodingerequationgives an
equation explicitin the momentum

in21 Émftp.tnz UCp p Iipsdp
theFouriertransformdefinition FF FCU I

F 43 4111 can Effect de F thendittenent
TheFT conventions

F I 4111 m
e itsde

thesis thine

Note that themomentumistheFourierconjugatevariabletoposition

uncertaintyprinciple

Anotherreason whypositionandmomentum are the
canonicalvariables in theHamiltonian

C Postulates of QuantumMechanics
what is a succinct summaryof the minimumsetof rules we need

to describequantummechanics Thiswill helpus understandwhat


















































































5

quantum mechanicsreally is what it means and howto

mathematicallycomputewhat we need

i ClassiialMechanics

1Thestateof thesystem at time to isdescribedby specifying3N
generalizedcoordinates q fol and theirconjugatemomenta pito

2 Thevalueofany function of theqiandpi f qi pit is

determinedfor any time t when the initial state isspecified at to

3 the time evolution of thestate of the system is givenby
Hamilton's equations

1 p 1 ftp ntucsi t

idQuantum Mechanics

1 Thestate of thesystem is definedbyspecifying a ketvector

14 to at time to
This isequivalent tospecifying a wavefunction 4 X to or

p to

2 Everymeasurable physicalquantity A is describedby an
operatorA in the HilbertspaceThisoperatoris an observable

Example The Hamiltonianoperator

In J Unit
w

KingetEnergy
FentialEnergy
operator
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6

Example Positionandmomentum

R I in I

3 Theonlypossiblemeasurement of a physicalquantityA is oneof

theeigenvaluesof theobservable A

A107 A 47
Example Energy
77 47 E47 Energy is theeigenvalue

4 The probability of measuring an eigenvalue an correspondingto
thephysicalquantityAfrom a system instate147 isgivenby

Plan Kun 4 1 unext 4ncxt ax

where un are eigenvectorscorrespondingto theeigenvalues an
operator This isusually a D E

A un an Un Aun x t anun x t

Aside There is an easierway togetPlan using thespectral
eigenvalue decomposition

147 Cn Un spectraldecomposition

usingthis expressiongives
Plan Kun 4 can enlun land

we gettheCn by using theorthonormalityof the eigen lets
sum 4 Sum enlun




















































































5

quantum mechanicsreally is what it means and howto

mathematicallycomputewhat we need

i ClassiialMechanics

1Thestateof thesystem at time to isdescribedby specifying3N
generalizedcoordinates q fol and theirconjugatemomenta pito

2 Thevalueofany function of theqiandpi f qi pit is

determinedfor any time t when the initial state isspecified at to

3 the time evolution of thestate of the system is givenby
Hamilton's equations

1 p 1 ftp ntucsi t

idQuantum Mechanics

1 Thestate of thesystem is definedbyspecifying a ketvector

14 to at time to
This isequivalent tospecifying a wavefunction 4 X to or

p to

2 Everymeasurable physicalquantity A is describedby an
operatorA in the HilbertspaceThisoperatoris an observable

Example The Hamiltonianoperator

In J Unit
w

KingetEnergy
FentialEnergy
operator


















































































6

Example Positionandmomentum

R I in I

3 Theonlypossiblemeasurement of a physicalquantityA is oneof

theeigenvaluesof theobservable A

A107 A 47
Example Energy
77 47 E47 Energy is theeigenvalue

4 The probability of measuring an eigenvalue an correspondingto
thephysicalquantityAfrom a system instate147 isgivenby

Plan Kun 4 1 unext 4ncxt ax

where un are eigenvectorscorrespondingto theeigenvalues an
operator This isusually a D E

A un an Un Aun x t anun x t

Aside There is an easierway togetPlan using thespectral
eigenvalue decomposition

147 Cn Un spectraldecomposition

usingthis expressiongives
Plan Kun 4 can enlun land

we gettheCn by using theorthonormalityof the eigen lets
sum 4 Sum enlun


















































































7

anCumlun cm 8mn it nwe
cm um 47 umen4 x t dx

5 If the measurement of thequantityA gives the value

an then the systemimmediatelyafter becomes the eigen ket
associatedwith that value Un

147 Falun It renormalizes.cn
could be complex sothere
could be a phase shift

6 The time evolutionof the statevector 14 t is governed

by the Schrodingerequation
it 1447 H t 14 t

where H t is theobservable associatedwith thetotalenergy

Some Comments

Postulates 3,4 and5 arekindofweirdWhydoesthe wave function

collapse to an eigenfunction This iswhatdifferentinterpretationsof

QM tryto explain Therest is sortofstraightforwardfromthe math

Theuncertaintyprinciple is a consequence ofthepostulates not

a postulate itself It is a naturalresultof the wave mechanics

D Numericalsolutionof the quantumharmonicoscillator

Go over numericalsolution

Talk about incontextwiththepostulates
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8

E AppendixQuantumHarmonicOscillator

Reminder classicalHarmonicoscillator

springpotential U kx wmx

1419 particle mass m

initialconditions X o Xo V o V0

m 24

T Ex o off w x 0 w 4m k wm

t sin wt Xocos wt

V t Nocos wt Xowsin wt

BacktotheQuantumHarmonicOscillator AHO

The ID time dependent SchrodingerEquation is

in EE u 4 u mwx

in 112 2 tmw x y

Initialcondition 4 40 40 x

BoundaryConditions 4 0 t 4 x t 0

Ii DimensionalAnalysis
First tosimplify letsmakethe problemdimensionless

x ̅ He E tle I 4 because 144da
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parameters m h w m kg h J's w Ys
T isprettystraightforward Let t W

l isnot as obvious We can leave it andsolvefor it while we
non dimensionalize

alle cancelinve Em.de I kmw I
alsodivideby
hw

i Iw my éx ̅ i

let
m

1 e Iw e E

A i 2 17 1 5 x ̅ x 77 E wt

Thedimensionlessequationhasthenatural length l Fmw and

c E.IE iii ar

to s

Nowwe can focus on themath and add theunits parameters
back laterwhen we want them

ii separationofvariables

The equation is a linearPDE It is1storderin timeand
secondorderinspace It iscomplex There are various methods

ofsolution We will use themethodofseparation of variables
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i 1 1222 2 1 24 Drop the tildes
Sort of like a diffusion
equationwith a spatially

Assumetheformof a product dependentreaction but
solution complextime

4 f t g x

is ᵗf Extg

ig 73 2 1x'fg Divideby fg

É 1 222 x X Mustequal a constant

TydependsThpends
on t on x

We've dividedour PDE into two ODES One is an ODE IVP in

time The other is an ODE BVP in space

2 If inf

1 142 1
2 1kg 2g

Thisis an eigenvalueproblem

Lgxg 2 1 2

eigenvalue differentialoperator
Haseigenfunctionsolutions

iii Solve ODE I

d ixf Idf itdt Inf ixt const
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fit constexp ixt

Iv Solve ODE 2 time independent Schrodingerequation

1kg Xg 19 xg 2 9

2x x g 0

This is a 2ⁿodrder non constantcoefficientODE Non constant
coefficientODES are specialcases RememberBesselfunctions

sphericalBesselfunctions etc

It turns out this ODE is more well known in a differentform
We need tochangevariablesto beable to look it up and use
numericalpackages

let g x exp x2 h x
AsideWorkout the transformation

9
x e next é the

Fi ethnen Leenes get It
fit e Ii

1 é n 2 5 14 é dft
Substitute into theoriginalODE

x2 1 h 2x 1 if 2x x2 é h 0
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T 2xft x2 1 2x x h 0

It 2xkt 2x 1 h 0

Thisequation iscalledHemresdifferentialequation
Thisis asingularSturm Liouvilleeigenvalue problem

1h 8h L 2xEx 8 2 1

Solutionsto Hermites DE are givenby a sumof linearly
independent eigenfunctions

next CHn x C2 x where 8 2 n o 1,2
eigenvaluesHermitepolynomials Hermitefunctions

ofthe1ˢktind ofthe2ⁿᵈkind 2

In
Aside Howdo we calculateHnx andYn x

TheHn x can beobtainedbytheexpression

Hnex i e d
n é

Ho x 1

H x file é e 2x ex 2x

HW 11 e e
X e 2574 25

2

4 2 2

Hyx 8 3 12x Hyx 16
4 48 2 22

fromWikipedia
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37

Let'schecktomakesure these are actually solutions
d 2xdate 2n next 0

n o Ho 1 If 0 0 2x 0 2 0 1 0

net H 2x f 2d so 0 2 2 2 1 2x 0

4 2 Hz 4 2 2 114 8 112 8 8 2x 81 2.2 422 0

the problem is findingwhat istabulated Kummer's DE isgivenby

21 2 b z Tz aw 0

It hassolutions M a b Z and U a b z which are calledconfluent

hypergeometricfunctions ofthefirst M and second u kind
Thesealso come up in theGraetzproblem in forcedconvection
Alternatenotationfor M is

notationforgeneralized
M a b z a b z hypergeometricseries

hypft isthenameofthePythontunction

OnecanwriteHermitepolynomialsandfunctionsusingconfluent

hypergeometricfunctions

Hnx 2 Uf 1 x hyperais thePythonfunction

Yn x M 1
M isalsoknownas Kummer's confluent hypergeometricfunction

U isalsoknown as Tricomi'sconfluent hypergeometricfunction

TheYn a cannotbephysicalsolutions Theydivergeto infinity at
pointsin the domain so 412 So thesecannot be wave

functions Yn x are notcompatible with BC s




















































































we now have the solutionfor g x

g x c é Hn x

Aside Thegex need tobenormalized so that

9n Ign x gnwgntef.IEfoningate

use this to solvefor C

This willgive us a properprobabilitydensity I foundthesevalues
and verified usingMathematica

Cn 2 n F

Theintegrals forYnonlyconverge for ne even This iswhytheyare
notphysical But for the even ones the normalizationconstant is

Cn 2 f wow chatGPTrecognizedthis
sequence as thecentralbinomial
coefficients Supercool

After normalizing we have our completeset of orthonormal

basisfunctions and the solution to the

problem in the x direction

gn x ane Hn x

Cn 2 n F

Xn nt n 0 1 19
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where the orthonormalproperty of gnex says that

gn 9m Sam 9 I m




















































































40

gnexgma dx Snm
o

v Product solution

Now we can put our two solutionstogether

4 x t f t g x Anexp int cnexp 022 An x

By superposition a sum ofstiffsstatsatsiation so

thegeneralsolution is

4 x t E AnCnexp int x Hn x

Xn nt Cn 2h FJ

Nil Initial condition
Thelast thing we need todo is use the initial condition
todetermine the An

let the initialstate be toG Forexample it couldbe

40 x zexp 71 AGaussian wave
packet

The coefficients are givenby
An 9n

An Yo x gnex dx You Cné HnCx dx


