Lecture [S— e Micvocanomica| Ensemble

A . Micvostafes and Ensembles

In our discussion of dymamics, we became acguainted witn the
comncept of fin phase Space. For o systm wit N parHcles,
phace opace is a b ~dimensional space wheve P coovdinades
ove the BN genernli zed coord nates g 2ad 3p genenlized
momeAtn g (¢ 601,30 TD

For o aiw,n set of inihal conditiong % (6=0)=_3;l, aqd e [t=0) = Peyo,
we will moe With Some 'Ichcdor\, la “fais veny hi?‘h demensional
Space: Wecall a single syskm o micnsSwpic s er W

e by insight of Josiah w- Gibbs Is funf instend of Hinkiy aloout

trying fo compude tue dynamics of microsiales, we should focus

on ensembles of micostaies - An ensemble is a col(eckion of
SAAAN\ANA

di #CW micwshetes wn Jdf ﬁ’-eum{— il cond hons.

| Single micstate Ensemble of N micvostnts
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9. dhe 'Eff)OJa‘C H'?J'po{‘hgsfs
At first) IS geeme  like t+ only compliories -uings- Inslead ok
-l’rv'ms fo sdve tne dynamics of one £.C., we arn now -h{mt +o
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st For A dynamics of N LCs | But Auink back ol harmonic
osu llator Lor amoment. Theve 4ne phuase Space {—ru]wl-or7 was
peviodic. TE T picked o difterent inifial cowditin, £ was 9oy
Yo cet o very swmil ar drajectory.
Harmonic Osci|l ater

& S of circle Liced by syckm's
% ! indial energy.
"~ amy cioice of LC uf Conshint
engrgy unll like on tuis circle -

%:
S0, twe 'l'rbclccl-ﬂ‘I ok a 5'!“5[-& microstate is the sanme as i
T picked an ensemble tunt corresponds +o all of Hue possible
iwa| condHons Uhis Was e comctmint of haw n constant
enwray, but L could always define o different enrzy and oot &
new civcle & peeded ) This &a 15 called ue Ergodic Hypottusis,
It Sayc tuat tue dymmics of a single microshute will visit

ey Poss'v'b(t, Stefe, givea o laua &nouﬁl,, dme. This s one of e
fovd amewta ( Ml@ks o€ s-fa'f'is'l-im[ ‘l’he(modymamicg.

In fhermodynamics, we are goivg 4o be tnferesded in avernge abuaq{—ih’cG-
50, f+r example, we might want {ue aweage pressure. $€ we haven
very lané Mw‘ﬁy of a gigle micvstak, we could 36-!' fuis avrage,

-
M = 15 }'_[M(LCL’:))J{: X=(p;)gc) velnsw]
2]

Can we do f1is 7 Yes, we can now witn computers: Ope needs do
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g0\ e eguntions of mohon Lortiie syskem.- Thisis molaculer diymamics.
Bt the tonders of Bhof Fhermo Covid S0 e ey ki be

able 19 do aomt—%'\g" The Brgodic hy potesis o€ QibbS says tmat
we dont hawe . Thstead), wt can do an ensemble astrage,
M) = j M(X) pU%) d ¥
~— prbalaly density of point X,
R pase cpa volume
F=fdx
In othor wong,
<MY = M Ensemble average = e average.
Ahis is o mathematical expression of the Evgodic hypothesis.

C- Prase Space Frobabilidy Densdy
Because of e E~H’-, we new See dust if we kuow dme pro ba b [y
&nsrhy of micwolmks i phase space;, we Can Compude ensemble
awtmgs . fow do we get uis probabi lity deneidy?

Suﬂyosl. e have _[J micwstales. Lt D(X) be te number of
mwwfw phase  space wlome | g0 fat
N= j bx) d¥
r

The proYabi Lidy Awéflm, Mmust fen be nermalized 4o L, so fuat
D(x)

(_}9 = L D) =
f f J ey ax
L

This is o formal definhom of e proba loé Ly dmsa%z o€ microsfates




Y

in phase space. Tt seems vew Cmatuy!! We have just kel dw
can down e voud. fow o T compuwie N er DIX)

or gc_)_ﬂ?

D. MicrcCanoniaa| Ensemble

1T am go’ma 40 astume a cortant kind of ensemble of mccvostales. T
Huis ensemble £ will nave N parbicles in o box of volume V.
The ol sysiem energy will be a constant E- Let's gee &
we can $ind tue Probali by density of du micro slates p(X)
tn tuis et semble.

My phase space indeqml Gv dur NVE —ersemble) o7 4ue

MACYO can onacal cwsm,lo{,e, 1S giwn %‘I
ANAN A~~~

Zlgg) = | 6(uey-5) dx

Pl U R Drc deto fimphitm
512 of W;pcvsur@l«-

of ek micioStales = ff f JSI S(H(qt.1-.,-~';?m,\>e,n;—-m7-57
Wb PP py ds, J‘i"f‘" "? 3w dp P, dpsy

Vsing tuis ) e proba LM«, den 9-7»7 s given by

/s, i Znemy =5

O i€ w!p~]¢§

th ofer words | fuere is a unitem probabilth, of micosicks
I e mico Canonionl encemble. Twis s fue Second postulate

fwg 0= = S(K)-€) =

in stoH sheal '(’k.ermﬂc[gmmicsv 1t 1 oumgHes mtwilaﬁ
principle of e%m[ a prior; pvobabilifies.




E- Quanfum Correchon # tue Nowmber of Microgtates

Thert i a groblem with owr probability cen sty hat we jusk
wrote down. 1t is combiaueus, We really want o PMF ! T
prbability of o micostde is 'm#m'{daj small fr o Lonhinuons 1;,0],.1(,:[({7
dmeiiy- We will see in & wminvie Ynat e comechon 4o thermo -
dyramics weans funt uis infinidely smail probaly H‘] Makes Sone
M.aomsco‘;ic :buan«h'ﬁvf inﬁwﬂb‘l] [a'y.- This 1s obvtMsl.j wrony .

Mis (snt tuat Ravd of a Pwlvlem + solve . We will just efine Somt
minimom  volowe of phese Spaze 4o be our smallest Yeuwmk" Hat
cownls as o micostrde. Thn we can get a disurede numbers of Siades
by dindivg.
7 (NyE) : S'2e of phase Space Z
2, (N,V,E) P mininom yoluwt of Phase Sprce -
A (NVEB) © number of microslates

= Z
Q== L

P

Pt It 15 Zo 7 Fem o clash aal mechenics ?u'gpcc-h\ﬂ-, s uvbi{-mva,
We ot med cows iy fpere- The fack fuat it w arbitoy is o sign
our -Hnwfj Cclasical mecanics™) is inwwflek. Bty e baow
Runatvmt Mechanics! Iw B we bnow duat hwrt is an dncer{-aiuh,
prncple - uucgrl-a;ul-\l says fuat

0y 5p 7 Wit
\lr,‘u‘é uis mec‘;pu (mn-l’h uot shown) oaL Can S“f] fuat o -5—‘!}5&

W 53‘#\0 oo Wl of I PMR Spas.
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So, for N particles ta three diwensions, ol get o Gudor of oh'éN)
20 o 'hal\/

. Gibbs Paradox

There is ont mort problem witn our ¢:ww(1‘v\-‘cf of micnswopic States . ule
are oveveambivy tie nmber of stafes kecause of gossible porm—
vlations bofueen pardicles. Suppose we havt a two particle gas:

o«

<0

We ned 4o "G ouy tdesyal 4o uot dovble comt per muttations uat
oerent mllg differewt cdakes. wWe could vedfve o e indegmal (ard).
Toskad, we can jost divide by fun numbor wp are overouneivg .
Twts Jo fne oftur picce Nuat 9oes wmto Zo ,

Z, * Ol — Bdter Hr evermm-(riva..
'Mh‘*nd s Wit e obuml—vm convechon gwes |

Z°'= N Q- \,%”NSZ

Acde’ e ) feem was aif ally mts;%«é, 11 Gubbs fomulation, and i€
made Butopy ot eclensive and broke i vy entopy. dhis was “ Caldhs

?aradm(. ¢

mrhick 1: v, p,

WY‘HC‘L 2 L. ,Z;,

All £ did here is guwap e

labels bedween Paﬂrfa(c 1

and paricle 2, but fse

ar e Samt mpeorostete!
towever | ouw” {ategral comts
drese a5 dwo glades.




Wikh s normalishen factor we can write tne puF for tw
# of micosteaks ke we wanded.

?(Z)':Z ‘/.CL \& H(¥D=B 7 ol micvoshle
© oftuvwice LLis alsw alled 'hu,“dmshl-xj of
shries !
whre 0
L) = D fswc X)—6) dX%
r




