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Lecture15 theMicrocanonicalEnsemble

A MicrostatesandEnsembles

In our discussion of dynamics we became acquainted with the

concept of the phasespace For a system with N particles
phasespace is a 6N dimensionalspacewhere the coordinates
are the 3N generalizedcoordinatesq and 3N generalized
momentaEi IE I 3N

For a givensetofinitialconditionsqi to fi o andpi t o Piro
we will move with some trajectory in this veryhighdimensional

space Wecall a single system a microscopic state or Iictate
the key insight of JosiahW Gibbs is thatinstead of thinkingabout

trying tocompute thedynamics of microstates we shouldfocus
on embls of microstates Anensemble is acollection of
differentmicrostateswithdifferent initial conditions

a singlemicrostate Ensemble of J microstates

Pi Pi
18,011410 1 9,1 0

Egidio
Qi Gi

B TheErgodicHypothesis

At first this seems like it only complicatesthings Insteadof

trying to solve thedynamics of one I C we are now tryingto
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solvefor the dynamicsof ICs But think back to theharmonic

oscillator for amoment There the phasespacetrajectory was

periodic If I picked a different initial condition I was going

toget a very similar trajectory
Harmonic Oscillator

size ofcircle fixedbysystem's

Pi
initial energy

anychoiceof IC w constant

energy will like on this circle

so thetrajectory of a single microstate is the same as if
I picked an ensemble that corresponds to all of thepossible

initial conditions this has theconstraint of havingconstant

energy but I couldalwaysdefinea differentenergy andget a
new circle if needed This idea is called the Erechtheus
It says that the dynamics of a singlemicrostate will visit

everypossible state given a longenough timeThis is one of the

fundamentalpostulatesof statisticalthermodynamics

In thermodynamics we aregoingtobeinterested inaveragequantities
so forexample wemightwant the average pressure If wehavea

verylongtrajectoryof a singlemicrostate we couldgetthis average

M To M X t at X Ei ELI3N

Canwe do this Yes we can now withcomputers Oneneedsto
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solvetheequations ofmotionforthesystem Thisismoleculardynamics

IIII.it iiiiii
wedon't have to Instead we can do an

ensembteaveragem.CMMCI g x de

phasespace
metbability

density of pointy

r fax
In otherwords

M MT Ensembleaverage timeaverage

This is a mathematicalexpression of the Ergodichypothesis

c Phase SpaceProbabilityDensity

Because of the E H we now see that if we know the probability
density of microstates inphasespace we can computeensemble

averages Howdo weget this probabilitydensity

Suppose we have Ñ microstates let D IX bethenumber of
microstatesper phase space volume so that

DX dx

Theprobabilitydensity must then be normalized to 1 so that

51 D

This is a formal definition of the probabilitydensityof microstates
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in phasespace It seemsvery mathy we have justkickedthe
can down the road How can I compute or DCI

or g x

D MicrocanonicalEnsemble

I am goingto assume a certainkindofensemble ofmicrostates In

this ensemble I will have N particles in a box of volume V

The total systemenergywill be a constant E Let's see if

we can find theprobabilitydensity of the microstates g I
in this ensemble

Myphasespace integral for the NVE ensemble or the

Eancalensemble is given by

Σ NivE S H X E dx
T Diracdeltafunction

sizeof hypersurface

fm spif8 H818m 193NiPiPu iPsN 8α ofmicrostates

dgdqz dgzndpidpzi.JP3N

usingthis theprobability density is given by

SNVE 1 8 HCI E
if energy E

O if energy E

In otherwords there is a uniformprobability of microstates

in themicrocanonicalensemble This is the second postulate

in statistical thermodynamics It is sometimescalledthe

Ekofeq ualapiripobabilities.ee
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E QuantumCorrectionto theNumberofMicrostates

There is a problem with our probability densitythat we just
wrotedown It is continuous We really want a PMF The

probabilityof a microstate isinfinitely small for a continuousprobability

density We will see in a minute that the connection to

thermodynamicsmeans that this infinitelysmall probabilitymakessome

macroscopic quantifies infinitelylarge This is obviouslywrong

Thisisn'tthathardof a problemtosolve We will justdefinesome

minimum volume of phasespace tobe our smallest chunk that

counts as a microstate Thenwe can get a discretenumberofstates

by dividing
ΣΣ NYE size ofphasespace

Σ NVE minimumvolumeofPhaseSpace
P

I NYE numberofmicrostates

1 Σ B
x

Butwhat is Eo From a classicalmechanicsperspective it is arbitrary
Wejustneedsomethingthere Thefact that it isarbitraryis a sign
our theory classicalmechanics is incomplete But we know

QunatumMechanics In QM we know that there is an uncertainty

principle Uncertainty says that

OxOp h 4H

Usingthisprinciple mathnotshown one can say that a single

tresoofxandygive a volume of h in phasespace
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So for N particles in three dimensions weget a factorof 23N

Σ a 43N

FGibbsParadox

There isone moreproblemwith our countingofmicroscopicstates We

are overcountingthenumberof states because of possible

permutationsbetweenparticles Supposewehave a twoparticlegas

particle 1 4 I All I didhere is swap the

particle2 Iz 12 labelsbetweenparticle I

and particle 2 butthese

are the samemicrostate
particle 1 4 I
particle2 x2 p

However our integralcounts

these as two states

We need to fix our integral to not doublecount permutationsthat
arent reallydifferentstates we couldredefinea new integral hard

Instead we can justdivideby the number we are overcounting
This is the other piece that goes into Eo
Eo x N Factor for overcounting

Puttingthis with the quantumcorrectiongives

E m N I
µ
Σ

Aside TheN termwas initiallymissing in Gibbsformulation and it
mande

Entropy notextensiveand brokemixingentropy Thiswas Gibbs
Paradox
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7

with this normalizationfactorwe can write the PMF for the

ofmicrostates like we wanted

P X if H X E R of microstates
0 otherwise I isalsocalledthedensity

where

NCNUE y S H x E dx
r
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