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Lecture16 thermodynamicsfromEnsembles

A Boltzmann'sFormulaandEntropy
So far we have had two majorideas from Gibbs These are two
of thethreefundamental postulates of statisticalthermodynamics

1 Eradicity we canconsiderensembleaveragesinsteadof timeaverages
2 Aprioriequalprobability the probabilityof equalenergymicrostates
Tsuniformandtherefore the probabilityofmicrostate is inversely

proportional to its degeneracy numberofstatesw sameenergy

Tomake the final leapto connectmicrostates to thermodynamic
macrostates we need one more postulate Boltzmann'sformula

stent
t

entropy ofmicrostates

This idea is probably sofamiliarto you that youundoubtedlyfail
toappciateitsignificanceand revolutionary impact In classical
thermodynamics entropy is anacracquantly that systems posess
that alwaysincreases With Boltzmann's andGibbs insightswesee

that entropy is inherentlystatistical in nature Entropy is a count of
the numberotwaysasystemcannexist thevolumeof itsphasespace
It is something about how disordered a system is Howmany
differentways it can be arranged Howmuch information thesystem
has s α In Yp pal wehavehighinformation lowsurprise
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TogetBoltzmann'sequation more precisely considerthe following

thought experiment

Ni Vi E NnVz Er
Total Energy

ÉÉÉIE
Totalmicrostates D 22

I
R Heatexchange Sr

We suppose that the equilibriumstate istheone with the most

microstates So let's maximize so withrespect to the energy

If e z
0 at El E theequilibriumenergyof 1

Usingthe productrule for so

2 e Tel Race R Et le
E.EE FstntcnaiWule2f E Et

8T Ze Eo E 1

Eel alert LET C1ZEle.to
Dividebothsidesby R522

steps E hey
741 2112 at

Equilibriumcriteria

B Be let β 21
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Whatisthecriteria forthermalequilibriuminclassical thermodynamics

Ti T2 If µ Definitionof temperature

β ptt needsunits of energy
KB 1.38 1023

5 kis In A

B Connecting Ensembles to thermodynamics

Boltzmann's equation forconnectingthenumberof microstates to

entropy is alsoconsistentwith thelaws of thermodynamics

Claw Definitionof temperature thermalequilibrium

wejustprovedthis

Klaw conservation ofEnergy
If we dowork on the system e.g reversiblychangevolume

we addinternalenergy dE PDV From our relation above

weknow dE Tds Fromthermodynamics weknowthat

de Tds t PdV SQ 8W

Thuswe canidentify Tds fromthemicrostates as the heatenergy

2law Entropy of a closedsystemincreases

Theequilibrium is themaximumnumberofmicrostates Thismeansthesystem

evolvesfrom small to large S S kalmS means we evolvefrom

smallStolargeS which is the2ⁿ ldaw

Stability perturbations fromequilibriumreturnto it 8 2 0
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Because thepoint E Eut is amaximum the secondderivative

2 must be negative concavedown

Practically whatdoesthismean Howdowe connectinformationabout

microscopicinteractionsto thermodynamicquantities

Sep1 Determinethe Hamiltonianforthesystem of interest H qi pi
usingmolecularpotentials

H Pfm 7 uij qi q

Sep2 computethedensity of states 2 N V E

NCNUE y S H x E d I q p
usuallythehardstep

S3 ComputeS using Boltzmann'sformula

5 kilns

step4 use thermodynamicrelations tofindotherquantitiesof interest

Legendretransforms

F E TS H E PV G H TS
Fundamentalequations maxwellrelations

ds fdE I dV Fundamental equation fors

P T Ev Pressure Byinspection

a 3 CEIE.gs v
T tv Heatcapacity

Ilalternate useensembleaveragestocomputequantities of interest
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M M I p 1 dx five 1 S H X E

2 18Hex E dx
This is sometimes writtenwiththePMF instead

M nF ME P x dx P x 8 HCI E

R S HCI E dx

C Example IdealGas
Let's apply our procedure tocompute the equationof state and

the heatcapacity of an idealgas of N particlesofequalmassm

i step1 Determine p q

Foran idealgasthere is no potential betweentheatoms of the

gas U qi 0 So the Hamiltonian is

Heapi In
i step 2 compute s thelongstep

vi 8 É m
E dedg I pi ref 3N

q i 1,3N
Tisisindependentofq

r nF de s En E

lets dothe dgintegral

dq dg dg dg 5483N
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114.1111 tk dzn v

substituteback into I

r Fi sl e de

Now let'sdo the dpintegral Thedeltafunction reduces us to
a 3N 1 dimensionalhypersurface in the pphasespace In 20

Pz
Pit p 2mE

Acircleof radius p FmE
P S 2 p 21TZMEN

In 31 weget a sphere with aradius p ME andsurface area
S 4 p 4H 2ME

For3N dimensions weget a hypersphere in 3N dimensions The

surfacearea of a hypershere in a dimensions of radius R is

givenby
s R n Gammafunction

annoyingtowrite
n h 1 when no N

as factorials b cof the n 2 Thebite In stents
using this formulagives for 3Ndimensions

5 2,77 p Eg ame
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Forlarge N 31 342

CME

Wecan nowput it all together

r Fi
Amsom

iii step3 GettheEntropy

s hrsen a hasan it I
Let'ssimplify this expression

5 kaen FYI 27 73

S kp biz In VN bun en f 3N2 en 277 13

Stirling's formulaforthefactorialN For N a

hrN out In N N bn 2n N enN N

Stirling'sformulafortheGammafunction
notetheminussignbc h 11

In Z Z luz Z bn 2H

en 131
3 1 In31 312 en2H 31en31 31

Alsovalidforcontinuousnumbersand inthecomplexplane

Using Stirling'sformula
Sp M2 NAV WE ʰ

31 a 21T
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Fp ME env enN 1 32en 312
w w

Zln2IEL
en 3h 27 E

Tap en en t.tt Esafkyafntetrode

thequantity inparentheses isrelatedto aquantitycalledthethermalwave

techThis is theaveragedeBroglie wavelengthof idealgasatoms
derivation in appendix

5427 FINE Fine
Sam en Y em E bn hr

Japs en Ix
Iv Step4 Getthequantities we care about

let'sget the pressure first

P T f e evaluate 33

If E NkBenv NN enfin Eko NET

Plug into formula for P

P T 1B or p NEI
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Nowfor theheatcapacity Let's use the fact that

I EE fromfundamentalequation otherterm

Nkish E ten h ItmE
Nkm en 3enxent

NKB 3 n8Eᵗʰ Eth In 41ST 4311

NkB II 14 14 It
3NKB E NKBT

Theheatcapacity is defined as

Cv ft 312kt 311

Cv 31KB

whatdid we do we derived all of thethermodynamicproperties
Molecules to bulk

iiaI.it EfEini insuinainesan
Teaches us what an idealgas is It is a gas with 4 0

DAppendix ThermalWavelength
Recall that the totalmomentum p isgivenby

p Pix p plotPixt 2mE total systemenergy

what istheaveragemomentumperatom p It isgivenby
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p F prms root meansquare

prms PIT p is thesquare anddividebyNtogetthe mean

p 1257 1457T

If weknowtheaveragemomentum we candefinetheaveragedeBroglie

wavelength

a ITE FEE
thethermalwavelength is thedeBrogliewavelength ofgasatomswith
energy EN Wesubstitute E NEAT toget

Fine Étm
zast

atheist

7th y mq
size of wavepacketof an atom

withmassm and temperatureT

E Appendix Quantum corrections

when is the Saskartetrode theequation for aclassicalidealgas valid

WhenthedeBrogliewavelengthissmall How small We have another

natural lengthscale Theaveragedistancebetweenatoms inthegas

l 1 volumeperatom unitslensth

Sowhen I s xten the quantumeffectsshouldbesmall If luxth
then I can havequantumeffects
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If luxth then I have totakeintoaccountspindegreesof freedom

If they have integerspin they are bosons e.g photons and thegas
is a bossgas If theyhave half integerspin they are fermions

e.g electrons andthegas is a fermi gas Mostmatter e.g atoms
arefermions Butsomecanbebosons e.g sodiumatomscanform a
Bose Einstein condensate

Wait a minute then is our SC wrong If so whydoesn't it matter
Theansweristhat sassmallerscaldegreesoffreed So in
this sense it is wrong Wecouldget a new s withmoremicrostates

I corrected 1st Shspin Y Boseor Fermi
But it turnsout thisdoesn'tmatter at large CN 3 why One of

themostimportantpoints to learn here is thatthereare always
smallerDd F wecouldaccountfor we canhave moremicrostates for

stringtheorytoo By ignoring these AKA by setting Shspin 1
or any small DOF we are choosing a refestate We

are saying that 5 0 at somepoint

Asweknow in thermodynamics our resultsdon'tdepend on the
referencestate So we are okwhen we do this Whatmatters is how

D SIN V E or how I depends onthesystemconstraints

So in the case of a Bose Fermigas the dependenceof 2 on

N V E is only affectedwhen In 2 otherwise those DO F

are irrelevant
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F Appendix AbsoluteDensityof states

Theotherpoint tomakehere is that theabsolutevalueof R
is not very important we reallyonly care about I So
where she is our reference state where 5 0

Finally it is impractical tocount microstates numerically these are

impossibly largenumbers lets do a quick calculationwiththe
SackurTetrodeequation to see why
Example size of S for Heatoms at 300kand I bar in 1cm

m 4 9mol h 6.626 1034Js P 1bar 105 Jm

kg 8.314Jmolk T 300k

s k ens I exp skB

Epten fee FF
Eat go.gssfgf 40.09met 2.41 1025m s

an Eat É i I a li t g
6.626xw4ksmys 2 ks

ksmlsy.sisoanimXth31 28 10
3
m
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E ent i enl
bn 3.24 106 52 15.1 intensiveentropyas

Assume 2K In n for a minute

it e Eos
241 10

R exp stem 11 71
5
42.6

241 1019

I
101019

In summary
Absolutedensityofstates is notnecessaryandimpractical

Thereare alwayssmallerscaledegreesoffreedom

Thermodynamicsdepends on thedifferencebetweentwostates

Thedensityofstates isan impossiblylargenumber

Bysetting thedegreesoffreedomwe are neglecting we are setting
thereferencestate

Thedependence of R on theconstraints R N V E determines

the thermodynamicbehavior


