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Lecture17 theCanonical Ensemble

A Introduction to the CanonicalEnsemble
we saw that we coulddefine an ensemble of systems that had a

fixednumberofparticlesN volumeV andenergy E However energyand
temperature are thermodynamicconjugates E is notprivileged over T
Also it is morecoifrustoExperimentally encounter asystemthat
is atconstantT So wewouldlike toconstruct an ensemblewith
constant N V and T Thistypeofensemble is called a

canonicalensemble

We are going toconstruct a canonicalensemble as follows Wewant
to use a microcanonical ensembleso we don'tneedany new
postulates orassumptions

Yi E I Bigsystem is

NIV EiE Ez Es Ei4 Littlesystemis
N V T

4 I
4 iii im

same

tiniest.ge

There are M littlesystems makinguptheensemble

MN I MV
Theothersystemsact as a heatbath fortheNUTsystem keeping it
at a constanttemperature
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TheenergyoftheNUTsystemfluctuatesand is a randomvariable Ei
IntheMmembers of theensemble therewill bem thathaveenergyEj

Mj occupationnumber
mi Fit J numberofenergylevels

8 Ei E 1 if Ei E
0 otherwise

Thetotalenergyandtotal number of ensembles are constrained

M Ej E 1 Mj vectorof all occupation s

Mj M

Therearemanydifferentwaystheenergyof the microcanonical ensemble

E can bedistributed inthe M NVTsystems

Example M G E 8 5 4 Ej 0,12,3
Distribution I
i 1 2 3 4 5 6

Ei 2 1 1 2 1 1 0 4 2 0

I Mj 0 4 2 to 6 M U

MjEj 0 0 4 1 2.2 0.3 4 4 8 G

Distribution2
i 1 2 3 4 5 6

a 1,3 1 1
Ei 0 3 1 2 1 1

Mj 1 3 1 1 6 MV

MjEj 1.0 3.1 1 2 1 3 3 2 3 8 É
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B ProbabilityDensity for theCanonicalEnsemble

Forthemicrocanonicalensemble we

1 Postulated a probabilitydensity uniformdensityof configurations
withequalenergy

2 Used theprobabilitydensity to findthedensityofStates S E

3 Used theBoltzmannformulato findtheentropy S his end

Wewantto follow an analogousprocedurefor the canonical
ensemble let's first find theeblitydensityof finding one of
themembers of our NUTensemble at energy E

Pj Pnv Ej
If wecouldlookat thestatisticsof our ensemble wewouldseethat

anNVTensemble wenergyE inNVE

In the microcanonicalensemble we said that anyconfigurationwith

energy E wasequallyprobable principleofequal aprioriprobability
Here thebigsystem is an NVE ensemble That means that any
vector in where Im E is equallyprobable So we justtocount
the numberof wayswe canarrange theenergyin the M bins Thiswill
tell us the probabilitydistribution

Wa ofwaysof arrangingthestates for a givenof

m.im m i YI.Eeti mnE
UsingWM we can write a probabilitymassfunctionfor a configuration
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Inve a 2411 PMFof the configurationon inthe_NYE
ensemble multidimensional of all 1

Usingthis probabilitymassfunctionwe can find theaverage

PnutEj InEnvelmmga L Éa
Rewriting 1 usingWM

Example M G E 8 5 4 E 0,12,3

Distribution1 m 0,4 2,0

Wim
o 0

3
is

ofwaystoarrangethe 4 5 1 and2xE 2 into 6 bins

Distribution 2 m 1,3 1 1

What 65 654 120

Manymorewaysto come upwith this distribution ofenergies

note InWM Addupall possibleconfigurations Hardtowriteassimple
sumbc ofconstraints

Mj M ofensembleswithenergyEjwhenconfiguration is of

my 0 inDistl andmy 1 in Dist2

Show the Python codefor Mensembleswith 5 4energylevels
and fixed energy E 8
Question Is wthesameasthedensityofstates 2 Nobecauseitisrelatedtothe

distribution ofthemicrostates It isrelatedto s inNVT whichhasa T dependence
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Ok this is allgreat but whatdo I do when M largeensemble

and J is big largenumberofenergies Computingthemultinomialcoefficient

willbeveryhard Answer whenthe m themultinomialcoefficient

becomes averysharfypeakednormaldistributionaroundmj Mj
Sosharp that it becomes a Diracdeltafunction S mjmj and
Iythemostperbableconfiguratonnmatters Thismaximizestheentropy

of theNVEsystem
Becausethedistributionis sosharp theaverageisthe same as themost

likelystate mt Therefore our probability becomes

Mj MY Pnv Ej MI

Example Show that mj MYwhen M 8 for 5 2 usingPython
Proof is in theAppendix

C TheBoltzmannDistribution
We want to find themostprobableconfiguration for themulti
dimensional W m subjectto the constraints

Emj M total ofensembles

m E Ei totalenergy

We will usethemethod of Lagrangemultipliersforthe constraints Ut

f m In Wm α Em M βEmEj Ei

Find theextremum maximizingWm isthe same as maximizing

Pm because P W 1 const Easiertoilmm
to

maximizethe logtoo
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Em
Emily EE.mil BELIEF E

1 mllnw fgentamit.mg ee sedtofdon'siiit

Imf Emfm Fem Em lami

mfm
Emenmj Em mjlnm.im Clum t

InMj

2 Em Zmj M Emimitmet.intm t Mj mg M I

3 Emil MjEj E ME meEat mEj t Mj Ej Itm Ey Ei

Ej

Put it together

Emilm mF
enmi α BE 0

Mj e e BE

Ok finally letsgetthedistribution

PCE MI e βEi

summing over all thesystemsallows usto find α

EiPLED 1
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ftI 1 if EEE e ME e BE

Putting it all togethergivesus the probabilitydensity

PNUT Ei
we have yet to identifyβ
We will seethat β YkpT

BoltzmannDistribution

summaryof derivation

Wecreate an ensembleofNVTdistributions that gives
atotal NV E system
Each NVTsystem has a randomenergyEj
Any distributionoftheenergies Ei that sumsto E isequally
likely tooccur butsome ofthem occur manyways
For a largeensemble only themostlikelyway todistribute

the energies the one withthemostways will occur

we can solve this bymaximizingthesystem keepingthe

of ensembles andenergyconstant

Thisgivesthe Boltzmanndistribution




















































































6

Em
Emily EE.mil BELIEF E

1 mllnw fgentamit.mg ee sedtofdon'siiit

Imf Emfm Fem Em lami

mfm
Emenmj Em mjlnm.im Clum t

InMj

2 Em Zmj M Emimitmet.intm t Mj mg M I

3 Emil MjEj E ME meEat mEj t Mj Ej Itm Ey Ei

Ej

Put it together

Emilm mF
enmi α BE 0

Mj e e BE

Ok finally letsgetthedistribution

PCE MI e βEi

summing over all thesystemsallows usto find α

EiPLED 1


















































































7

ftI 1 if EEE e ME e BE

Putting it all togethergivesus the probabilitydensity

PNUT Ei
we have yet to identifyβ
We will seethat β YkpT

BoltzmannDistribution

summaryof derivation

Wecreate an ensembleofNVTdistributions that gives
atotal NV E system
Each NVTsystem has a randomenergyEj
Any distributionoftheenergies Ei that sumsto E isequally
likely tooccur butsome ofthem occur manyways
For a largeensemble only themostlikelyway todistribute

the energies the one withthemostways will occur

we can solve this bymaximizingthesystem keepingthe

of ensembles andenergyconstant

Thisgivesthe Boltzmanndistribution


















































































8

DAppendix Proofthat INuebecomes 8 m m atM

AssumeBinomialCoefficient 5 2 tomaketractable

W m m
mh

m m ma M M

W

initial II
i Determiningthemaximumof thedistribution
Themaximumof In W isthesame as themaximumof w

In w lum bum In M m

MenM M mlam m M n en M m Mm

MenM M meron th Mln M m

onen M m M M
MenFm men In

Now tofindthemaximum we lookfortheextremum

Fm law
my

0

EmMexM Men Mm menon mln mm 0

Jul1 mm an encmm.tt time EmineW Y Timbine

fm en Im 1 0 11 e

ñÉm
m 2min m

il Determine the distribution as M a
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Thedistribution PMI is

ecm Iff In 1
To findthedistribution at largeM we will look at the cent
genatifunction Findthe probabilitygeatingfelon first

GLZ E 2M

E t.in hi5InCHzM E

The momentgeneratingfunctionis

Mls E esm G es

The cumulantgeneratingfunction is

k s enMCs en LE Men ites Menz

Nowfindcamulants

k M Is so Fest so themaximum

lifes te jfj.es ÉÉ
usedMathematica fork3
Kz 0 Ky M 8 kg 0 KG M 4

series solution

KCS 1s
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Comparetonormal Gaussian

KGaus MS 0252

Do the higherordertermsmatter as m No s is ofthe
orderof esm let's rescale

let 5 Ms s 5M

K 5 Em 214 m6

kist 15 8m52 m
54 21880ms56

Thewidth
Theseterms willdropoutwilllasogo

to 0 like me veryquickly as m a

conclusion ByCLT KCS Gaussianwithamaximum at M2 andwidth

MTT.ITwillgetsharperand sharperas M

ii Moreaccurate Stirling'sApproximation

ForplottingtheStirling'sapproximation O Anm correctionsmake a

difference let'sdo this one out realquick

W bun nenn n en 2n

enw In M lorm en m m

MenM M en 2HM m hrm m bn 24m

Mm en M m M m en 2H mm

Mln M M In 2AM mmmm M 1
2 en 24m

Ileum N Een m tmall.int
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Men him men Fm ten mediamis

Men Im men Tm en 1m

tahp.ge EndmTatem

Thenormalizationconstantforthe exactbinomialcoefficientis2M

In otherwords

E in 2m
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