Lecture 17— the Canonical Lhsembe
4. ITntroduchon b fe Ganonianl Ensemble
We saw tat we could i an emsewmble of syskm.s fuat had a

fived nvmber of Fariv‘dts N, volume V, aud enrgy £ Howewr, eneray gud
Lmperahut art, thermgdyuantc Coppugntes - § is mot privileged over T-
Alse, it is pore commen for us to Experimtally encounter o sysiem Juoct
is af cnstant T° 50, We would Lk do construct an engemble wen
constamt N, \, and T- This Hpe of ensemble (4 calld o

wWe are @01“3 1o constvet a Canonical ensenble as follows. We want

o use o aicrocammical ensemble So wWe dont need any new
fos-('ula‘bes or assumphms.
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o Thew art M, “ e syolms” making vp tw ensemble .
N=MmN, Y-wMmy
o The oty Gucims act a$ o heat bath fo fe NVT syslam, beepivg it
ot o cmetant tempevature.
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o The entrgy of th NUT Sysiam flactuwades and is o yandom variable E;.
* [n fe M mumbers of dte ensemble, Theve will be m; fhat have enegy E;.

m; : occu.PaJa'm nomber

M
mi= 2 S(E; By)
J 1=1 & 6y ) J ! numbe~ e‘F Cmfﬁy ,f“!IS

rweSe

* The htnl ey and dotal number of encembles ave constreroned
? M; Ej = E M= ij%,vec[w»fatl ocCupa tion gk

Eij:M

There art many diflrnt ways B ey of ne micrcanoniaal ensrmble
E can be distrbuted in e M NVT systems

Tample: M=6 B3 T=4 E=70,,2,3¢
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B. Probability ‘Dens?-l,-j for e Canoniaal Ensemble

Fr Xn micvacanonical encemble , we

l. PosAulated a probabdiy density : ynifirm dinsidy of eon figquratons
weln 6604[ energy .

2-Used Yu pobabildy dnsity 2 find B dinsity of Stades Q. (7).

3 Woed Y Bolbrmam Grmula b ind hu entrepy. S=lg In ()

we want 4o Lllow an ana,\,oaous chedu—re, Lor the canonical
evsemble. Lefs First Find tie probabiliby dnsy of finding ene of
e members of our NYT ensemple at eneryy b:,

o= Puyr B = ¢
L€ e could (ook at te efatiehics of our ensemble, we uould See fuak

WS < Queracy # of s e observe
P. = SJ—- an NNT ensemble W] enépy %) in NVE& C'“}

oM Ietal # of NUT
a ensembles

In te micocanonical ensemble , we said that any configwahion witn
enrgy B WaS espallif pobable (principle of equal o priovi probabilily).
Hew, ta big syslem @s an NYVE ensemife. that anans fuat any
Veckor m  whert ?uIE}=E§ IS equally probable. S, we just to camt
e numbsy of Ways we can avange tu entrgy n e M bins. s wil)
fell us Y ?mbab/'l@i] dstibuhon .

W), # of ways of aMungn bu states for a gien m

. m! _ M! Malsnomigl
Wim)= T caes;saeioe':té

R
§=

Using W) Ve an wiik @ prioali Ly mass fonchion v a con Siguration,
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W (m) . z ;
.E ﬂ\ = YME of e con& rafion m -t NVE
wee { ; W(m) ensemyle (Mulﬁdlm?:sioml ot all M)

bgﬂv‘h thiy pwbabi‘,ﬂ-\] w58 -ﬁmoﬁanwe cn Gnd ‘b"‘l averxge
SV | o1zl
Pur (§) = R gzﬂvel.m)mscy)— i)

Cewr finy (&) Using W (m)

EXample: M= 6 E=g T=Y Ejazp,I,z,&'E

Dicbhation 12 m=To,y4, 20)
( g .
wimy = b! . 3 ks U
ol gt zto! Mz-eh4-Z4A
# of ways & artane dne Y2E=| and 2xE=2 intv b bins.
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Debiluben 20 m=01,3%1,1]

_ b bs3el
W) = TR 3z bs-Y= |20

Many mort waysF come op witn twis dishildhon of er5ies

Note: Z Wim) = AN pall possi YU con Figurahims (Hrd do wride a5 mple
o oM e of constralrts)

m; (MY : #of gnsembles witn erery B uhen ConFiguimbion s m .
Qn,f © th Dist [ oad mp=1in DistZ.)

Shaw the Python code foc M ensembles witn JT=4 energy levels

and 7 xed enery E-=§.
Qunesen : Is W b sane ot e Amsc{'jofsh(é L7 No, bearuse 16 velafed fo-e

distabefion of ta mjprooirfes. 2 is velakdto S W AVT, which has a T-dependence.
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0k Anis is A grest) lock uMat do L do when M->oo (large easemble)
and T 1s big (large nowber of enenpres). Computing fe muliinomial coefficient
wilk be vory ward. Answer: oen fi my->oe, dia mulinomial coefficiet
become$ o vy sharply peaed Normal distribubion oxond m;= My,

So sharp dmat it becomss a Dirac dulfn finchion S(M,j-m;) amd

on twe Most P‘;Obalole cw\-Figum'ﬁOn MatErS: g This maximiws {’henbow

of W NVE Sysi .
Becawt e di sk bukion is so g\mr?, i average s Y samt aS the Mmost
(ﬂd-j otele y*. 'ﬂw&(‘m, our ?mbabtl,ﬂzj becomes

3 M;
<M]> = M:‘ = ?Nq-“ (Qj): _IW‘L

Example: Shad Pt {msy = My hen M->00 for J=2 vsing Pyfuon,
Proot sin D Appendix.

C- The Boltzmann Distribubon
We want 40 Gud the most prbable chW-HOn L7 e mu Ll -
dimmsional W) subject 4o UaL constainds

%N3=M & dotal #of ensembles

Z N‘EJ b E: < Jolnl Ch«su
J

We will use the wetnod of Lagrange muL{irtiers for tue comstmints. Lt
fm) = o W(M) — o (Zw;- 4) —p( Z %6} -E)
J J

Pnd Hu exctemym : ~ maxim‘.im& Wim) s fw same as Maz.m}zig,
& =0 P(m) becuuse  P= Y™ omst. Gasier+o
dm: Lo
" memt Mmaximize Y loa'-(-oo.
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ok, finally, lets get e disimhetion
* o« -BEj

PE) = b= &8

M M

Summi ng over all e systoms allows vsto find «,

M
Z ?[F{) = |
L=l
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Rotfig it all togefur grims Us ne ?wbqbi[:lydans&b!
e P | Ve han ot b idnkfy -

thrwi)= M s e will ser duat = \hﬂ"
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Summany of derivatio

o We cente an ensemble of NVT dis b ufions Huat- giues

atotal ATV E sysiem.
o fach NVT syskm Was a ramlom emryy &;.
. AN:, distibuhin of i entrgies | G 4uat tome 10 g fseﬁmﬂy
17};;,(,41 = oevr, bt some of dem occur Mmomy  urgys:
° For o lorge ensemble , only due awost Likely way 10 distrilole
Y emergies (4 ome with fne wost wizys) will occw-
t e can slet tuis by Maimizing e Syslem , baping e ¥
of easembles and eney conslant:
o This grns e Bolbzmann distvibwhon.




D.Appendit: Proot Yuat P yug becomes §(m-nf) at M3 0
Assyme Bnomial Coefticient (322) b make tracfable.

n!
w(m) = Mm=m m,= M-m m*
m,! "'1/(.
. (M) W
m! (M-m)! "
o m M

() Db"’ermini'ng Y maximum of e distrbubion
The maximum of 0n W o Pt Same as Bu Mok mumnof W.

oz aml = Gam! — gn (M~m))!
= W on - M= (mInm-w) ~ [ @=m) 0 (N-m) - (u-m)
= MUmMm-M-mbhmts = Min (U-m)
t m 2 (M-m) f/(—/v(
= MY
Mbl(ﬁbm) & JM(‘I.%")

Now 4 find 4 W'd‘“"‘ml we ook for b ecfremum
d
()| =0

A[M}AM ~ Min (M-m) — M gnm +Mﬂn&“4"7]"0
M- jmm—- Bt pa(uem) (1) + ""C') =0

M-m AN ./\/V\

"\ combine 27 combine
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(10). Dederming ¥ dictibubion as M ->00




T distrilbwhon (PMF) s

M
2o () L
s *

m m
To fnd f dishibwhon ot lare M, ue will look at dhe camulant
mm%- Find Y probabilily generading fimchon First;

ol2) = E[=™]

M
G(3)= Z E‘:M( )& = 5‘.1(1{-&7“ (‘ﬁ
m=o oV,
bimmial senres

The moment generating fmction is
S
M= £(E")= Gl = (L)

The cumalant 3waab'»g {mchan is

KE) = n ME = w[(””)] Ut (1)~ M a2

Now £nd camuwlants
414 M s
K =u=SF = M

P "_é‘l_k, = S l ‘Me‘rs —ﬂ—-ﬁ—' .-:-—Ai
e (0 ] (A2
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Companrt Yo normel (Gaussian):

2
= us + & g%
k&auss MET 3

Do 4ve Wighor order {erms wattr as s> 027 (o) 515 of e
order of Yy (7). 1A vescale -
[t S=Ms > 3>3/M

7 192 M 2%80M
The wicth N T i\ dhp ok
will also oo TIL# "‘.’Zé(w JW
Y 0 ke M"Y’. e gu 1 as M 02

Conclusion: B.j CLT k(S) 5 Gaussian with a maximom at Mo and width
AN
J“ﬁ[" L will et shavper and sharper a5 M > o=,

(O - More accurate Stirlings Appromation
For plottivg Bu Stirling's arrnxlmfim, O(un) corceckions mae o
difleronce. UXs do tuis ent ouf mal guick

ml
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SMMmM-M+ 4 on(zan) —-Ym Iam ~m +-‘,_B«4(Zﬂm)]

- Y— (M-m) I (u-m) - (M-m) + 3 (200 (M"'Q)]
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