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Lecture19 TheGrandCanonicalEnsemble
A GrandCanonicalProbabilityDensity

We saw that we coulddefinethemicrocanonical NUE ensembleand

get thermodynamics and we can define the canonical Nut ensemble

togetthermodynamics Arethereotherensembles Yes Theensemble
withconstantMVT whereµ isthechemicalpotential is theGrand
canonical ensemble Notethat µ is the thermodynamicconjugate
variable to N Asbefore there is no reasonwhywehavemore less
informationwitheitherNorµ

We can construct aMVT ensemble in a way that is similar to how
we obtained an NVT ensemble from an NVEensemble
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Now boththeenergyandnumberofmolecules ineachbin canvary Ni Ei
Theoccupationnumber can nowmake a 2Dmatrix

min E 8 Ei Ei 8 NiNa SCE E tottiisel

M total of ensembles 8 NiNa o'tit The
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je 1,53 J ofenergylevels 1 Mik 19thgetInsipmste
he I k K ofpartiiuspossible

similar to before we want to find theprobabilitymassfunction

Paut off
using the now familiar logic we know that thenumberof ways we
can arrange theoccupation of particles and energy isgoingto be
almostcertainly themaximum

min mjk mostlikely distribution

Purt 1
To find the mostprobabledistribution we are goingtomaximize

the ofways of distributingboth energyandmasssubject to the
NVEconstraints

t.ITmint If min M

E.ie mikE G III minNa N

Accordingly we define

f mjg InWmin IMjk M
β E mine E 8 IFeminna N

And weseek the solution to
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Putting it all togethergives

ftp.f lnm.tt α BE ON 0

In m α BE ONE

m et e PE e the
mostliklydistribution
forgrandcanonicalensemble

Theprobabilitymassfunction is

P mint
e ENk

We can solvefor α interms of Musingthefactthat
ΣΣP 1 Σ Σ édéβEj e Na tu 1
j k j k F no N or j dependence

it ZyéPEj e Na M subintoP

P in
j k

PMF for theGrand
Part iv canonical ensemble

j k

what are β and 0 Wewillgetthis in thenextsection

But spoileralert β YEBT and 8 M kBT

Thedenominator isthe GrandcanonicalPartitionfunction

m v t Ee Pcie 8Nk capital x 3

sometimescaligraphicZ
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Q Na V T e ONE

I notethesimilaritywithhow
we wrote Qin terms of52

Howare these expressed in continuum classicalstatisticalmechanics

fetted E I Sdx

Hiiiii.it
neen

Elmivit E.oEni.fe
mnldx Effian

z eBMfugacityoractivity β KBT
Whatabout the probability density

not as commonbc it ismissing
f X x

y
thecorrections forovercountingin

numeratoranddenominator

5 1 exp BHE pun
Probability densityfor
classicalMVTensemble

B Connecting GCEtoThermodynamics

ToconnecttheGCE to thermodynamics weneedtheGibbsentropyformula
S he big

kBE.no f5cxenjceldxjexe1INskBEhnn 511 en EPHEMN dy

hBE.hn 5 1 en j x enePH
BMN
ax
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6

Kosen

fpy.no
nfeHtuNsmdxYKBT

GHMN
kmIn 7 4 4

S hm en E 4 Entropy in GCE

There is a morecompactway
A U TS HelmholtzFreeEnergy

I A MN Grand Potential

A U T kpen 1 x katen E µ UN

A KBTIn MN HelmholtzFreeEnergy inGCE
A UN

I Kaths E TUNUN

katen key Relationship for GCE

M V T

whatis theGrandpotential

I A MN G MN G A PV

I A G PV
So we can then write

PV fat en
Grandcanonicalrelationfor thermodynamics
I M V T

easytogetPUTEOS
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