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Lecture20 NPTEnsembleand Fluctuations
A The NPT Ensemble
The last ensemble that we commonlyencounter has a fixedvalue
of N P T Thenewthinghere is thatvolumecanfluctuate This is
calledthe isothermal isobaricensemble I willnot derive theprobability
density but I will give it

PNPT EE.it I v PMF

Dupt ph e β PV dx Partitionfunction

Supt at PDF
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51MV T Etm étax Pv katene

Isobaric Isothermalensemble fixedN PT

5 N PT
P

D ph éβ
HPV
dy G least In Δ

Aninteresting note thepartitionfunctions canbeobtainedbyLaplace
transforms and theconnection formulas by legendre transforms
see Appendix Laplacetransforms and legendretransforms switch

betweenfunctions with identical information So all ensembles have

equivalent information

C Fluctuations

Wehave looked at ensembleaverages butwhataboutfluctuations

Forexample in the NVT canonicalensemble we have N VandT that
are fixed but µ P and E can fluctuate Wealready know the
whole PDF so we should beable to figureout what thevariance

of thesequantities are

Example NUT O varianceofenergy

of H 4117172 j H ax j eft
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L Elf Echo 9h

He β 1 éβ He'β tis constant

H'e β Ip Heβ

p 115 tins it

p
HQ 41172 3ft

fcggt
simplifying and

2 251 Ip 25 hot kept kate

SH U éβ ax ̅ 15dx ̅ 2b

Pluginto 0

of kBTCu HH
of kptCv Energyfluctuations are proportional

to theheatcapacity

DThethermodynamicLimit
We are interested in themagnitude of thesefluctuations as N o

As we have saidmanytimes N 1023 in manycases The limit

N o N u constant is calledthe thermodynamic limit TL

Whatdoes our distribution look like in the T L for theNUTensemble
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We can find out with a cumulant expansion in thelimit N o

Skipping thedetails seeaFdx Tecumsulantexpansionof
DNUT is

Invt Q n f eβdy RCEEBEdE HII E

K s In est K s 1215 1 53

K E U 29 wentfromadistribution
with1023variablestoone

K2 GE E Later 111 withonly afew U N T

K s Us kpTCv NormalDistribution

mean U var n Cv

Example Idealgas
Mh Nkat Cv NKB

E NKBT OZ kpTcv kmT Nhp Nkbt

EE EN5

this samescalingholds for allcases notjustidealgas Internal

energyand heatcapacity are extensivequantities UNN

CUNN

Maintakeaway At largeN ensemble averagesgrowproportional
TNbutfluctuationsonlygrow likeN Thus the relative

sizeof the fluctuations on am α N When N 1023 these

fluctuations are reallysmall
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1 LowN HighN

InPLE

i1i
o

PW

L
III fluctuationsdon'tgo tozero buttherelativevalue of the
fluctuations becomes negligible

Example re to him F 0

Fluctuations are stillimportantat small scales smallN V

In canonical N U T are fixedandM P andEhavedistributions

the factthat thedistribution becomes a diracdeltafor E ovmorP

showsthatall ensembles are equivalent in thethermodynamic limit

It is called the thermodynamic limit becausethefluctuations in
the systemvariables PV V T M N become negligible If itwere
not so thenwe could not definestatevariables in thermodynamics

or alternatively our different ensembleswouldnotgive consistent

answers coarsegrainfrommicroscopicp.o.F.tomacroscopicstatefunctions

The thermodynamic limit is a manifestation of thecentrallimit
Theoremforstatisticalmechanics

E PrincipleofEntropyMaximization
In thermodynamics we learnthat systemstend to maximize their
entropy and minimizetheir freeenergy Helmholtz or Gibbs We
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alsolearnthat systems move spontaneouslyfromlowerentropytohigher
entropyandhigherfreeenergytolowerfreeenergy What can statistical
thermodynamicsteachus abouttheseconcepts It teaches us that

Ebility drives entropymaximization

consideran idea in anDensemblewhere Nmolecules are initially
prepared in avolume of V cm Weopenthis container in a volume

ofV2 1m The probability of a sieminstatehavingallofthe
molecules located in theoriginal volume u km is theexactsame
as a singlemicrostatewherethe molecules arespread throughout

V2 1m Thismightseemcounterintuitive but it is aconsequence
of our assumption of aprioriequalprobabilities However thereare

II.it i i
frequently encounteredmicrostates

this can still besubject to fluctuations at lowN It Nato then
it isquitepossible forall ofthemtosuddenlyappearin V again But
for N o it becomesvirtually impossible Considerthe plot I'vemade
seepythonplot forthenumberof microstates v relativeto

Slim fordifferentvaluesof N

Example Idealgas entropyin NVEensemble

8am en or a pen.EEi
Xin T E Nhat Xen h Ife
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stirlings approximation to gets skipmath inclass

111 7 312
31 N 2N

D ftp.tnjh IHMEYE jEpe

if cities

WEEI.ME ia cEi

coulduse sackarTetrode too
D

oce.sncorrection

N 2 520.9m R 1m 0.81 81 100

N 10 D 0.9m 2 1m 0.35 35 700

N 102 R 0.9m 52 1m 2.6 155 3 100,000

N 103 R 0.9m 2 1m 2 1546 2 1046

For largeN there isalmost no chancethesystem will spontaneously

confine itselfto a smallervolume This iswhyentropy ismaximized
the systemwillalwaysfinditself in the mostfrequentlyoccurring
setofmicrostates
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F Appendix LaplaceandLegendretransforms

can.uaaenansQFrEBEdE A U TS

Laplacevariable E U

canonical grand canonical

oQZN pv AMN Z fugacity

a discreteLaplacetransform
z transform

canonical isobaric isothermal

QéβPVdV G A PV

GAppendix CumulantExpansion forNVTensemble

calculate the momentgeneratingfunction for gout E

fnut E e.PHQ Q féβHdx ̅ re βEdE

RIESEBEQ É To I
M s est estRLE eBEde the Laplacetransform

O versionoftheensemble

average
RLE E BEde

write the cumulantgeneratingfunction

KCS enMCs en race'sPE de
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9

Recall that derivativesof KCS are related tocumulants

d
n so

kn nthcumulant

KCS Kis t ka k 5 cumulantexpansion

i Expressionsfor thecumulants in termsof E

K en RCA e de s 0

en re βEdE no so

fireβ dE free Ede detail dont

u EB E Ee PIE

w.fi iii 1 EFi F
FREEBEE E

K E U

K 1 0 lls tomabovedf.FI

ffredsBEdE e βEye

ttrie.fi

fffif
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FREEBEE Free BEdE
evaluate at 5 0

re GE FREEBEE

4
E

QSEY Q QSE

K LET LET 1591Is of
kz GE E kBTCv

Iii Expressions forcumulants in terms of Q

k s In frelsβEdE alp fRéP de

Tea
kiss In 81 In Q p s endp

lstfff.in l 1 i1s oI i ntIps
1851 d9

K Ipt
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kz 1 ˢ ftp.splnace93
s

chainruleagain Is Fss
K2 thispatternholdsforall kn

kn 1 diff
iii cumulantExpansion

k s E St E s Gaussian distribution

k s Us CBE s t
KCS Ffs dfest I 19 It

iv cumulant Expansion in termsof intensivevariables

Thecumulants are extensive XN Rescale s andQ to find the

distribution intermsof intensivevariables

Define big I lnQ hQαN

5 Ns thismakessense becauseestand ExN

kis s If I y It
IpYeng Ex ftp.lxenq fi xengfit

k5 4,1 5 In sep5 _todye53
As N the higherordertermsmatterless andless Onescaledα N
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