Lecture 22 — Thermodynamics of phage e3u51§bn'vm
A-The Fundamental Ezun{:ion
(n Y last lecture; we learned Huat there are b tmportant stafe functions

— energy and enfvom — Uat describe o sycieo: e was o law for each.
1 g du = 8.+ 4W
2 lad : 8S= d8reu /T, §Js 20
We cin combin, what we Fnow about both entropy and energy from. Hhese
Yo laws into o Sigle eqation

U= 46 + 3w
dJu= dQp+ Wpey  the firstlaw also holds for reversible processes
&pey = TdS Definifion of ‘-"‘*"’P’j

dWrey = Z Fdx: Work v a. reversiole. padh
= —PJV + Z,u.l dn;  For an 1sotnpic Hud with N components

t=¢

du= TdS- Pdy ¢ z,q dni| FE - Enengy Representation
(]|

This expression s Galled e fundamenta 3&4.4{1’“ of qumédnam'cs. ™
vepresents i combined [ and 24 laws. A simple rearrangement gives
wo e en‘l'ij wvepresentabion of Y Fundamental Sgyahon.

x
ds= +du « Eav - -{:z,(,u;dni F - Grrhopy Representation

¥ we voll back our assumption of an isotpic £luid | we got the more
gtneral expression

Note B Sian Convenhion is opposrfe
au= TdS + ZF~ dx, 1 ’ il

from mechanics, except for -PaV
(3)“,)5 X; : genealioed forces  %;: genemlind displacemnts




Imkqfaéina one of these expressions tells us

SNy Ny gy ) or S(U,X) E‘h'\‘mw vepresentation

WES, V) niyngye ymy)  or WS, X)  Bnegy epresentation
This s oar ezu}(i brium w\@\(ﬁ T4 dells us Hne complete 'Mrmdwamic
informabion alout our System! If we bnow mis funchion, we Enew how
all of e pieces relade | we can caledlate any veversible process, we
can find phase behaner, We can compute P, T) U 9, efc. TF it s an
eguilibrivm property, un can ged of-

Bx: pntopy af a monostomic, idea| gas
2

Equimlent fo Sackur-Tetrack when V' Quarntum cwssover” veterace stade at
Vo= Nne | Dos h/(zw‘-ﬂ?:)yz' To wrth dendly of [ atom per tiemal

Uo= ZNLT, So= 20l cell vlome (y°=-‘¥;=‘,t;)
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B. Equations of Stare
For simplicity, T am going to do e {-‘o(lowina for an isohnpic, pure component
Huid. T will nole move general expressions as needed . The fundemental

equations SCu,V,n) and U(S,V,n) can be writkn o5 tytal diferentials

oS 9S G
550 ) b Gt ()i o e

dsS = :T‘:Au- + P‘F aVv - L_\{-.dn fud amenfal eﬁmﬁon
— (% U ou .
du =35 )n,v ds + Kav )n,s dv + (an )s,v‘l” total derivative

dW= TdS - PdV + /u.dn fund amental equation
FoCus’u\j on the entray m‘wesen{'a-ﬁm (“0“""‘ Lor brevity and s?mp[,:d-ly),
bv o»mpaﬁl\a Y Htal diffevenfial and fundamental e%vwl-'on , We See Yhat

U oU
T= ng') nv P= - ('a-:v-‘)mv M= ?n') SN
Comments: Fe =X: =T velations

’
o Bach of Hwse expyessions are auuafions of stafe.

P= Pn,v,0) P-V-T BoS | (no heat capacty o)
T=TUMN)  UV-T €5 (po WT datm)
= w0V, 1) pev-T 5 (redondant for pure component)
® only 2 of 4 3 art independent. This'is a Qnsequence of the
fact that W(S,Y,N) is extensve. When fw syskm Size deubles, 4w
energy doubles.  In e language of mathematics U s a hom ogenems
£unckin of degree | w(as,AV,An )= AUSYN). This leads o e Gibbs-
Duhem equation that constraing e EoS. (no FHime fo go deeper)
e 14 we know the etbun"';ons of Stafe,fmn we can recenshuct Hee enfie
fundamental equation. Gl nformahiin“ = PvT + Cy




* Classical aermodynamics dells us Huis stuour, uf ue dort ks u
ecbuul-iou; of stale. We can qf uose empinally or by Safrstica [ Hermo -
dynamics. Bach waterial (and mixture) has ifs ewn frdamenfal eabva-ﬁmv
Classical +thermo (uat dells us tueve s one.

o These are Hine ‘?ro?er{:‘, veafongiips” Som e bog 10 aur(ast lafure .

EﬂlmB\c? ﬁ%ua'ﬁons o stade for monoatomic 1deal gas
-
W= U (%) *exp(% %) AS=S-S.

NT= K 2 )y

T= 3s [ (v,) CKF(’/5A%\R)] V /WT’/ 3 'hlﬁ, egf(% AS/I‘IR.)

\-w—_—J
i 3 Ty
T=% %é D U= NRT Yo N
M W(T) does vot Wave fwe same amovnt
of information as U(S,V)w)
3’) P=- ('a-‘—'l)mv ~/
p =~ 2 uo (5] e %) - =+ esp (1% %) (%) (%) %-';
- No | /'v
P = %’\L TRY; &/k
p=2L P=l§«/—b%mﬂ > |P= nRTN
3) M= 'a‘a%') Sy (coretul: Uo and Vo are funchions of w)

[uo(w) &‘%a)] let Uo=Thon | Vo= Von

o
':’nff‘u'v(n v,) (5 nR)] Use chain Tule
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°J | <~ can mafe o funchign of PV,

TV, o 7Y varg\"n’ 605

C. Therm dyn amic Putensials

Everything seems gvm{:.' We have 4nis efale funchon W orS Hut gives
us e azu,i[ibr‘.'um Stafe of the syslem. We can constwek if from empicical
e%w.{—ions of stufe that we measune (Pr1T behawor and heat CaFo.ci-(-\j),
or we can Use Sfatichal thermo fo got Hhose.

However, U(S)Vyn) and S(W,V,n) are annoying. They are in Yemg of
wriaes we dond Mant an easy way to mexgure. There awe no intornal
eneroy / tntopy meders? pt | we solve for WITY, we lose wnforwation.
Ave there other state funchions witu all Y came information ac | and
S but dperd on vanalles we can mort exsily measwre? Yes! Haw do

T find tiem? By a legendre tronsform.




b

A Lcacv\drc transform is a change of varialles for a surface Hat Yeplaces
an original coordimade with tw corresponding derivecfive. Cslope of Ahe Suvface).
™ gves us difterent coordinafes but with M same amamt of information.

o usy H=U-v %‘(‘7 ERE0)
A7 hamw g
Endnay e L
v P
Define: Enﬂmlp\J K= IM'PV W= U(G,V,‘\')
du= T45-pdV £ udn Suap conyigak varidbes V £ p
an = dy + pdV 4 VAP
dW=TdS + Vdp + mdn H=H(s,p,n)
Debine: Helmho(tz Free Ene% A=U-TS  w=u(s,v,n)
du= 45— pdV & Jdn Suiap conjuget vortables StT
dA= d(-TdS - sdT
dA=~SdT-9dV « mdn A=A(TN )
Define: Gilhs Free Enerny  G= #-TS H=H(s,pn)
dH= 145 +Vdp +/u.cln Swap conjugate Vaviades S €T
d§=dH ~TdS +SdT
46 =S4T +Vdp+ mdn 6=&(T,p,n)

The most useful are A aud &. e Helmholtz free enensy is afunchon of

fempernture and (specific) volume - The Gibbs free enery 1s a Junchon
of preshure and temperature.




Commenls
* With trege thermodyvamic potentials, we can now oo ugeful Hings
like Ccompule phose e%ui[:bria. or evaluafe -chmoelvmmic eycles.
o Just like with S<U, He partial devivaties of §, A and G ave
ojuen by eabvu-l—ions of stafe.
* There s a uhele “calouls of themodynamice Hhat helps us relafe
all of Hue ctuan-ﬁ{'?es -lvgc-l'hw. This ncdudes Hu nas ‘e Maxwel(
RAxtions and £ jielcfs useful formaulas [ipe H=HIPT) o
using compressils (dies Cinslead of PUT behawior) 4o construct thermodynomic
Pa(-mﬁafs. this formalism s very useful.
< Wt do KA, and & mean physiaally?
H:Interna energy correcled for the PV work in o Having system, For o
constant pressune sysiem, emthalpy is eqzal to heat input. J= if.
Ceonst p only)
A: Negative weighted comb of the miciostafes (A= —LgT u 8, Q.= 'Zi-e:PE").
Lk a “negative en’nop.j “ tn a comst nVT spkm Pemember fuat S
iS constant wVW (5= {4 B 2). Prckionlly , te ampuaf of work
one can extmot (net locknd yp as eat) at constant T,V (“thermod; namic

pofenfial o ) .

Q: Negatie v’eiqh{eé comt of the wicwstmies [“maa#v& en‘lij") ™
o onstant PT systom (6= -kt la =, == PO, eignted by
N cn%a(pb. Amount of extractable werk (" Yhermodynamic polential ")
at onstant P,T-
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. Thtrmoécjnamic square : A mnemonic Lor mmembar'mg +ie, -Ekenwoclymm/io
Po'f’e'l'HQIS . “Bood Ph\ﬁrd?k have studied onder very ambh ous teachers”

-Adjacen'f comers are difterenthals

S W |V _
~ Oppesite corners are coefficents wf sign
_li é\u — opposHe coners are conjugate varables
Pl G| T W= W) dW=—pdV + TS
k= “CS)P) A= ACV)T) 6= €7(.P,T)
dH=Vdp * TdS dA= pdV-sdT dg= -SdT +vdp

D. Extremo. Principles beyond Entropy
Ve (carned previously b o syslem ot equilibviom Corresponds to an

entopy,  Maximm .

«— af czu?[:brium.' dS= 0, d%s <0

S eifhert AS>0 tv 9o fo eguilibrivm

Sis maximized at fixed n,v,U

k < U,V,V\

What about our potentials: U, #) A 2q? Equilt brium correspends to an
eneryy minimom - This is also an extremom | lact Yoo concavity is Hipped,

/ erlorHev G

< if hew, AA<O & 90 b e.%u}[-‘bn'wn

U.JH;AC 0(‘6

< — ot ctbu;[.brium :dA=0, d’Az 0

X (n,%9,T,5)




A is minimized at comst n N, T Wis minimized at const n v,
G 1§ minimized at comst np, T = His minimized at const n,?,S
(Dontusually minimize Uer 1)
"Varia tonal Pr{ndflt" ot {:kztmo&‘;namicst the syslem seeks to maximize wopy
(ot constong ny¥,w). E%u]‘mléﬂ"'llj ) the system seeks to minimize bhe free

energy (uswilly Aer 6).
(Not 4o be emfused Wikt variatheml  calculus )

Proot (or Helmholtz energy

wint 1 both System at fived NV, T
;a Syélem dSyrin = dS9,Js t Syt O
Ash{h:: "8;0'.

=
Ihgye= a8 +3d  (V fired) )

635‘& e _'l: d\ Sys

A=U-TC -t dSony 655‘39—:::'&&3\45 20
A= dU- TS - SIT = -Af;,_v_ ys
dA=dU-TdS const T

JA%;&O

4 __du
T =7 tdS

Avnalogous vesutts Wsld for &. we need bakh and piston (& is ok const 72 P).
D. Phas, E%ujl?brium

we are prepared 10 analyze unary (pure material) phase behaviov.
Maferials twat are phase sepornked have an inferfact between two different
macvscale regions sefa.m-lu‘ in space.




(O

- B equ (¢ briom
phese o | phose p vapor-liguid solid - (iquid,
Solid-solid , Solid ~vapor

What are Yo egailibriom cridevia for Hue two phases?

Ol = dUy +dug dk=T d5- pdV +udn

= 45 * 'I;e\SP ~ PadVy —prVP ¥ Mo dny '*'/“P“"p

The Sustom is tsoladkd at at e.buil?brfdMJS‘o

dlyy =0

ASd'-'- “Agr ) A-Va -.-_-AV? ) And = "AV\P
VPda.{—;nﬁ owr abive expression gives

0= (T“-TP) dSy - (?,,-TP)AV,‘ + Q;,,-MP) dng
The only way this 1s zer0 for arbitrary dS, dv, and dn is fer

Ta=Tp  Ta=fp  Mua=Mp

Commenty -
* Only 2 of 3 ate needed because o€ Gibos-Duhem

* For mixjwes , W& need o chemica| pahznx‘ial for each a»nponnf:/w“=,a,-F
e Wis is all of Ye fomdabion we need for phase e%uil:'bn'um caleulations,

The vest is detmls. heg oan be very useful, buct in sfert thermo , we usually
Wave direst occess to free energies (69,4, So we dont need them.

E ’fhevmé:, nemic  Stabilily

We kwew fat cnfnm iS mayximizd ot egu il-briom and that free encrgv 1
minimind- But vint hoppens if we are purtvrbed Slightly? Do we revn 4

ezbui lorium or ob we “vun away"? [n other Wovds are we in a stable stafe ?




I

ctable, metostable

;E’ w20 § L s =0
i ﬂ[ofml M MUM i local minimum
unstable, Fw,{:‘m\tsj Stable
maroyna
§ d'=<0 3 J dU=0
£ ma xiom g _® Lot

How do wr mal—.kwa.{;ioql(/j assess -Haermndym.mic S'I'abil.i{:y ? lets [ook
ot e '\'a\dlor Series for o small perturbation from %uili brium for W

W(sv,n) = Wlz;)

1 L 2
W= = SWs L6 +3 Sw to. '
¢ i matrix notation :

ou= Z" %%; [.%i"iﬁ) su= ':l— 3§ (’Tacob’:an)

- T G (orafl)  gusSa-f-Bp (Hemian)
vy ou%Y g _
symmetric
Auw= J-82 + égg-i.s‘%‘ §..-
W oder b b at & mininum at U, we ped
du=90 C%u}\: brivm, condibion
sW=0 Stability condition.
The stabildy condihon is equivalent to Hor stremtnt that £ mast be positve
semidefinde . “This means all eiggnvalues are veal and 2 0. Anotter Lest s

i€ all of U leading principal miners of b are 70 (Syveslers extferion).
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for stick stabildy (nok wargmal) the tessian matrix must be psihive
delinife (70) and nof azw.lto zer.
Example: WU(S,v)

(2w dw ] Stabilidy eribevia.:
25t sV Uss  Usu
|ugs | 20

LASa 'S
| 0SW DV Uss Uey = Usy 20

nx
"

F A.p!;pné?x: Matrit winors

A minor ts Hu deferminant of ony squave sulomatn X obtaived loy
dz(e_{—'mg_ Yous and colomns.

%\‘ %) symmetric matrig

a b c order [ minors: [al, (6], ...
H=|v d e
= . . alo be
e £ ovder L minors: \kal , Je,,

order 3 minors:  det (H)

A W 1s the determinont of o submatrix obtained by dde:l:n'ﬂﬁ M
Same ywws and columns,
Exf/'\"flf' L %1 Symmesgric mafnix
fabe order | principal minors: \al , 140 1£]
H=fb 4 e \ W ab] Yec| 1de
ovder 2 "bJI,lc%J]eF

cef
order 3 minor ¢ det(H)

A leadry princpal mingr is only e upper-[ef principal minors of each order.
m: 2K symmetrc matnix
ab c order | LPM : Ial
z[tii} pvder 2 LEM ! \tr\
ovder 3 LPM: def (i)




