

















































































I

Lecture22 Thermodynamicsofphaseequilibrium
ATheFundamentalEquation

Inthe lastlecture welearned that therearetwoimportantstatefunctions

energyandentropy thatdescribe a system Therewas a lawforeach

1ˢᵗ law dU IQ JW

2ⁿᵈlaw ds darev T fds 0

Wecancombinewhatwe know aboutbothentropyandenergyfromthese

twolaws into a singleequation

dU IQ AW

du AQreu twrev thefirstlawalsoholds for reversibleprocesses
Garev Tds Definition of entropy

dwnev FdX workfora reversiblepath

Pdv ErMidni For an isotropicfluidwithNcomponents

du Tds Pdu EMidni FE EnergyRepresentation

Thisexpression iscalledthe FundamentalEquationatthermodynamics It
represents thecombined 1ˢatnd2ⁿ ldaws Asimple rearrangementgives
us the entropyrepresentation of theFundamentalEquation

ds fau Fav FEEMidni FE EntropyRepresentation

If we rollbackourassumptionof an isotropicfluid wegetthe more
generalexpression

Notethesignconvention is opposite
du Tds IFjdX frommechanicsexceptfor PAV
F s x generalizedforces Xj generalizeddisplacements
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Integrating oneoftheseexpressionstells us
S U V Mi Man nn or SCU I Entropyrepresentation

UCSV ni na mn or UCS I Energy representation

This is our equilibriummanifold It tells us the complete thermodynamic

informationabout our system If weknowthisfunction weknow how

all of the pieces relate we can calculate any reversibleprocess we
can find phasebehavior we cancomputeP T U S etc If it is an
equilibrium property wecanget it

EE Empathetic idealgasm

s Sot nR en s scu v n

EquivalenttoSackurTetrodewhen Quantumcrossover referencestateat

I t.to 11imggtok
towithdensityof 1atomperthermal

cellvolume go

Fa en E
en E en E E en 4 E

Er Fr lnf n NINA R KBNa nR NEB

Solvefor U SV n

58 en 1h 1.1 exp Er

1 f exp Er u no 5 exp Er
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B Equationsofstate

For simplicity I amgoingtodothefollowing for an isotropicpurecomponent

fluid I willnote moregeneralexpressions as needed Thefundamental

equations S U V n and U S V n can bewritten astotaldifferentials

as Eu du F nadv E avdh total derivative

ds Idk Fdv Fdn fundamentalequation

du E minds ns dv svdn total derivative

du Tds Pdu tudn fundamentalequation

Focusingon the energyrepresentation againforbrevityandsimplicity

by comparing thetotaldifferentialand fundamental equation we seethat

E niv P E niv M sir

Cments Fi Xi T relations
Eachoftheseexpressions are equationsestate
P P n VT P V T Eos no heatcapacityinfo

T T U NV UUT Eos noPUTdata

M µ n V T M U TEos redundantforpurecomponent

Only 2 of the 3 are independent Thisis a consequence ofthe

fact that U SV n isextensive When thesystemsizedoubles the

energydoubles In thelanguageofmathematics U is ahomogeneous
functionofdegree1 UXSXVXn XUSVn Thisleadsto theGibbs

Duhemequation thatconstrains the Eos notimetogodeeper
If weknow the equations ofstatethen we can reconstructtheentire

fundamentalequation fullinformation PVT Cv
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classicalthermodynamicstellsus thisstructure but wedon'tknowthe

equationsofstate We cangetthoseemptically orbystatistical

thermodynamicsEachmaterial andmixture has its own fundamentalequation
Classicalthermo justtellsus there is one
Theseare the propertyrelationships fromtheboxin ourlastlecture

Example Equationsofstateformonoatomicidealgas
U Uo exp Er Ds 5 So

1 T E mV
T.is uo 7exp43 nr

YoW73treiyfEy
T U ART
mm UTI doesnothavethesameamount

of information as U SV n

2 P Funiv
P Flu E exp hr

weyh
ask.li

t.P3UF
P P nRT P ARTV
mm

3 M Isv carefulUoandVoare functionsofn

µ In Uo exp
ˢnR let no iron Vo Jon

InfinoKTexp3 2 usechainrule
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µ Eet eeE 3Eigil eater coming

iv EEE

EFii.EElesiialuk 5 Elu EnRT Er enfley to
ñETE_EenTo enMro

In F Mo at v vo T To Mo ERT
DM MMo1 endP F

saymakeatight o's
C Thermodynamic Potentials

Everythingseemsgreat wehavethis statefunction U or 5 that gives
us theequilibriumstate ofthesystem We canconstructit fromempirical

equationsofstate that we measure PUTbehaviorandheatcapacity

or we can usestatisticalthermotogetthose

However UCSV n and S U V n are annoying They are in termsof
variables wedon'thaveaneasywaytomeasure There are no internal

energy entropymeters But if we solvefor U T we loseinformation

Arethereotherstatefunctionswithall thesameinformation as Uand

5 butdependon variables we can moreeasilymeasure YesHow do
I find them By a Ludemtransform
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A Legendretransformis achangeofvariables for a surfacethatreplaces
an originalcoordinatewith thecorrespondingderivative slopeofthesurface

It givesusdifferentcoordinatesbutwiththe sameamountofinformation

H a ray
heightwTerm

p

s tangentlinecrosses s

t f p
raptat 2 T Is v

Define Enthalpy H U PV U U SV n

du Tds pdutudn swapconjugatevariables v p
dH all pdv Vdp
d Tds Vdp Mdn HS p n

Define HelmholtzFreeEnergy A U TS U U S V n

du Tds pdutudn swapconjugatevariables sit
dA du Tds Sdt
dA Sdt pdv Mdn A A TV n

Define GibbsFreeEnergy G H TS H H Sp n

dH Tds Vdp Mdn SwapconjugatevariablesS t

dg dH Tds Sdt

dG sat Vdptudn G G T p n

Themostuseful are AandG TheHelmholtzfreeenergyis afunction of

temperatureand specific volume TheGibbsfreeenergy is afunction

of pressureand temperature




















































































7

Comments

Twiththesethermodynamicpotentials we can nowdousefulthings
likecomputephaseequilibria or evaluate thermodynamiccycles

Just likewith S U thepartialderivatives of H A andG are

givenbyequationsofstate
There is a whole calculus of thermodynamics thathelpsus relate

all of thesequantifiestogether Thisincludesthings likeMaxwell

Relations and it yieldsuseful formulas like H HPT or

usingcompressibilities insteadofPUTbehavior to construct thermodynamic

potentials This formalism isveryuseful

WhatdoH A andGmeanphysically
Internalenergycorrected for the PVwork in a flowingsystem For a
constantpressuresystem enthalpy isequalto heatinput dH IQ

const ponly

A Negativeweightedcountofthemicrostates A KBTenQ Q éβEi
Like a negativeentropy in a const nut system Remember that S

is constant nVu S hp ens Practically theamountofwork

one can extract notlockedupasheat at constant T V thermodynamic

potential

G Negativeweightedcountof the microstates negativeentropy in

aconstantnPTsystem h hosten e β Etu Weightedby
theenthalpy Amount of extractablework thermodynamicpotential

at constantP T
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Thermodynamic square Amnemonicforremembering the thermodynamic
potentials Goodphysicistshavestudiedunderveryambitiousteachers

Adjacent corners are differentials
U V

opposite corners arecoefficientswsign

It An oppositecorners are conjugatevariables

P G T U ULSV du pdv Tds

H HSP A ACVT G G PT

d Vdp Tds dA pdv Sdt dG Sdt vdp

D ExtremaPrinciplesbeyondEntropy

welearnedpreviously that asystem at equilibriumcorresponds to an

entry name
at equilibrium ds 0 d's o

s A ithere Δ5 0togotoequilibrium

S ismaximized at fixed n v U

UV n

whatabout our potentials U H A G Equilibriumcorresponds to an

energyminimum Thisisalsoan extremum buttheconcavity isflipped

E

I V ithere Δ 5 toequilibrium

c at equilibrium dA 0 dA o

n PV TS
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A is minimized at constn VT Uis minimized at constn V S

G is minimized at constn p T Hisminimized at const n P s
Don'tusuallyminimizenor H

variationalprinciple of thermodynamics thesystemseeks tomaximizeentropy

at constant n v u Equivalently thesystemseeks tominimizethefree

The iii ariationalcalculus
Emeremholtzenergy

ummm bath system at fixed N V T

Zeta f system dsoniv dssys dSbath 30

hmmmm

dsbath ᵗ

dusys IQ AW V fixed

dsbath dusys

A U TS dsoniv dssys dusys 0

dA du Tds Sdt days 0

µ au tas const t
dasys 0

f as

Analogousresultshold forG Weneedbathandpiston Gis atconstT P

DPhaseEquilibrium

we arepreparedtoanalyzeunary purematerial phasebehavior

Materialsthat arephaseseparatedhave an interfacebetweentwo different

macroscale regionsseparated in space
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α β equilibrium

phaseα phaseβ vaporliquid solid liquid
solidsolid solid vapor

Whatarethe equilibriumcriteria for the two phases

dutot dug dup du Tds pdutudn
Tdsa Tadsp Padua PpdVp Madna Mpdhp

Thesystem is isolatedat atequilibrium so

dutot O

dsα dsp dux dup dnx drip
Updating our aboveexpressiongives

0 Ta Tp dsa pa ppdVα Mx up dna
Theonlyway this is zero forarbitrary ds du and dn is for

Ta Tp Pa Pp MxMp

Comments

Only 2of3 are neededbecauseofGibbsDuhem

For mixtures weneeda chemicalpotentialforeachcomponent Mi µ β

This is allofthefoundation weneedforphaseequilibriumcalculations

Therest isdetails Theycanbeveryuseful butin statthermo weusually
havedirectaccess to freeenergies e.g A so wedon'tneedthem

E Thermodynamic Stability

Weknowthatentropyismaximized at equilibriumand that freeenergyis
minimized Butwhathappens if we are purturbedslightly Dowereturnto

equilibriumordowe runaway In otherwords are we in astablestate




















































































stable metastable

d u 70 du 0

globalminimum W localminimum

unstable neutrallystable

d u o
g

marginal
day 0

ÉÉ BN maximum flat

Howdo wemathematicallyassess thermodynamic stability Letslook

at theTaylorSeriesfor asmallperturbation fromequilibriumforU

U SV n UCZ

u neg sut 84 84 t
matrixnotation

SU 78 z 298 8 8Z Jacobian

su 22 z z z 298 su 82 82 Hessian
symmetric

DU I.SE SE SE
Inorderto beat aminimum at 48 we need

84 0 equilibriumcondition

8430 stabilitycondition

Thestabilitycondition isequivalentto thestatementthat mustbepositive

semidefinite Thismeans alleigenvaluesarerealand 0 Anothertest is

if allof the leadingprincipalminors of are 70 Sylvester'scriterion
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For strictstability notmarginal the Hessianmatrixmustbepositive

definite 70 andnotequalto zero

Emple UCSv

En
2

Y 1
stability criteria

Uss 30

UssUvv Ust30

F Appendix Matrix minors

A minor is thedeterminant of any square submatrix obtainedby
deletingrowsand columns

Example 3 3 symmetric matrix

order1 minors lal 161

order2minors 15 1 1181
order3minors det H

A Examiner is thedeterminantof a submatrixobtainedbydeletingthe
same rows and columns

Emple 3 3 symmetricmatrix

H
order1 principalminors lal Idl If I
order2 1 1 1 1
order3 minor det H

EEIEE.esE ihn a1the
upper leftprincipalminorsofeachorder

H
order LPM lal
order2LPM 9
order3LPM def H


