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Lecture3 Moments

A TheExpectationOperatorandMoments

It isofteninconvenientto use the entire put orpdf of a
randomvariable As such we want a few numbersto tell us

about the putpdf Additionally thesenumbers momentsof
the distributions oftencorrespondtophysicalobservations

i Expectation Operator

Theexpectationoperator is motivatedby the conventional idea

of an average It isdefined as

Efx ExipXil discrete

E x x f x dx continuous

m ELI is the execution or men of

Theexpectation is a Linearoperator

E ax by aELX bE Y

ii Moments

Themean isnottheonlypieceofuseful informationthat can be

determinedusingthe expectation operator TheInmonment
of the pmfpdf isdefined as

mn Efx m m
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E X Extp xi discrete

E X f x dx continuous

Alsouseful are thenthcenteredmoments

EX m x m p x discrete

E X m x m f x dx continuous

Themostcommon centeredmoments have names

n 2 variance o2 E x m E X m

n 3 skewness E X m 03 skewness

4 kurtosis Exam 04
Kurtosis

arescaledtoo

Recallalsothat for o is thestandarddeviation

Example Intuitionaboutwhatcenteredmomentsmean

f skew M c skew m centerofmass
0 width

f skew symmetryaboutm

kyto Kurtco Kurt fatorthintails
Kurt89radI

It is sometimesconvenient todefine a normalized R.V

4 71
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This has the nice properties that

E Y 0 E Y 1 skew E Y

Kurt E Y

B Characteristic Functions

Sometimes puts pdfs and edts are notveryconvenient
for computing neededquantities Theseinclude the calculation
of moments and the calculation of pdfs of functions of RVs

Characteristicfunctions and related are very useful
toffordoingthenabove Theyalsoprovide some insight
into moments and somefundamental theorems that make

themworth learning They are also remmonin statthermo

We definethecharacteristicfunction of a randomvariable

to be the Fouriertransform of the pdf
w e fix dx i F

Alternatively 0cal can bewrittenusingthe expectation
operator

w E eiwx

Thecharacteristic function has several importantproperties

1 It's inverse is f x Therearedifferent

f x e
in
few awf FT

conventions

Note thisone



































































































































































































4
Themappingbetween fex and w is one to one meaning
w contains all the same information as f x

2 Thederivatives of w are related to the moments

w o in E Ew 41
I evaluate at w 0 Eentralized

Quickproof for 1ˢᵗmoment

1 FwE einx Efixe

ᵈw
w

Elix IE

i OtherTransforms

Thecharacteristicfunction isnottheonlytransform that

you willsee let me brieflydiscuss a fewothers

Themomentgeneratingfunction mgt is givenby
TEE E festfexdx two sided

Laplacetransform

Thecharacteristicfunction is a Wickrotation

of the mgt w M iw

Derivativesof themgt are the moments

M s o E X Mn no pesky i

TheTaylorseriesof the mgt containsthemoments
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M s I E x s E 3

I m s mast My

If themgtand thepdf are one to one and themgt is
specifiedbythemoments thenspecifying all ofthemoments

isequivalent to specifyingthepdf this is calledthe
momentproblem There are someimportant mathematical
conditions that mustbesatisfiedthough for this to

be true Carleman'scondition

the cumulantgeneratingfunctionegf is givenby

Kiss IntleTEEnm s

Derivativesof thecgf are called cumulants

dff so k co kn

k s K s t K2 13 t

K isthemean K2 isthevariance and k isthe
cumulantshave 3ʳᵈcentral moment HOT are not in general
decreasing central moments but they are polynomial
informational
content functionsof them cumulants have a special

at higher significance in statistical thermodynamics related
order to connectedness in n body correlations We'll

hopefully talkaboutthissoon



































































































































































































6

Theprobabilitygeneratingfunctionpgf is theversion for
discreteRVS.Itisdefinedas.me

G Z is

G z E z É z p x n the z transform
of thepmf

Wewontuse thepgfmuch atall I include it forcompleteness
Details are in the appendix

C Characteristicfunction of normaldistribution

thenormal distribution isgivenby

f x exp
4
172

Usethedefinitionof the characteristic function

dew Efe 19 In exp 77 ax

changeofvariables y 71 x yotm dy

w F exp iw yorm exp 12 dy
a

the
wm
expliwoy exp 4 dy

using a FT table
Mathematica

woyexp 9 dy It exp
O
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putting it together

w tfeiwm.H e

wk.li

needto pullout an in s or w is

M s exp sm is 8

exp sm 5 0 exp sm
50 2

I
Is exp sm 5042 m so M miso

11 M m so Mo

413 M m so 2M m ss 0 M miso

14 M m 504 3M m so 2Mo m so2

2MO M m so 0 Mo

m Has
so ME.memI
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ms 412
so
ME m ma's Imfl

my 4 so
Mco m 2Mco mo mco m 82

m 2mo mo m 3mo

my 1T so
m 3m at 2m o'tÉmoto

t6mot304
Notethatthesearepolynomials of mand oonly

iii what is the Cgt What are the cumulants

K s InMCs smtsI
daks mtso dfts o Ign o for n 3

k
so MI

K2 Fs so
1021

k3 ky kn 0 n3t
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D Appendix
Ii Additionalpropertyof thecharacteristicfunction
The sum of independentRVs are products

Z X 4 whereXand Y are factorization

independentRVs property

z w dxw dyW seeproofbelow

In realspace this results in a convolution

fz z f z y f y dy
propertyof

Fouriertransforms

ofproducts

QuickProof

z w E eiwz Efeiwixtyl
E eiw eowy E eiwx E eiwy

Tependence

w dy w

ii Details of the probabilitygeneratingfunction

Thepgf can bedoneusing a Z transform a

discrete analogue of the Laplacetransform

Effn E É fn Definitionof the
Z transform

Derivatives of Ggive moments
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ʰzn
2

G I nthfactorialmoment

Efx x 1 x 2 x n 17

Onecan getprobabilitiesfromderivatives too

1 fn 41 plan pent

ficil why characteristicfunction
Fouriertransforms are tabulated

The Laplacetransform isn'talwaysguaranteed toexist fattails
but the Fouriertransform is

Take one transform derivatives after that

iv Relationship between moments and cumulants

mi moments m E Mz E x2

ki cumulants

K M

K2 m m2
mean

variance

Kz my 3m2cm 2m skewness

Ky my 4mm 3m 12mem 6m excess kurtosis

My k

Mz K2 k

My Kz 3kzk k

my Ky 4Kyk 3k 6kak KY


