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Lecture 4 thecentral Limit Theorem

A RandomWalk
Aswe mentionedabovein ourdiscussion on Stirling'sapproximation

in stat thermo we care about many many randomvariables

There are twoimportanttheorems in probability that
describe behavior in the limit ofmany inendentRVs

Example Random walk
consider a drunkard's walk

in

Eachstep is a Bernoulli trial Mrstepsrightw probabilityp
and n steps leftwithprobabilityof

p m n
p q

After N natul steps the man is atwhatposition
m hr hL

PM Imjin y p
m

q
oum

whathappens as N o

1 Pim F exp 1
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Approaches a normaldistribution with mean 0

and variance N ro variabilitydecreases stddev To
Why You will provethis on yourHW

B Lawof largenumbers

suppose X X2 Xn are independentand identically
distributed iid Rus of an Ihdistribution with
mean m and variance o The R.V

2 X t Yet XN

has a mean m andvariance 0 in the limitN o

what does this mean The mean average convergestowhat
we would expect when N is verylarge Also the variance
ofthe meangets smallerandsmaller withrateN

This is the deterministic limit

Proof

2 1 x that XN

M
CST

Efes IN momentgeneratingfunctions

Mals E EN of Xi N

Mn s E EXNIN

Bythefactorizationproperty

Mzs MCsMCs Mpls Mi s
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Expand Mi s usingtheTaylorseries

E es ms 021 0S3

E es N Mics I ME 015 3

Nowputbothexpressionstogether

Macs I ME 01

Recall that

To I exp z

Therefore

To Macs to I ms 0

41 Macs exp ms 0 E
Thecgf is

2 s ms t

mean Es so
m

so
m

var 15 0

mean m var0YT
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C Central limit theorem Lindeberg Levytheorem

Suppose that X X2 Xn are IID RVs with mean
mandvariance o If Y isdefined as

man
Y EFT v1

then the pdf of Y converges to a standard
notional

distribution in the limit that N x

Whatdoesthis mean Sumsofnormalized independent
variables emerge threnaldistribution for largeN

Proof verysimilar scalebySN instead

Y IT fit 1T let wi if
write less

Y It if t.it
g Mw 0 0h 1

wewant to find themgtof4

My s E exp Ys

E exp Wif WE It
E expWE exp Wfp expunf
TheZi's are independent factorization

E exp II E expTf E expTrf
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ElexplIII
Expand as ataylorseries
E es I ms

5
0153 scale s Son

E expWEF ito.fr 0sYpamfo w

1 5 0 54

NowplugbackintoMy s

My a Eu 0 HE of
Now recall that

11 1 explx
scalingbyTNmeans

Therefore onlyterms w N are

1 1
2 exp s2

0153

ʰ Mycs7 explsI
Themgfforanormaldistribution.is

MCs exp ms 0542

By comparison the pdf is normal with
mean 0 and variance 1


