
































































































































































































Lecture5 Bivariate RandomVariables
In statisticalthermodynamics weusuallyneedtodealwithfunctionsof
morethanonevariable In fact we willdealwithfunctions of many
variables Howdowe dealwiththis in terms of randomvariables

A Joint andMarginalDistributions

To describe probabilities withmore than one R V we need a

In
the bivariate case the ioint
probability depends on x and

y and all interactions between x and y In otherwords we

willwanta distribution todescribePCXA4 For all Xer and
Ye R Thiswill necessarilyinclude all P X and P Y

The Inculativedistrimbutionfunction adf is defined as

P X x y Exy x y 69

METhejoint distribution contains all
the probabilityinformationfor the 20 I

plane of both xandy

EEi.fiiIi it i i iia in
the joint cdf

Fx Exy x a Recall that F Yey 1 as y a

Fy Fxy y

































































































































































Similarly we can define joint andmarginal probability

densityfunctions joint pdf

P x y EA fry x y dxdy
A

fx x ffxy x y dy Recall that fylydy 1

Wesaywe integrateout y
tyly fxy xy dx

The definitionof the joint cdf andpdf implies that

221 8 fxy joint cdf joint pdf

and

Exy x a Fx fx marginal cdf
marginalpdf

Exy o y FyFy fy

Finally for discreteRVs we have jointandmarginalpmfs

P X X Y y Ixy Xi y joint pmf

Dx Xi Pxy Xi y marginal pmf
sumoverall y

Py y Pxy Xi Yi

Example Bivariate Gaussian Normal Distribution




















































































fxy X y qq.fr expl x ̅ 255 5

i 5ft
parameters MxMy Ox y f If 01

See the accompanyingplotsof the 2Dnormaldistribution

B Moments Correlation and covariance
Theexpectation operator for 20 is now a doubleintegral

Efx x fxy x y dady

Ely y fxy x y dxdy

The2ⁿ mdoment is more interesting Nowthere are three ofthem

Eitan.tn
Centeredmoments are also useful

var x E x mx

var y E y my
variance

cov x y E x Mx y my covariance

EEii iiiiI ai




















































































Uncrelatedtherefore means eye or coulaston

Aside Mutually exclusive independence andcorrelation

ftp.teffve
implies Play 0 so the joint cdf pdf

for thosevalues x and y are mutallyexclusive
P XandY 0 pxory P x Ply

Independence implies fxy x y f x lx fyly Inthis case
Tretariableswillalwaysbeuncorrelated

see below

P XandY PH Ply
Proof Cov x y E x Mx ymyl

E x Mx E y my
E x mx E y my 0

Egged
does It imply independent The covariance

zero for other reasons

C CharacteristicFunction

Thejointpdfhas a characteristicfunction just like the ID
version Here we need a bivariateFouriertransform

xy
w v E eiwxtivy

fxy x y e
9dxdy

D Conditional Probability

Theconditional probabilitydensity is defined as




















































































joint density
fyix y

ᵗ
marginaldensity

conditionaldensity
ofy given x fx mustalsobe non zero

Thedefinitionaboveimplies that cangetjointdensity

fxy xy fyix y x fxcxt from conditionalUsedsomethingsimilar
forBayestheorem

and a law oftotalprobability

fyly fly x fx x dx
can integrateout x

Inedce means that

fylx yl fy y
fydoesn'tdependon
droptheconditioning

Usingtheabove expressionforthejointdensitygives

fxy x y fyix y x1 fx x fy y fx x

Inselusinemeans that

fylx y 0 becausetxy 0

Onecanalsodefine a conditionalcdf

Fyix fyixtXdtT
which is also equal to

Fylx
011 howdoesthejointdistribution

changewithy at fixed


