Leciwe 6 ~ Bivariafe Random Nariables

In statistiaal -t'hermodc/mmics , we us ual[; need fo deal widt funchons of
mort. Yan on. variable. In fock, we will daal welh £y oS of many

variables . Hvw do we dal witn tuis jn trms of yundom vmniables?

A Toimt and Mavginal Distnlations

T8 diserbe prombilifies with more than one RV. , we wed a
Wn/- ln dhe bivariate case the joint
distriVution describes how tae pioba b LHA’ depeads on x aad
Y and all inderasbions besween K and Y- 1h e-(’helf wovds, we
will want o diskibutimn to deservibe PCY (] Y) ‘Fo( aill XelR and
Ye @. This will mcessanhjcndu&b all P(X) and PLY).
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The yoink distribubion confams all %I’
the probn Ulﬂ*y inlormabion for e 2D

plant” of both xamJU-

The mavginal camul ativt distribwbion funchion soutaing only the
information for ome of te vaviables. Lf can e 9btained From

‘e J'OEW" cdf:
Fx‘ < ny (X,Ob) Pocall Hhat F(T§3')-a] asy.aoc
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Similarly, we can define joint and mavgimal probali

den s/ by functions e i
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T Ve say we “integacfeont”y.
fy9)- ! b (59) d5. K J

T™e dlindtion of fe ]OFM’ cd€ and Pdf' implics maf
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Fiwlly, for discrede RUs, we wawe joiwt and mavginal pufs
?(Xt $i] Yc‘j;) s ng[,xa,ﬂj) pnt PM’F

Px (%) = Z P)Cj[)‘(,‘j]) mura}na\ pw f
J =t
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Example : Bivariate Gaussian (Normal) Distribution
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See ¥ht accompanying plots of the 2D wormal dickrpufion.

B. Monmumts : (orrilation and covariqace
The expectetion opemfw for 20 s now a double tnfegra(

E[x:] ff x C)G, dxc[j

-0 =04

E[ﬂ] ff y 'ny (x,u) dxdj
The 2" moment ; Is More m'l'en!s-(rma. Now Tt are three of Him:
e0xl, ELy], Blxy]
t g4 D‘:j
1“'! moment correlabion of xﬂ;':f

Centertd momemts an alsn ugefvl -
var [)C') = t i @" "‘:c’)‘J Cariance
ver (9) = E1 (ijy)‘__(

CoVv [X,v) = gL (X’Mg-)(ﬂ"'ﬂy')j Covavriaace

Mert, is aloo o corvelation poefCicient -
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\LﬂCOﬂYidbé rmﬂfﬁ'b | Means .?xy =0 or w(gﬁ') =90
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Asid: Matually exclusive, mde pendesce ,aud cocreladion

Mutwally_exclusive mplies  PIRAY)=0. &, fne “pinb cd€ /pd§

will gint. F=0 Jer hose valws L and y are mutally exclusive.
P(xand ¥) =0 PleerY) = PLx) +¥(y)

W mplies -ny()c,‘ﬁ £,0) £y0). athis case
Y variables will always be uncorrelwied. " 5ee below
P(x avd Y) = PxD ply)
Proof *  cov(xy) = E[(x-—m;’)(v-uy')]
= glx-m] Efy-—uﬂ
= €G] —my ) ( ely] ~M3) = O
Wncorreladed does &0,{' wply tndep tadent- The covaviadce
could be 2210 Lo obher reacens,

C. tharacteristic Funchon
'l’k:.~Joiw{: ?d(-' has o characieristic funchion, just (ike the (D
version.  feve, wt ned o bivariatt Fourier fransform.
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D. Condifonal Proloabi iy
The cond: Liond Pv'lmbili-l"-, duts-fy is defired 2s




$o Uig) o joint= densidy

/f‘dlx (ijD T .S:x 0 | Maf@;“"( density
oondi Fronal desity L
oty given ¥ frlec) must also be non-zewro
The definition aloct implies nat can gort joint- dansidy,
'FNM wd:-&'OM(.
'FXg Cfl'j\ r '5?!7"‘ (\7| £ § L hsed .Somc,lslm'.ug Similar
for BquSﬂn.eovelM.

and o “law ot Hobal Fyolqul(i-},j“

Tyly) = | $tg1m) Sx0adi, < kg ook x

Tudpendine means fmat
MX/V\M » 'H doesnd depend on %

%3\,( (y\o) = ﬂYy (y) Mdvop i, condifioniy ¢
Usind e alove expression for the joint densty gives

'ny[x,y) = £y (g0 Fx0) = Tyly) £ ()
Mé& mans tuat

fylx (vlﬂ = 0 ( because +k’=o)
OnL can also define o conditional cdf

A
del'l: = J '?3\1('\7\75’)3'\3

which s algp equal to

0 Fﬁ & Ywou does Y ‘\Io'm-l' Aigtri bwbion

Fﬂl x = y c,kmge widh y ot Lixed x




