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Lecture6 RandomVectors

A Vectors and Tensors
Afetor is defined as components X withunitdirections ei

I Ex Ei x2 Xn transpose

columnvector

Atenor is defined similarly exceptits components
are indexed in two dimensionsAij and the directions
are a unitdyad e.ie

An Air Ain A 2ndrank
tensorisa

1 Ai eie
t A matrixwith

An Ann
directions

Wewill needsomebasic operations forthese objects including
sums transpose innerdotproduct trace and norm These are

reviewed in theappendix

B Distributions

Just as we saw with the case with twovariables we can define

multivariate ntcdfs pdfs and pmfs
Joint Cdf

F x x Xn F x P X X X ex Xn Xn
Joint pdf

P X EV f f x1 x2 Xn da da den f f x dxV some hypervolume
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notethatas before

fix
zy

Relationship between CDFandPDF

Jointpouf

P X x X x Xn Xn p x x2 Xn p X
If we want to eliminate one ormore variables fromthe
distribution theprocess iscalled marginalization

Cdf marginalization
F X1 X Xn1 F X X2 Xn1

pdfmarginalisation
f X h a th il f x x Xn i Xn dXn

pmfmarginalization
p X x Xn il If p x Xy Xn Xii

Notes

We can marginalize integrateout any variable not

justthe last
If wemarginalizeeverything we willgetone byaxiom

We canalsohavemultivariate conditionaldistributions

tanm.int EiEfFgmmns
Note I'm omitting thediscretecase It isnearlyidentical to the

continuousone
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we can decompose a pdf intosuccessiveconditionalprobabilities
This is calledthechainrolen norelation to calculus rule

f x x Xn F x I f Xi Xi X2 Xii

Example n 3

f X h Xs f x x x2 f x x
definition f

f x Xi Xi fcxfcx.lk fh two

f x f x2 x f x X1 X2 re arrange

Independence means

f x Xp Xn f x f x2 Fan
This is aprettybigassumption in multivariatecases Sometimes

lessdrastic assumptions such as pairwiseindependencer
are used

Example Full us Pairwise Independence for n 3

Full f x X2 X f x f x2 f x
Pairwise f X X Xs f X x x2 f X1 X2

f x x x f x2 x f x

Ex f x2

faith
fays

C Expectationandmoments

Theexpectationoperator is a straightforwardgeneralization
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Finally one can calculate thecharacteristicfunctionusing
an n dimensionalFourier transformth

01111 1 e f x dx w

f x a é w do

The mean and componentsof the correlationmatrix

can befoundusingderivatives of L

w
14 0 i E w

2w w
4 0 E win

in
f x Figgexp 4m x 17

inverseof
determinant covariance

otherfiance matrix

Thecharacteristicfunction is givenby
w exp ix m E

For a Gaussianrandomvector uncorrelated independent

Levelsets of thedensity are ellipsoidscentered at m





























































































 Appendix Vectorand Matrix Operations

There are numerousalgebraicandcalculus operations performed
on vectors andtensors Weonlyneedto review a few

Fortheseexamples letsconsider

I of f C

Transpose

1 11 1
swaprowsand

AijJ Aji columns

sums

y
elementwise addition

same for matrix tensor

innerprodcut

A I AikBe
A B 112134 AnB12 AnBa

AzBu AzzB2 A2B12 Azz522
matrix multiplication

1 I InXiy Xy eye dot product

Trace

Tr A É Aii Ant Azi 1 Elgintatliements

Norm

11111 x x X X distanceformula


