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Lecture7 Random Fields 6 1023

Wewillsee in statisticalthermothat we havemanyrandom
variables and it can make moresense to think of a randomfielde
rather than a large randomvector
Example

my
particlesmove fieldflutuates

f x

AM
I 4h x

1 1 12
1 2 3 4

A vector function analogy

iii
I don't wantto go into toomanyformaldetails I fi
Thinkaboutprogramming as an example I l l l l l l

similarly an infinitedimensionalmatrix is a linearoperator

114 EE Lf x gw
example adifferentialoperator

ii t.fi iiiiff
Functions are vectors in a Hilbert vectorspace and derivatives

are linear operators on that space A linearoperatormaps
a function to another one
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Just like we doalgebraandcalculus forfinitedimensional

vectors we can do itfor functions too

i innerproduct

f g figi f g f x g x dx
a

fiilfunctional

A vectorfunction maps a vectorto a number I FLA

A functionalmaps a functionto a number f x FEF

Example of a functional a definiteintegral
I

F f f x dx

if fix P Fff x dx 1

if f x x F f f x dx 31

liiil functionalderivative

Just like we domultivariablecalculus we can also docalculus

with functionals

dF If If dfi ftp.df sEsf
d

Palliative
fifteen

Howdoes FCE changeas Howdoes thenumberF f

wechangeeachvariablefi change as we vary f x
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thismightseemabstract but it isactually about as
straightforward as multivariablecalculus We define

x issomefunction wepurturbtextby

If F f F
F fted

Then we workout a bunchof examples and wegetrules that
we use instead of the definition

Examples of somefunctional derivatives
b

F f x dx Ff 1
a

F f x dx Ff 247

1 12ax SE 2 2

iv functional integral also sometimescalled a pathintegral

To f F fi fi tn gndfdfa dfN DFFEF

moreonthisbelow FunctionalIntegral
Addup allthenumbers FEF over all thedifferentfunctions

f x thatcouldcontribute
These areharder Theydon'tdiiat coinverge Hardto find
formulasforthem Ireallyonlyknowhowtodoone
Example GaussianFunctional Integral
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Sdf exp 15fin dx IanthErxq1
diagonal

IT I exp fi Dx itdfi Dx 1
exp E expl

It exp fi dfi

Tisknownintegral exp
9 dz It

him
2 3 11 211

Thisdiverges as N We don't likethis So oneusually
defines

Df IsON dfi

whereCN is a constant BecauseGaussian integrals are

so important we set CN so this integral is 1

an
N 2

This on issortof likethe
Ax intheregularintegral

FiDX onlyconvergesble
Dx 0

B Distributions

Analogous to the definition for randomvectors we can define
a probability density functional PEF

SDFPEF 1 PEF is the jointpdf
Salfihtions pdf
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Usually likewe've seenmany times PEF has an exponential

S is called the action
PLF e

51
functional

Z Df e
S f

Easterling
It is oftendifficulttocompute Z but itusually
cancels out so wedon'talwaysneedtodo it

Example GaussianAction

S f fix zeromean unitvariance uncorrelated

It is hard togeneralize a cdf or a part in thiscontext

Like we saw withrandomvectors we can marginalize this

probabilitydensity functional by integrationTutsomer
degreesoffreedom

let flx gas hex spiigt.is sntEufaheiin'sthisdis

Pm h Dg P f joint
marginal integrateout modes in g x

Thishasapplication in coarse grainingand in a process

called renormalization

C Expectation

The expectation operator isdefined in a way very
analogous to random vectors

E O f SDF 5 PEF
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Df off e
SLF

ETF is the mean valueof the field Often For f
E FE is the fluctuation of thefield

E f x f y is thecorrelation betweendifferentpoints
in space

YY
E f x g x is thecorrelationbetween two differentfields

D TheGaussian probabilitydensityfunctional

P f exp dx dy fix G x y Fly

f x f x E Fix F y f y E fly
G x y E Fx y covariancefunction

G x g inversecovariance or propagator

dy G xy G y z dy Six 2

This isusually a differentialoperator
Action

S f dx dy fixG xy f y
Normalization

two inner products

2 Dfexp dx dyFenG x y fly
Example G x y 8 x y whitenoisefield

Eachpoint is independent
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Instatistical mechanics G x y is relatedto thestructure
factor which can be measuredbyscattering experiments

E CharacteristicFunctional

Thecharacteristicfunctional is one of themostusefulobjects
whenworkingwith random fields This is because wecannot

usually compute functional integrals but we can calculate

functionalderivatives to getmoments

The characteristic functional is defined as

J EC e Sd
Jimtext innerproduct

of eifd Jkfk pff
JG is the new function analogousto theFourier

variable in finite dimensions

Example characteristicFunctionalof a Gaussian field

J E eiSd J f As simple as itgets

exp dx dy JCNGexy JCy
Functional derivatives of J givemoments of thepdf

Effex feral f nd t itgÉÉ jxni 5 0
Example

Gexg 8ff.cn s o
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F Final comments

Onecan define a conditional probabilitydensity

P f g
g

P g

Wehavebeen cavalierabout boundaryconditionse
for thefields Theboundary conditions can be eg changes

boundsof1 f x 0 as a to fastenough integrals
2 Bounded to a finite domain Dirichlet Neumann or

Robincondition on theboundary
3 Periodic boundaries

4 Asymptotic matching matchesnon zero at x

G Thingstomaybeadd

Relationshipbetween moments andcumulants

2.7 in Gardiner pp34 36

Wick'stheorem

Eq 2.85 in Gardiner p38
51.2 pp2 6 in Zinn Justin PathIntegralsinQuantumMechaniss

Relationshipbetweencumulants and correlationfunctions

2.7 in Gardiner pp34 36

Feynmandiagrams


