Lecturt §- stochashe Processe s

A. Random Procsses

A vandom Fwa% IS a 'Fﬂm;la of an infinde number of
random yarable s indexed by Eiwat.

X= {X('th)’ n=0,2, 5 Adisenefe e-q: Random walk.

) x), tzot conhamons  e.o., Broamian plotion
ako Wither process
Aside: X could also be discrete or confinuons. {S% m des]
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B. Distributhons
Just (ke all Yu oy cases we haint Seen; we describe shchashic
processes wim distabubons, We will {ocns ent PDFS and

conbnuous fime 11 this lecture. Howewer, om con use tMFs,

CDFs, and disuete Hime when ap'?wolm'a-k-

For o stochastic ppass wetn RV. Xpn, yp have a POF Huat
S a -Funch'on of e . /D‘tscn-(-b{:-'nm\‘;o'm{: POF

P( .x_3 GV, ,t) = f '(:(K')X"-r‘wxw.) ,C"/'b"-l *'){7“) d'ﬁ
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This is U Same 05 Y random veotow case:

X=X, % XED ) ) Ky = KD
The jsint PDF 4ells w5 haw all of Hae RUs at different times aw
dishibuied and interveladed.

One way fo do conhinuwous processes involve s fonchonals,
e COr\-quaA-S-'F'WJd' ~t FOF
P(xe\l) b JD}Q ‘S:{X:(.’o)] X&) i5 o conkinuous fonction
v

we wsually want 4o avad this mau, So we work oty Y discrede

PDF and ke He limt 8690 later on [.cf’-, the momentts).

Recall, for random veotors, we can ot mavginal POFs (e-9-, & one
value of % ()
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F'lMlla. we can qlge define o Condifional Pyofoqb;l,‘-,v'
‘KN, -qxﬂ)' ‘b(,---)‘bﬁ)
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C. Mowments

Recall for random vecters the muan 15 given l’f]
m=¢tlx] X =§X,, , n=01,-2¢

In fue Umit fuet Bbo fe mean funchion is given by
mt)= €10, Now a funchion of fine!




Slmi\w{[tj for setond momtnts, tw correlahon madrix and

Cxvsb Corve\ation madtrix are 3iv~er\ by
R=E [x X] corrclation watrix

Ek\[ = E[XZ] css- corvelation mafrix
i like oo matric where
In o continwons limit duese become kernels  index ot b, b
tl;reo R = R.(.bl ,t‘z\ = E[XG?,) x(‘&;’)] coyrel ahon kgnlcl
R is symmetic: R(E, ta) = R0, &)
g&o QN Rx\{ “’\;’CA E‘.X("D \/“72,7] cm%-arro\u{né:m,‘

Final(a, ‘H/‘-L O‘Aama'l"eﬂ%{—'fc. %u.a#ovl/ MQP und CeF are a;vc,‘ by
¢(.\A,’) = [ei.}:_) -'1_0] chavacterishic  eguation
MG = E L eg.!] Moment generafiny fvchon (MAT)
k() = Jm E[aé'f'l cumufant aer\Cra-FaNa_ funchon (caF)

D._Gaussian Random Processes . Svper high -dimensional object
The full jont PDE is really havd to deal wehh [ There are two ways
we, can -l-rj Jo simp(i{.j Y jomt POF 4o Som‘l’%‘mﬁ. Mmore

manaseable. e fivst invlwes o camulant ( ov- o) expassion.

K() = K2 + L% Kies Q s-(es2)-5
+ Yoy s (5 Ky2): 3 +..

In e continuons Limit tuis becomes,
KEx] = [k@ade + 4] 70 kalh b) Teh) dbydt, +

E SH Th) ks (4, 60 bs) TEITLE) b dbadby +




"rvoV\CaJd'\a at Setond order gives el Gauss an process (GP).
K¢ = m(¥) (o m % discvede)
Ky = C(‘tﬁ) (or ¢ i€ discrefe)
A GP? has o PDF of due form of oo maultivariate wormal disdyibution.
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Seyfor o 6P, evtrything is devermined by mCt) and C(4,9), te,
e mean fmetion and covariance kernel.

Lets look at o few Specific examples :

(1) whide Noise :

m=0 | clb, )= v~ 3 (%-5) «em[ renders all ¥,
' ] q»ndm.{: and t&(\‘HCﬂW&

L x5 Siobabelel (TA0Y .
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We onl'j red 4w OHL-PD'IH mq,re')Ml POE 4o describe fe process

= K\ L 2 can get mayainal POFs
%) = ( ;‘) = N('O’ U) m-\-e;:u{-nﬂgroauf thw oﬂ\t?

st for jH L.
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(i) Wrener Process (ie, Brounian motion)

Ltegral of while noise

miH =0 , C(t,9) = mn(&,5)
for D454t ‘(/\,J\q/\,\/

CH) =t variance grows w/tme ol s +
) shared
C (‘l;,S') =S  covariance is dnared hcg’mm] \Aisi-arx
In quis ease, e joint PDF doesnt cf.fagOMII'ZL To -Fvllj understand {fne




process we mad corvelations. Bufwe canlewn oot fom Yar
gingle—tme mangy sl distribwhon : (It will actually be very usehl)

% oo
{(x]t) = j - j‘ .G (Kl)’“, xf‘,) "')xﬂ) t(;---fbi, m,'bn) JI| ’"Ax(:‘-( dki,” ...Jl'n
-po =00

' (k-mt)’
f(¥%) = ———— ex
' s \" 2C(bt) ]

For flu, Wiener process: m($)=0 % Cly, )=t
(
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$ixg) = ex [’“] = NIOB) (difrugive!)
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(i) Ornstein—- whienbeck Process
The O process ts an ex?onmﬁal relaxafion from o cudden chamg,e
o Xo back 4o m,

m)=xo & 00 €9 = ZL;—(Q‘ G(H‘-efef“so |

62 variance. of dencise O : relaxation mde

\)9'\3 the {ormula  above, the single- time ma,r@;ml PDF
15 given bj

F - -20t
C(4,%) = %'_9-(60_ ezeb) = “(l— 2 )
% 9 (X-%e Bt)z
§lxk) = (m —z%> h I =

y - [ 5 _bx"
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