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Lecture 8 stochasticProcesses

A RandomProcesses

A randomprocessis a family of an infinitenumberof
randomvariablesindexedby time

1 Zn no1,2 discrete eg Randomwalk

X t to continuous eg BrownianMotion

Aside couldalsobe discreteorcontinuous
aka wienerprocess

see slides

Mx I I Discrete continuous

n as n Dt 0

h't titi
t

B Distributions

Just like all theothercaseswe haveseen we describestochastic
processes with distributions We will focus on PDFs and
continuous timein this lecture However one can use PMFs

CDFs anddiscretetimewhen appropriate

For a stochasticprocess with RV Xn we have a PDFthat

is a functionoftime DiscretetimejointPDF

P X EV f f x x2 Xn ti ti tu de
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This is thesame as the random vector case
X X t X2 t2 Xn tn

ThejointPDFtells us how all of theRVs at different times are
distributed and interrelated

Onewaytodocontinuousprocesses involvesfunctionals

P xev fix fixes
on
it si onEit.u fonction

y Iewantoavidthismath
so weworkwith thediscrete

and takethe limit At 0 later on e.g themoments

Recall for random vectors we can getmarginalPDFs e.g for one
valueof X Itn

f nitn É f x x2 Xn 1 ti te th t dxdear d n t

Finally we can alsodefine a conditional probability

f xnith Xi Xn t ti fu i
f x1 Xn ti ni th

f x tn ti ti tn 1

joint marginal

C Moments

Recall for randomvectors the mean isgivenby
E I X Xn n 0,4 2

In the limit that Dto the meanfunction isgivenby
MCH EEXES Nowafunctionoftime
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Similarly forsecond moments thecorrelationmatrix and
crosscorrelationmatrix are givenby
E E II correlation matrix

Exy E X1 cross correlation matrix

in the
Tontinuous

limitthesebecomekernels There

Deo R t ital E x t ta correlationkernel

R issymmetric R t te R t t

70Exy Rxy ti te E X t Y ta cross correlatigerne

Finally thecharacteristicequation MGFandCGF are givenby

w E e characteristic equation

MCs E es momentgeneratingfunction MGF

Kis In E e cumulantgeneratingfunction CGF

D Gaussian RandomProcesses superhigh dimensional object

The full jointPDFis really hardtodealwith Thereare twoways

we can try to simplify the jointPDF to somethingmore
manageable Thefirst involves a cumulant ormoment expansion

K S 12 E 3 E Σ
1
24 4 El E t

In the continuous limit this becomes

K J k t J t dt Jlt kelt to J t2 dtidtzt

J t k t tests J a Jlt dtidtadt
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Truncating at secondordergives a
Gaysianprocessen

GP

K m t or if discrete

K2 C t s or if discrete

A GPhas a PDFof theform of a multivariatenormaldistribution

f X t flutes exp x ̅ I

X M t Mit E Xt
t s Cov XtXs EfX mca Xs mis

covariance
Kernel

So for aGP everything isdeterminedbymettand C t s i.e

themeanfunctionandcovariance kernel

Let's look at a fewspecificexamples
i White Noise

m t 0 t s 028 t s diagonal renders all n
independentand identically

f x I Heexp 52
distributed IID

WeonlyneedtheonepointmarginalPDF todescribetheprocess

faith E explE No ggtyrqi.flnefinYr

iil WienerProcess i.e Brownianmotion
Integralofwhitenoise

m t 0 C t s min t s

w.hufor OSS t
C t t t variancegrows w time fam mammal

sheetry hiC t s s covariance issharedhistory

In thiscase thejoint PDFdoesn'tdiagonalize Tofullyunderstandthe
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processwe needcorrelations Butwe canlearn a lot from the

single timemarginal distribution It willactuallybeveryuseful

f x t f x Xi initio ti ith dx dxildxitlo.de

Hit tea exp t

For thewienerprocess m t o Clt f t

th t
12

exp 2
N10 t diffusive

tense v91 arws
iii Ornstein UhlenbeckProcess

TheOUprocess is an exponential relaxation from a suddenchange

to to back tozero

m t xo e
of

Clt s e
01 51

e o ttsl

02 variance of thenoise 0 relaxationrate

Using theformula above the single timemarginal PDF

isgiven by

t t 0 e é20ᵗ 2 1 520

fixit Fezot exp F ÉÉ
f x t IF exp 8


