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Lecture9 MarkovProcesses

In the last lecture we simplified thejoint density f t of a

stochasticprocess using a Gaussianapproximation The other

way we can simplify the jointPDFisusing time

A Conditional Independence

The randomvector for a stochastic process is notjustany random
vector thecomponentsof thevector are ordered in time So the

dynamics of theprocesscouldbeused to make a simplification

Onewayto thinkaboutthis isto use conditional probabilityto

try to constructthejointpdf Dropt's for shorterformula

f x y Xn f Xn Xi Xn t f x tn l

jointpdf conditional pdf marginalpdf
Rememberthereis a chainrule that letsus buildthejointPDF

f x y Xn f x f x2 f x x x2 f Xn Xi Yn t

I.EE i iiiini iiiiiiEniiii.io
paststate

f xn a Xn e flan Xn i
specialdinditional

pdf
the transitionprobability

memoryless futureonlydepends
on presentnotpast from thy to th

substituting thispropertyaboveallows us tosimplifythe jointpdf
f x X2 Xn f x f x24 f X x2 f XnXn1
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initialstate fix I f x in
i t

this can still be complex everyHi i i canbedifferent but it ismuch

simpler thanbefore Ikowti teknowneverything
BChapman KolmogorovEquation
i keyconcept propagationintime
ok so for a Markovprocess if weknowHi i we canknowthe

entireprocessstatistics But thinkingaboutjustthe jointPDFmisses
somethingimportantByswitchingtotheperspective of usingconditional
probabilities weadopt a mentalmodelofEmatiounintime
Before what is thejointdistribution in time
Now Given the state at time t howdo I propagateforward

using Ti i i

Even if the system is not Markovian I can still usethisperspective
butthesystem willhave a memory

ii Derivationof theChapman KolmogorovEquation

Ok with theconceptofpropagation inmind howdo we move

from onestate toanother Tounderstand this consider the

state space of a discretestochastic process

F Find
Xo X to

suppose I know the PDF at the initial state f Xo I canget
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the PDF atthenext state using the joint PDF

f x x f x f x Xo

f x f x x do f
x1y

f x dx
Lawoftotal
probability

ofcourse I canalsodothis to stepfrom 1to 2 and on tostepn

f
Y
1H21 f x1 dx 1

121410f x dx dx

f xn IT In n s Tutto f Xo deny dx dx

whatif Iwanttojump morethanonestateata time Icouldalso

build
tletprositionprobabilities

Startfrom

f x2 f TzT o f x dx dx 21H10dx f x dx

g
o

flxo
fx2 Tzof x dxo

o

flxalXo f1 x f x Xo dx

Tzo 10

Equation is important It iscalled thechapman Kolmogorov

Equation It tells us howthetransitionprobabilitiescombineto

propagateforwardmultiplesteps It tells us thedynamicsof

themeoprobabilities
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C Fokker PlanckEquation

Now we seehow we can propagate the marginaldensities and
transitionprobabilities But howdo we getthetransition
probabilities in the firstplace We are going to use the above

properties ofMarkovprocesses

for the transitionprobabilities
DE to find Hi i This DE iscalled a Fokker Planckequation

i Derivation of F P

Westart w Chapman Kolmogorov howHi i t propagates

f x2 Xo f x2 f x x dx

tattani
EEE.fiik tinge fi iameIT IT 2

dx d xDxyd x

swaplimits nodiff

Taylorseries in time LHS

f x t At Xo f x t Xo Dt f it Xo ODE
dropto redundant

Taylorseries in space RHS

f x ax t Xo f x tlxo Dx f x t Xo
algain dropto Dx f x t x O Δx

Substituteexpansions into theCKequation
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f x t Xo Dt f x t Xo Dx at f x it Xo

Dx f x t Xo Δx f x x d Ax

ExpandRHS

f x t Xo Dt f x t Xo DxDeExxon d Dx

TwistDXExelon d x

Ty at D ex d ax

Underlinedtermsdonotdepend onAxand can comeoutoftheintegral

TaxDe f d Ax f DxDe d Ax

Total probability

IT xtbx dlsn 1efgym
existBY disn

Pluginto our equation
f x t Xo Dt f x t Xo f x t Xo EDX Fxtlxo

E Dx 2f x t Xo
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Dividebothsidesby Dt and define

a 111 E Drift function

B 11,0
E

Diffusionfunction

Thisgives thecelebrated Fokker Planckequation

f x t Xoto a f x t Xoto E2 2 f x t Xoto

ii Notes

if we keeptrackof the x dependenceof a and B weget

It ax f 8 Bwf Etocalculusversion

whynothigherordermoments

The functions E Dx at and E Δx Dt need to convergein

the limit that Dt 0

Driftterms a are likeconvection Youmovedistance abt

in timeDt
Diffusiontermscomefrom a variance a Dt e.g Wienerprocess

so youspreadouta distance BDt in time at

Higherorderterms Dx ns2 scale like DE so they
goto zero in thelimit thatDt 0

D UsingtheFokkerPlanckequation
we cansolve the Fokker Planck equation to find our process
PDF we justneedtoset a and B driftdiffusionusing our physical
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intuition and initial and boundaryconditions If we need we

can always getmarginal or joint PDFsfromourotherfamiliar
relationships

Ii Example WienerProcess

let a 0 B 1 f f x t Xo to

34 121 initialcondition Boundarycondition

Iiii it
Quicksolve w Fouriertransform

FouriertransformPDE Ff k f

SolveODE inFourierspace f C exp k t

Take FT of I C f to explikxo

Findintegrationconstant f t to Cexp k to exp ikxo
C expikxo kto

FourierTransformSolution

F t explikxo k t to

TakeInverse FT

text to to exp 1 11
E StationaryProcesses

A random process is strictlystationary of ordern if thejoint
probability densitydoesntFenton St

f x ti to
f state that





















































































