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Exercise 17.3:23

If f = u + v is analytic on the regioi C C andu(z,y)? + v(z,y)? = C for some
constanC € R and for all(x,y) € R2, show thatf is constant on the regioR.

PROOF  If C = 0, thenu(z,y)? = —v(z,y)? for all (z,y) € R, henceu(x,y) =
v(z,y) = 0forall (z,y) € R, which implies thatf = v + iv =0 onR.

We can therefore assume tlat# 0. We will show thatf’ = u, + iv, is zero on
R, which implies thatf is constant. To this end, we differentiate the equation

W+t =C
with respect tar andy and obtain the system of linear equations

Uy + VU, =0 (1)
Uy + vy = 0. (2)
Suppose, there existy = z¢ + iyo € R such thatf’(zy) # 0. Then, sincef is

analytic onR, the coefficient matrix of the system of equations (1,2), which coincides
with the Jacobian of, is different from zero afxo, o). In fact,

Ux(f()» y()) Uy (9607 yo)
Um(xmyo) Uy($03y0)

= Uz (70, Yo)Vy (%0, Y0) — Uy (0, Yo)vz (70, Yo)

det(Jf)(zo, yo) =

which, using the Cauchy Riemann Differential Equatian & v, andu, = —v;),
equals

= U (20, Y0)* + vz (20, Y0)*

which is different from zero, since, by assumption,

f'(20) = uz (0, y0) + 104 (0, y0) # 0.



This implies that the system of linear equations (1,2) has only the trivial solution
u(zo,yo) = v(zg, yo) = 0 at the point(zo, yo). In particular,

u(zo,Y0)* + v(x0, y0)* = 0.

However, by assumption?(z,y) + v%(z,y) = C for all (x,y) € RandC # 0. This
is a contradiction, hence, the assumption that there exjstsR with f/(z) # 0 must
be wrong. Thereforef’(z) = 0 for all z € R, which impliesf is constantorR. O



