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4 Neumann-Neumann boundary conditions

Consider BE in the annular domain

m xzy"+xy’+(/‘tzx2—v2)y=0, xe(L, L,)
m with homogeneous boundary conditions:

0 L) L x
[ﬂ} =0 (Neumann)
dx x=L
{Q} =0 (Neumann)
dx x=L,

The general solution is given by
yx)=cJ, (Ax)+e, (2x)

The derivative of the general solution (use chain rule and differential
identities)

L) c,/l{—JV” (1)+ L, (/lx)} +czl|:—Yv+1 (2x)+ L, (M)}

X

Substitute into boundary conditions:

x=1 clﬂ’|:_ o (;tLl ) + ﬁ J, (ﬂ”Ll )} - 02/1|:_ Y, (/u'l )+ iLL Y, (ﬂLl )}
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x=1L, CM{_ o (/U'z )+ %LZJV (/1['2 )} + cz/l{_ Y, (/1['2 )+ AL[JZYV (ZLz )}
Denote:
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: AL)—- (f J, (AL, )}
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a, =AY, ()“Ll LLJK/(/ILI )}

a, =
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w =\ it (ﬂL2)+(LLJJV(/1L2 )}

a, =| - AY, (AL, )+ (LLJYV(ALZ )}
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Then a system for coefficients has the following matrix form:
dyr Ay L6 0
A necessary condition for a system to have a non-trivial solution is

a, a
det{ 11 12j| —0
a; A4y

it yields a characteristic equation for values of the parameter A for which
the BVP has a non-trivial solution:
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Equation for eigenvalues A, :

[m(ul)—(i

Eogan)| -

1

(ZLZ)J{LL]YV(ELZ ):
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Eigenfunctions:

| anan){ )| <o) o) |-

1 2

The positive roots of this equation provide an infinite set of eigenvalues
A, (note for Neumann boundary conditions, ﬂ,n = (0 is also an eigenvalue

for v =0). Then for the determined eigenvalues A, , coefficients c,, and

¢, , can be found from one of the equations of the system (choose the

second one):
a,c;+a,c, =0
One of the coefficients can be taken as a free parameter, choose

1 1
¢, =—,then ¢, =—
a, ay

With determined coefficients,

(eigenfunctions) have the form:

solutions of the

BVP y,(x)

_ L)Y (4x)

Ar1n Arn

7, (x)

- ﬂ’anH (ﬂan + (ij (2’11]‘2 )i|

Vo (x) =1 forv=0

The norm of the eigenfunctions is determined by the integral

2 2 2 2 i 2 i X’ " L-1
N;, = J.xyn(x)dx, N;, = J'xyn (x)dx= dex= = ===
L I, I 2 2

Ll
Fourier-Bessel series:

f(x)zganyn (x) and f(x)= a, +ianyn(x) for v=0

n=1

fxyj (x)f(x)dx fxf(x)dx fxf(x)dx
where g, = b I =L I =4 2 for v=0
J xy; (x)dx J xdx 00
fxyn (x)f(x) dx _fxyn (x)f(x)dx
and a, = b I =L




