ChEn 374
Fluid Mechanics

Differential Balances



Spiritual Thought

THE FAMILY is ordained of God. Marriage between man and woman is
essential to His eternal plan. Children are entitled to birth within the bonds of
matrimony, and to be reared by a father and a mother who honor marital
vows with complete fidelity. Happiness in family life is most likely to be
achieved when founded upon the teachings of the Lord Jesus Christ.
Successful marriages and families are established and maintained on
principles of faith, prayer, repentance, forgiveness, respect, love, compassion,
work, and wholesome recreational activities. By divine design, fathers are to
preside over their families in love and righteousness and are responsible to
provide the necessities of life and protection for their families. Mothers are
primarily responsible for the nurture of their children. In these sacred
responsibilities, fathers and mothers are obligated to help one another as
equal partners. Disability, death, or other circumstances may necessitate
individual adaptation. Extended families should lend support when needed.

The Family, A Proclamation to the World
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* Previous work — Integral From (RTT)

— Bulk (average) properties
e Differential — give complete flow field
* Mass
op TR
-t V-pv=20
e Impact of SS, const. p, uniform; coordinate systems

e Momentum

apv+pv Vo=—-P+4+pg—-V-T



Differential Form

e RTT for control volume (Eulerian View)
— Net Mass
— Net Force
— Net Density

e Differential balance
— Flow field
— Start with integral and shrink CV to dV

e Did this with laminar friction derivation...



Laminar Pipe Flow

Moving Fluid Shear Stress

Force Balance: Pressure, stress
) —

{(Px — Px+Ax)(27rrA7“\) + 2mAxr)T. — 2wAz)(r + Ar)Traar =0
\ J
|

Divide 2rnArAx Non-Moving Fluid
(Resistive) Shear Stress
7aPaj — PriAg LT (r +Ar)Trgpnr 0
Az Ar
Limit AX, Ar 2> 0
dP B 1d(rT)
dr r dr - dP

Separate variables and integrate with t=0 at r=0 T = —=—

2 dx
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Presentation Notes
(P_x-P_{x+\Delta x})(2\pi r\Delta r) +(2\pi\Delta x r)\tau_r - (2\pi\Delta x)(r+\Delta r)\tau_{r+\Delta r}=0
r\frac{P_x-P_{x+\Delta x}}{\Delta x}+\frac{r\tau_r-(r+\Delta r)\tau_{r+\Delta r}}{\Delta r}=0
-\frac{dP}{dx} = \frac{1}{r}\frac{d(r\tau)}{dr} = C
\tau=-\frac{r}{2}\frac{dP}{dx}


Laminar Friction Derivation

dP __ 1d(tr) _

. = == constant
dx r dr V

* Solvefort i

dP r
e 7T =———-—, evaluate at wall: D

dx 2
.T_dPR_ AP D . 4p __ —APD

W™  dx 2 L 4 W
) du
* Insert sheer stress expression, T = —u —
du dP r

e —|— = ———+—, solve foru, (bounds:rtoR & 0 to u):

_R2 2
e lu(r) = 4}; (Zz) (1 — %), L aminar velocity profile,




Mass Balance (method 1)

d N
* 0=—/[., pdV + [ pv-ndA
e Gauss Divergence Theorem:
» [,v-ndA=[,V-vdV
d N
* — ey PAV + [, V - (p)dV=0
e Constant Control volume:

d R
. fCVd—idV + [, V- (p)dV=0

. I, (% 47 (pﬁ)) dV=0

[ ] @ . > -
— T V- (pv)=0



Mass Balance (Method 2)

Accum = in — out + gen y+hy

d(pAxA y
(paf Y) — (puAy)x- X X+AX
(PulYy) xinx + (PVAX)y-(PVAX)y 42y

Divide by Ax, Ay

a_P — (pw)x = (PWxiax | (pv)y — (PV)y+ay
ot Ax | Ay

Lim Ax,Ay—>0




Method 2 (cont.)

dp dpu dpv AN @-l- dpu  dpv

dt  dx dy dt  dx = dy

e L. =
6t+V pv =0

e Simplifications:
~-SS. 2> V.-pv=0
—S.S.and uniformp=> V-v =0
—Const.p2> V-v=0



Coordinate Systems

Cartesian
dp dpu Odpv Jdpw
ot ox | oy | oz =0

Cylindrical
dp 10drpu, 1dpug Jdpu,
LT _ =0
ot T r or T r 00 T 0z

Spherical

dp . 1 d(r4pu) . 1 0(pugysind) . 1 Oduy
ot r? Or rsing 06 rsind 09

0




Continuity

e Does not SOLVE for velocity!

— Just “constrains” it....
e Tells us what conditions must occur for it to work

* In order to find velocity, we need to do a
differential momentum balance!
— Momentum balance along isn’t enough
— Too many unknowns
— Momentum/mass balances done together
— Energy gives Temperature field — Next semester



Example (mass balance)

e 2-Dflow, S. S., constant p; u=u(x,y), v=v(x,y)
* U =ax+by, v =cx+dy,

What are the constraints on a, b, ¢, and d?
V-v=0
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1, b=0, c=0, d=1

a=-

a=1, b

1, c=1, d=-1
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Momentum Balance

e Integral:
N a R N R
e V'F =afCVpUdV+fCSpvv-vdA

* Gauss divergence Theorem: fCV V(pvvydV
 Now find expression for forces:

* Gravity = [ ., pgdV

* Pressure =— fcv VP dV (surface F, used GDT)

e Viscous = — fCV VTdV (surfacef, used GDT)
dpv
ot

+ V- (pvv) = —-VP —-VT+ pg

°p%+p17-\713=—\7p—\7?+p§



Simplify

e Inviscid: V7=0
e Constp: VT =-ul?v
 Reduce Dimensions: u(y),v=w=0



Mass vfa’:O

o0v
Momentum pa —+ /077' Vv=-VP + pg— V-1
ou Ov Ow
M v 9v Y
= 8$+0y+ 0z =0
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Presentation Notes
\rho\frac{\partial\vec{v}}{\partial t}
+\rho\vec{v}\cdot\nabla\vec{v}
= -\nabla P +\rho\vec{g}-\nabla\cdot{\tau}

\prtl{u}{x}+\prtl{v}{y}+\prtl{w}{z}=0

\rho\left(\prtl{w}{t}+u\prtl{w}{x}+v\prtl{w}{y}+w\prtl{w}{z}\right) = -\prtl{P}{z}+\rho g_z + \mu\left(\prtl{^2w}{x^2}+\prtl{^2w}{y^2}+\prtl{^2w}{z^2}\right)
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