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Abstract

DNA confinement in nanochannels is emerging as an important tool for genomics and an excellent

platform for testing the theories of confined wormlike polymers. Using cutting-edge, large scale

Monte Carlo simulations of asymptotically long wormlike chains, we show that, in analogy to the

rod-to-coil transition for free wormlike polymers, there exists a universal, Gauss-de Gennes regime

that connects the classic Odijk and de Gennes regimes of channel-confined chains. For DNA in

a nanochannel, this Gauss-de Gennes regime spans practically the entire experimentally relevant

range of channel sizes, including the nanochannels used in an incipient genome mapping technology.

PACS numbers: 87.15.ak, 87.15.hj, 87.14.gk
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FIG. 1. Illustration of the analogy between free solution and confined configurations of a wormlike

chain. The classical theories renormalize the chain into a series of subchains, where these sub-

chains are either rod-like (Odijk) or excluded volume blobs (de Gennes). We demonstrate here the

existence of a universal Gauss-de Gennes regime in confinement that connects the (rod-like) Odijk

and (excluded volume) de Gennes regime. For clarity, we refer to the classic de Gennes regime as

the “Flory-de Gennes” regime to highlight its excluded volume nature.

When a wormlike polymer such as DNA is confined in a long channel whose width is

smaller than the polymer’s free solution radius of gyration, steric interactions with the walls

cause the polymer to extend along the channel axis. The classical theories describing this

phenomenon, sketched in Fig. 1, were described by Odijk [1] and de Gennes [2], respectively,

over 30 years ago. However, these theories are only valid in the impractical cases of very

strong (D ≪ lp) or very weak (D ≫ lp) confinement, respectively, where D is the channel

size and lp is the persistence length of the chain. In this Letter, we establish that the

relevant intermediate regime for DNA extension in a nanochannel is a universal de Gennes-

like regime with ideal blobs. We arrived at this conclusion by recognizing the connection

with the rod-to-coil transition for free wormlike polymers [3–5] illustrated in Fig. 1. In

addition to describing the experimentally relevant phenomena for DNA, this connection leads

to a complete description of the universal regimes for all long channel-confined wormlike

chains that we validated using large-scale Pruned-Enriched Rosenbluth Method (PERM)

simulations [6, 7].

To understand the analogy in Fig. 1, let us first recall the regimes of chain conformations

in free solution. Three regimes characterize the normalized end-to-end distance of a wormlike
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FIG. 2. (color online) The normalized mean-square end-to-end distance of a wormlike chain in free

solution as a function of normalized chain length from Eq. 1 (ǫ = 0, - -), renormalization group

theory [4] with (descending from top to bottom in the figure) ǫ = 2, 0.5, 0.2, 0.1 (DNA), 0.05, 0.01,

and PERM simulations for ǫ = 0.05 (2, Lmax/w = 2 × 104). The most flexible chain corresponds

to an upper bound ǫ = 2, where the Kuhn length of the chain equals its width [12].

chain, ρ ≡ 〈R2〉1/2/lp. This distance depends on two dimensionless numbers: N ≡ L/lp, the

number of persistence lengths in a chain of length L, and an anisotropy parameter ǫ ≡ w/lp,

which measures the relative strength of the excluded volume interactions (quantified by the

effective chain width w) to the bending energy. In the limit of negligible excluded volume

interactions [8], z ≡ ǫN1/2 ≪ 1, the Benoit-Doty equation for a continuous wormlike chain

gives [5]

ρ2/2 = N − 1 + exp (−N) (1)

This model predicts a stiff chain with ρ ∼ N forN . 1 and Gaussian statistics with ρ ∼ N1/2

for 1 . N . ǫ−2. For a sufficiently long chain N & ǫ−2, excluded volume interactions are

important and ρ ∼ ǫ2ν−1Nν , where ν = 0.5877 is the modern value of the Flory parameter

[9]. As evident in Fig. 2, the scaling in the Gaussian regime is not exactly that for an ideal

chain due to finite excluded volume effects. Moreover, weakly anisotropic chains — such

as DNA, which is only a moderately stiff biopolymer (ǫ ≈ 0.1) [10] — have a very narrow

Gaussian regime. However, in the limit ǫ → 0, the Gaussian regime spans an infinite amount

of chain length and is thus a universal regime. Accordingly, many biopolymers [11] are stiff

enough to exhibit broad Gaussian regimes.
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We will demonstrate, via simulations, that three similar regimes characterize the confine-

ment free energy of an asymptotically long wormlike chain confined in channel. Following

Odijk [1] and de Gennes [2, 13], the chain is renormalized into N/g units containing g per-

sistence lengths per unit. This in turn implies that the chain properties (confinement free

energy and extension) are extensive, as has been shown many times [1, 2, 13, 14] for an

infinite chain in a quasi-1D geometry.

The Odijk regime [1] in Fig. 1 corresponds to rod-like behavior over the length scale D.

For channel sizes δ ≡ D/lp . 1 [1], the stiff chain projects a distance of λ ∼ (D2lp)
1/3 before

deflecting off of the walls. This makes the number of persistence lengths in the correlation

volume

g = λ/lp ∼ δ2/3 (2)

Assuming an energy of kBT per independent segment [1] gives the dimensionless confinement

free energy,

F ≡
∆Fc

NkBT
∼ 1/g ∼ δ−2/3 (3)

The extension is given by the projection of the deflection segment length onto the channel

axis X = (N/g)λ cos θ [1] which simplifies to

〈X/L〉 = 1− α δ2/3 (4)

where the prefactor α = 0.18274 for a square nanochannel is given by high resolution

simulations [15]. Analogous to the rod-like behavior in free solution, the thermodynamics

of the Odijk regime is independent of the width of the chain.

Continuing with the analogy, the de Gennes regime [2] in Fig. 1 corresponds to real chain

statistics, which leads us to call it the “Flory-de Gennes” regime. Here, as was the case for

real chains in free solution, we need to account for the finite chain width. To do so, we use

the concept of a “blob” to denote a section of the chain with g persistence lengths that has

a correlation length equal to the channel size D. Recalling that the Flory radius for a chain

in a good solvent is RF/lp ≈ ǫ2ν−1Nν [8], the blobs have the size

δ ≈ ǫ2ν−1gν (5)

With the assumption that the free energy scales as kBT per blob [2], we have F ∼ 1/g, or

F ∼
(

δǫ1−2ν
)

−1/ν
(6)
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Following the same reasoning, the extension 〈X〉 is also extensive in the number of blobs,

〈X〉 ∼= (N/g)D. Substituting Eq. (5) in the latter gives the scaling

〈X/L〉 ∼= δ1−1/νǫ2−1/ν (7)

Since the Flory-de Gennes regime corresponds to the onset of excluded volume interactions

[16], we would expect this regime to start when the excluded volume parameter for a blob

reaches

zblob ≡ ǫg1/2 ≈ 1 (8)

We thus find that g & ǫ−2 corresponds to the Flory-de Gennes regime. Recall that the

excluded volume scaling in free solution begins when N & ǫ−2. We thus infer that g in

confinement is the analogue of N in free solution. Additionally we note that by combining

Eqs. (5) and (8), we can find the boundary of the Flory-de Gennes regime limit in terms of

the channel size, δ & ǫ−1, which proves more useful since the channel size is an experimental

observable.

For intermediate channel sizes 1 . δ . ǫ−1, the g persistence lengths inside D3 exhibit

approximately Gaussian statistics. The derivation of the confinement free energy follows

that for the Flory-de Gennes regime with ν = 1/2, leading

F ∼ δ−2 (9)

Since this regime consists of blobs with Gaussian statistics, we refer to it as the “Gauss-de

Gennes” regime. This free energy scaling is the same as that of a channel-confined phantom

chain originally derived by Cassassa [2, 14]. As is the case in free solution, the scaling of F

for chains with a finite value of ǫ will not be exactly equal to Eq. (9). This arises from the

weakness (rather than absence) of excluded volume at the persistence length scale.

In the Gauss-de Gennes regime, the intra-polymer correlations are screened at the chan-

nel wall [13, 17], which gives g ∼ δ2 persistence lengths per correlation length, D. Since

the extended chain consists of N/g such correlation lengths, the corresponding fractional

extension is

〈X〉/L ∼ δ−1 (10)

The latter scaling has been observed in a number of previous simulations (see [10, 18–20]

and supporting Fig. S6), but its origin and universal nature (or lack thereof) have been
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FIG. 3. (color online) Comparison of the fractional extension of the chain predicted by Odijk [1]

and de Gennes [2] and simulations of an asymptotically long DNA chain (D, lp = 50 nm, w = 5

nm, ǫ = 0.1) using the Pruned-Enriched Rosenbluth Method (PERM). The extent of the Gauss-de

Gennes regime increases for more filamentous chains (+, lp = 50 nm, w = 0.5 nm, ǫ = 10−2). The

shading corresponds to the regimes for ǫ = 0.1.

elusive until now because DNA is not an especially stiff biopolymer. Given this fact one

may be tempted to dismiss the regime as unimportant, but consider the case of DNA in a

high ionic strength buffer (ǫ = 0.1) which is highlighted in Fig. 3. Although the Gauss-de

Gennes regime spans less than a decade in dimensionless channel size, these sizes encompass

the typical channels used in experiments [17, 21–24]. Morover, the Flory-de Gennes regime

corresponds to . 20% extension and the Odijk regime corresponds to & 90% extension,

leaving the Gauss-de Gennes regime to span a significant portion of the practically relevant

range of fractional extensions for genomic mapping. However, this regime is not in principle

limited to a small range of channel sizes. For stiff enough chains, the range of applicable

channel sizes 1 . δ . ǫ−1 will span many decades, showing the existence of a universal

regime.

We have tested this scaling theory in square channels using Pruned-Enriched Rosenbluth

Method (PERM) simulations of asymptotically long chains that are long enough to suppress

any end effects. PERM is a biased chain-growth Monte Carlo algorithm originally introduced

for lattice chains by Grassberger [6]. In the algorithm, “tours” of chains are grown and the

Rosenbluth weight of the chain is controlled by selective pruning and enrichment, thus
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overcoming the attrition problem for the Rosenbluth-Rosenbluth chain growth algorithm

[25] for long self-avoiding chains. Choosing efficient parameters for executing the original

PERM algorithm is somewhat of an art, and we have followed a parameterless version by

Prellberg [7] that simplified the calculation considerably. Our optimized implementation

of PERM (see supporting information) allowed us to sample long chain lengths (typically

2× 104 touching beads of size w) while spanning four decades in the dimensionless channel

size δ and three decades in the anisotropy ǫ. For DNA with w = 5 nm, our data typically

correspond to contour lengths of 100 µm, a full order of magnitude longer than traditional

Markov chain Monte Carlo techniques [10, 17–20, 33]. This combination of asymptotically

long chains, a thorough exploration of the (δ,ǫ) phase space (see supporting information),

and the large range of confinement free energies allowed us to draw meaningful conclusions

about universality. In addition to providing the chain conformational properties shown in

Fig. 2 and Fig. 3, PERM can provide thermodynamic properties like the confinement free

energy.

To clearly see the analogy with the rod-to-coil transition in free solution, we also need

the equivalent of Eq. (1) for the confinement free energy of an ideal wormlike chain (ǫ = 0).

To a good approximation, the confinement free energy of a chain in a channel is equal to

twice the confinement free energy of a chain confined to a slit [14, 26]

F = (2/3)π2δ−2 (11)

Additionally, extensive computational work on strongly confined wormlike chains has yielded

an accurate prefactor to the Odijk expression for square channels [15]

F = 2.2072 δ−2/3 (12)

Following Chen and Sullivan [27] we propose an interpolation formula of the form

F =
(2/3)π2δ−2

(5.147δ−2 + 3.343δ−1 + 1)2/3
(13)

Taking the limit δ → ∞ yields Eq. (11) and δ → 0 matches Eq. (12). The remaining

constant for the δ−1 term is used to fit the shape of the crossover region obtained from

PERM simulations in the absence of excluded volume (see supporting information).

The similarity between Fig. 2 and Fig. 4 confirms the analogy between bulk and con-

finement, and the plateau in Fig. 4 validates the presence of a Gauss-de Gennes regime
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FIG. 4. (color online) The normalized free energy of confinement as a function of normalized

channel width, δeff = (D − w)/lp from Eq. 13 (ǫ = 0, - -) and PERM simulations for ǫ = 2× 10−3

(△), 5× 10−3 (▽), 0.01 (+), 0.02 (3), 0.05 (×), 0.1 (D, DNA), and 0.2 (A).

in confinement that connects the Odijk and Flory-de Gennes regimes. Compared to free

solution, the Gauss-de Gennes regime in confinement is less prominent than the Gaussian

regime in free solution because (i) the upper bound is lower in confinement (ǫ−1 versus ǫ−2)

and (ii) it is challenging to simulate extremely long chains with small ǫ at very high spatial

resolution. Nevertheless, Fig. 4 clearly demonstrates the three regimes, including the scaling

exponent predicted by Eq. (9).

The close agreement here between the scaling theory and simulations has parallels with

DNA confined in a sphere [28], but calls into question previous theories for the thermody-

namics of a channel-confined chain between the Odijk and the Flory-de Gennes regimes.

Most treatments apply Flory theory for a confined chain [16, 29–31] notwithstanding the

fact that the accuracy of Flory theory predictions in free solution relies on a serendipitous

cancellation of errors that are not a priori applicable in confinement. For example, the

scaling F ∼ δ−4/3 predicted by Flory theory [22] for the “extended de Gennes” regime

[10, 16, 29, 31] is not evident in our simulations. Other theories have attempted to incor-

porate backfolding of the chain to explain the transition between the Odijk and Flory-de

Gennes regime [17, 19, 20, 29, 32]. The analogy between free solution and confinement makes

the role of backfolding clear — it is simply the transition from rod-like to ideal statistics in

the correlation volume.

Our results provide not only a complete description of the universal regimes of any long,
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channel-confined wormlike chain, but also have practical implications for genomic mapping in

nanochannels [23, 24]. Our simulations predict that the Odijk regime is valid for an effective

channel size δeff ≡ (D−w)/lp ≤ 0.3 and the Flory-de Gennes regime begins at δeff ≥ (2ǫ)−1

(see supporting information). For DNA in a nanochannel, the Odijk extension [1, 15] applies

for channels smaller than 20 nm, whereas the Flory-de Gennes extension [2] only starts to

apply for channels larger than around 200 nm, where stretching is insubstantial. Since almost

all experiments [22] and the commercial nanochannel technology [23] operate between these

limiting cases, it is unsurprising that the experimental data are not described by the Odijk

or de Gennes theories. Additionally, the Gauss-de Gennes regime certainly has implications

for dynamics, which have recently been shown to be very sensitive to the anisotropy ǫ over

similar ranges of extension [33]. Future device design, as well as fundamental work, will

need to account for the nature of the rod-to-coil transition of the subchains comprising

nanoconfined polymers.
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I. SIMULATION METHOD

In our implementation we have chosen an off-lattice, touching-bead model [1] in which

we implement a discrete wormlike chain potential

βUbend = κ

Nb−2∑
j=1

(1− uj+1 · uj) (S1)

where β = (kBT )−1 is the inverse absolute temperature and u is the bond vector connecting

bead j to bead j + 1. The parameters in this equation are the number of beads (Nb), the

bending potential constant (κ), and the bead size (w). In this model, choosing w is especially

consequential because it (1) fixes the bond length, (2) sets the excluded volume to the value:

v ∼= lp
2w (which is athermal because of hard beads and walls) and (3) imposes the length

scale below which self-interactions are disallowed.

Simulations are run in either free solution or in an infinintely long square channel of size

D. When confined, the channel walls are hard and are defined by the potential

βUwall =

∞ max(|rx|, |ry|) ≥ (D − w)/2

0 otherwise
(S2)

Here |rx| and |ry| are the absolute values of the chain position in the x and y directions

respectively, D is the channel width and the z-axis is left open.

The bending potential is responsible for setting the value of the persistence length, which

is defined as

〈uj+1 · uj〉 = exp(−jw/lp) (S3)

Fortuitously, the probability density function for a given bond angle defined as uj+1 · uj =

cos θj can be solved analytically [2] and is given by

P (θj) =
κ exp [−κ(1− cos θj)]

1− exp(−2κ)
. (S4)

For illustrative purposes Fig. S1 shows several plots of Eq. (S4) for various values of κ.

The closed form solution in Eq. (S4) is beneficial for two reasons. First, it allowed us

to code PERM more efficiently, as the simulation requires generating many bond vectors

according to this distribution. Second, it allowed us to obtain the persistence length for

given values of κ and w. This can be done by calculating Flory’s characteristic ratio [3, 4],

C∞ =
b

w
=

1 + 〈cos θj〉
1− 〈cos θj〉

(S5)
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chains are very stiff (κ = 100.5) or very flexible (κ = 10−5, practically a freely-joined chain).

which gives the Kuhn length b = 2lp. Evaluating this expression leads to [2]

lp =
(w

2

) κ− 1 + κ cothκ

κ+ 1− κ cothκ
(S6)

which simplifies to the well-known expression for the persistence length,

lp
w

= κ− 1/2 (S7)

when κ� 1.

In addition to using an analytical distribution to generate the bond vectors, we further

accelerated the simulations by taking advantage of the fact that the confinement free energy

is extensive in N for sufficiently long chains. PERM relies on an estimate of the partition

function in order to bias the sampling. In the “blind” version of the PERM algorithm [5],

the estimate is progressively built at the beginning of each simulation run, a process which

dominates the simulation time. To speed up the convergence of the estimate, we first ran

a blind simulation for short chains and linearly extrapolated the partition estimate to get a

good initial guess for the partition function for the longer chains. This guess is only used to

set the biasing in PERM, and does not affect the final partition function estimate. We were

able to run “non-blind” simulations [5] for the longest chains, a technique which reduced

the simulation time considerably.
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FIG. S2. Range of values for the effective channel size available to the chain, δeff ≡ (D − w)/lp,

and the chain anisotropy, ε ≡ w/lp, used in the PERM simulations. The phase space explored here

is orders of magnitude larger than previous studies. The umbrella-like overlap between different

values of ε allows us to produce the universal free energy curve in Fig. 4 of the main text.

In our implementation, we employed a master/slave parallel algorithm without Marko-

vian anticipation [6] on a DELL linux cluster. (Markovian anticipation is not trivial to

implement with an off-lattice model.) The hardcore excluded volume interaction calcula-

tions took advantage of neighbor lists, and data analysis was done on the fly since recording

each tour’s configuration is prohibitively expensive. Most of the PERM data (unless indi-

cated otherwise) was taken for chains with 2 × 104 beads in five batches of 104 tours for

error estimation; in all cases the error of the data shown is smaller than the symbol size.

Our simulations spanned the wide range of channel sizes and chain anisotropies shown in

Fig. S2, corresponding to four decades in the dimensionless channel size δ ≡ D/lp and three

decades in the anisotropy ε ≡ w/lp. In contrast, most previous work, focusing on DNA in

nanochannels [7–13], spans less than two decades in channel size (say, 10 nm to 500 nm) and

uses a single value of the anistropy ε corresponding to DNA or, at most, a change in ε by a

factor of around 5. Moreover, these previous simulations typically use around 103 beads to

represent the DNA.

The free energy of a given chain was obtained from PERM’s estimate of the canonical

partition function [14] which has an unconfined, ideal wormlike chain standard state (ε = 0).
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FIG. S3. Example of the convergence of the confinement free energy, F ≡ β∆FcN
−1 as a function

of the size of the chain, N ≡ L/lp. The data appearing in Fig. 4 of the main text correspond to

the plateau region for a given simulation for a channel size δ and chain anisotropy ε.

Thus, the confinement free energy

∆Fc ≡ Fconfined − Fbulk (S8)

requires simulations of both confined and free solution chains for chains with non-zero ex-

cluded volume. In order to assure that the free energy calculations were accurate, we verified

that all of the free energy calculations shown in the main text did in fact reach the asymp-

totic limit where F ∼ N0 where N ≡ L/lp is the number of persistence lengths of the chain

and F ≡ β∆FcN
−1 is the dimensionless free energy. Figure S3 shows an example set of data

(δeff = 9.9 and ε = 0.1) which corresponds to DNA in a high ionic strength buffer in a 500

nm channel. As we can see, the simulation spans 1000 persistence lengths, corresponding to

a contour length of 50 µm, or about 150 kbp (slightly smaller than T4 DNA). The plateau

for F in Fig. S3 is the long-chain asymptotic value for this particular combination of δeff

and ε appearing in the main text. We constructed similar plots for every combination of δeff

and ε and included only those simulations which reached a plateau value.

II. CONFINEMENT FREE ENERGY OF AN IDEAL SEMIFLEXIBLE CHAIN

Following Chen and Sullivan [15] we propose an interpolation formula of the form

F =
2
3
π2δ−2

(C2δ−2 + C1δ−1 + 1)2/3
(S9)
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FIG. S4. Free energy of a confined semiflexible chain without excluded volume. Simulation data

is taken for chains of different persistence length where the bond length is represented as lB. For

each simulated chain ε = 0, except for lB/lp = 10−3, which has a small but negligible ε = 10−3.

The data are used to validate Eq. (S9) and calculate C1 by a least-squares regression.

The choice C2 = 5.147 matches previous calculations [16] for the Odijk regime. The remain-

ing constant is used to fit the shape of the crossover region from PERM simulations in the

absence of any excluded volume. A least squares fit yields C1 = 3.343 and the interpolation

shown in Fig. S4.

III. NUMERICAL PREFACTORS FOR THE ODIJK AND FLORY-DE GENNES

EXTENSION

In several instances in the main text, PERM results for the extensions are compared to

Odijk and de Gennes theories with exact prefactors. The Odijk regime curve corresponds to

〈X/L〉 = 1− 0.18274

(
D − w
lp

)2/3

(S10)

which is the prediction of the Odijk theory [17] using the prefactor computed by Burkhardt

et al. [16] for a square nanochannel. The quantity D − w is the effective width of the

nanochannel available to the chain.

For the Flory-de Gennes regime, the extension is

〈X/L〉 = (1.033± 0.005)

(
D − w
lp

)1−1/ν (
w

lp

)2−1/ν

(S11)
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1FIG. S5. Fractional extension of a semiflexible chain confined in a square nanochannel collapsed

to the (A) Odijk regime and (B) Flory-de Gennes regime. (A) The data collapses before δeff = 0.3

as indicated by the dotted vertical line. (B) Note here that the dependent variable is set to

x = δeffε
1−2ν
1−ν and that x1−1/ν yields the right hand side of Eq. (S11). This was done to make the

ordinate linear in the channel size.

where the prefactor is obtained by a fit to the collapsed PERM data shown in Fig. S5. The

prefactor of almost unity is a satisfying test of the de Gennes theory for a finite width chain,

derived above.

In Fig. 3 of the main text, the data shown corresponds to ε = 10−1 and ε = 10−2 for a

range of values of δ ≡ D/lp. These dimensionless data were converted using a persistence

length lp = 50 nm and two different values of the width, w = 5 nm and w = 0.5 nm. The

corresponding channel sizes D follow from the definition of δ.

We also stated that the Odijk regime is valid for an effective channel size δeff ≡ (D −
w)/lp ≤ 0.3 and the Flory-de Gennes regime begins at δeff ≥ (2ε)−1. The approximate

numerical values 0.3 and 1/2 were obtained by inspection of the data in Fig. S5A and S6A

in the region where the data appear to collapse onto the universal curves. Additionally,

one can again note that these regimes show the lack of collapse to the Odijk theory for

a fractional extension below 90%. A similar general statement is not possible for the de

Gennes theory, since this value depends on ε, as is evident in Fig. S6A.
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1FIG. S6. (A) Log-log plot of the fractional extension from Fig. S5B, which shows the collapse

to the Flory-de Gennes regime around δeffε ≈ 1/2. This corresponds to about 200 nm for DNA

(ε = 0.1) (B) Average fractional extension versus dimensionless channel size for DNA (ε = 0.1)

obtained from PERM simulations. Both the Flory-de Gennes scaling and the Gauss-de Gennes

scaling are indicated.

IV. SCALING FOR THE EXTENSION IN THE GAUSS-DE GENNES REGIME

Figure 3 of the main text shows the extension data on a linear plot in dimensional units,

which is the easiest way to make a connection to the experimental data. Figure S6B shows

the same data in a log-log plot using the effective dimensionless channel size, δeff , for the

abscissa. These data correspond to asymptotically long chains; for 2 × 104 beads of size 5

nm, these data are for chains 100 µm long (approximately 300 kilobase pairs). Our extension

results complement previous work [7–11] that used chains that are several microns long.
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