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y x0( ) = y0

¢ y = f x, y( ) ¢ y x0( ) = f x0 ,y0( )
IVP PICARD'S METHOD

iterate

choose starting approximation                        then

TAYLOR SERIES y x0( ) = y0

j=0,1,2,... . . .

BERNOULLI RICATTI CLAIRAUT

¢ y + P x( )y = Q x( )yn

y = 0 is also a solution for n>0

¢ y = P x( )y2 + Q x( )y +R x( ) y = x ¢ y + f ¢ y ( )

y = cx+ f c( )

x = - ¢ f t( )

y = f t( ) - t ¢ f t( )

change of
variable

set of
solutions

change of
variable

change of
variable

u1if one particular solution is known               then

linear
o.d.e.

linear
o.d.e.

linear
2nd order
o.d.e.

and one
parametric
solution

reduces equation to
leads to

leads to

INTEGRATING FACTOR HOMOGENEOUS

integrating factor

integrating factorfi

fi

equation is homogeneous 
if coefficients are
homogeneous functions 
of the same order

a) change of variable

EXACT SEPARABLE

f x( )dx+ g y( )dy = 0

f x( )dx+ g y( )dy = cÚÚ

∂M
∂y =

∂N
∂x

df x, y( ) =M x,y( )dx+ N x, y( )dyf x, y( )
there exists function

such that

general
solution

general
solution

test for 
exactness

then variables can
be separated

› ›

LINEAR O.D.E. LINEAR O.D.E. WITH CONSTANT COEFFICIENTS

¢ y + P x( )y = Q x( ) m x( ) = e P x( )Ú dx
¢ y + ay = Q x( ) m x( ) = eax

y x0( ) = y0 y x0( ) = y0

integrating factor integrating factor

general
solution

general
solution

Initial Value Problem Initial Value Problem

solution solution

first order o.d.e.

SPECIAL EQUATIONS

APPROXIMATE METHODS

NONLINEAR EQUATIONS

then

check for suppressed solutions

standard
differential
form

or

¢ z + 2Pu1 + Q( )z = -P

where                     is the number of iteration

y 0( ) x( )

reduce
to exact

reduce to
separable

b) conversion to 
    polar coordinates

if

M mM
N mN

replace
and

by
by

equation becomes exact when
multiplied by intgrating factor m

a)   if

b)   if

equation is separable if 
it can be represented by† 

M x,y( )dx +N x,y( )dy = 0

† 

y x( ) = ce-ax + e-ax eaxQ x( )dxÚ

† 

y x( ) = y0e
a x0 -x( ) + e-ax eaxQ x( )dx

x0

x

Ú

† 

y x( ) = y0m x0( )m-1 x( ) +m-1 x( ) m x( )Q x( )dx
x 0

x

Ú

† 

y x( ) = cm-1 x( )+ m-1 x( ) m x( )Q x( )dxÚ

† 

¢ ¢ w -
¢ P 

P
+ Q

Ê 

Ë 
Á 

ˆ 

¯ 
˜ ¢ w +RPw = 0

† 

M1 x( )M2 y( )dx +N1 x( )N2 y( )dy = 0

homogeneous equation can be reduced to separable by:

† 

dx = cos qdr - rsinqdq

† 

dy = sinqdr + rcosqdq
homogeneous equation can 
be reduced to exact by 
integrating factor:

† 

m =
1

N1 x( )M2 y( )

back substitution

† 

z = y1-n

or

† 

y = ux dy = udx + xdu

† 

x = vy dx = vdy + ydv† 

M lx,ly( ) = lmM x,y( )

† 

N lx,ly( ) = lmN x,y( )

† 

f x,y( ) = Mdx + N -
∂

∂y
MdxÚ

È 

Î 
Í 

˘ 

˚ 
˙ ÚÚ dy = c

† 

f x,y( ) = Ndy + M -
∂

∂x
NdyÚ

È 

Î Í 
˘ 

˚ ˙ ÚÚ dx = c

† 

¢ z + 1- n( )P x( )z = 1- n( )Q x( )

† 

y j+1( ) x( ) = y0 + f x,y j( ) x( )( )
x0

x

Ú dx

† 

x = r cosq

† 

y = r sinq

† 

y x( ) = y x0( ) +
¢ y x0( )
1

x - x0( )+
¢ ¢ y x0( )
2!

x - x0( )
2

+ ...

† 

¢ ¢ y x0( ) =
∂

∂x
f x0 ,y0( )

† 

y = z
1

1-n

† 

∂M
∂y

-
∂N
∂x

N
= f x( )

† 

-
∂M
∂y

+
∂N
∂x

M
= g y( ) † 

m x( ) = e f x( )Ú dx

† 

m y( ) = e g y( )Ú dy

† 

y = -
¢ w 

Pw
† 

y = u1 +
1
z



  
a0m

n + a1m
n -1 +L+ an- 1m + am = 0

  
a0x

ny n( ) + a1x
n-1y n- 1( ) + L + an-1x ¢ y + an y = f x( )

Lny = 0

Lny = f x( )

Lny = 0

PARTICULAR SOLUTION OF NON-HOMOGENEOUS  O.D.E. 

change of variable

looking for solution in the form   y = emx

an auxilary equation

m1 = a + ib
m2 = a - ib

of multiplicity k

complex roots

HOMOGENEOUS LINEAR O.D.E.
WITH CONSTANT COEFFICIENTS

EULER-CAUCHY EQUATION

REDUCTION OF ORDER

Lny = f x( )

LINEAR O.D.E.

variation of parameter  (Lagrange's method)

looking for solution in the form

looking for solution in the formL2y = f x( )

Lny = f x( )

unknown functions are determined by equations

unknown functions are determined by equations

  m = 1,K, n

if y
1
 is a particular solution of homogeneous equation

then second linear independent solution can be found by formula
Lny = 0

real root

Lny = 0

fundamental set includes

  e
mx , xe mx ,K, x k-1emxm

eax cosbx eax sinbx

  
a0x

ny n( ) + a1x
n-1y n- 1( ) + L+ an-1x ¢ y + any = 0

x = ez z = lnx

yields a linear o.d.e. with constant coefficients

a0 ¢ y + a1y = f z( )

a0 ¢ ¢ y + a1 - a0( ) ¢ y + a2 y = f z( )

y = x m

  
a0m m -1( )L m - n +1( ) + a1m m - 1( )L m - n + 2( ) + L+ an = 0

m1 = m2 = m

m2 = a - ib

¢ y = mxm-1

nth ORDER

1st ORDER

2nd ORDER

nth ORDER

nth ORDER

2nd ORDER

3rd ORDER

2nd ORDER

substitution into equation yields

which has n roots (real or complex)

conjugate pair

3case

2case

1case

2case

1case

2nd ORDER

FUNDAMENTAL SET

any set of  n  linearly independent solutions y 1 x( ),..., yn x( )
of homogeneous linear o.d.e.

is said to be a fundamental set (basis functions)

COMPLIMENTARY SOLUTION
complimentary solution (complete solution) of homogeneous o.d.e.

is given by a linear combinatnation of basis functions

y c x( ) = c1y1 x( ) +... + c nyn x( ) c i ŒR

complimentary solution is a vector space spanned by basis functions

COMPLETE SOLUTION

complete solution of non-homogeneous linear o.d.e.

y x( ) = c1y1 x( ) + ... + cn yn x( ) + y p x( )

consists of complimentary solution  (complete solution of homogeneous equation)

and any particular solution of non-homogeneous equation

3case

2case

1case

a0m
2 + a1m + a2 = 0

m1 ≠ m2

m1 = m2 = m =
-a1

2a0

m1 = a + ib
m2 = a - ib

y = c1e
m1x + c2 em2x

y = c1e
mx + c2 xemx

y = eax c1 cosbx + c2 sinbx( )
complex rootsconjugate pair

real roots

repeated real root

auxialary equation roots

complete solution

2nd ORDER

looking for solution 
in the form   

auxialary equation

where y1,y2{ } is a fundamental set

where is a fundamental set
  

y1,K,yn{ }

independent solutions complete solution

I

II

and

WRONSKIANai x( ),f x( ) ŒC D( ) D Ã R

method of undetermined coefficients

a0 ¢ ¢ y + a1 ¢ y + a2 = 0

I

II

linear o.d.e. is normal in D if a0 x( ) ≠ 0 for all x ŒD
initial value problem

y x 0( ) = k1 ¢ y x0( ) = k 2   L
if equation is normal, then
IVP has the unique solution

Theorem

homogeneous
equation

linear o.d.e.

Lny = f x( )nth ORDER

a ± ib   
a0m

n + a1m
n -1 +L+ an- 1m + am = 0

a ± ib

y p = eax Pk x( )cosbx + Qk x( )sinbx[ ]

y p = xseax Pk x( )cosbx + Qk x( )sinbx[ ]
s

Lny = f x( )y p

k = max i, j{ }

k = max i, j{ }

are linearly independent inD

if for all 

† 

W y1,...,yn( ) ≠ 0

† 

x Œ D

  

† 

y1,K,yn{ }

if is not a root of auxilary equation

then looking for solution in the form

if is a root of auxilary equation of multiplicity

then looking for solution in the form

where
  
Pk x( ) = A0 xk + A1x

k- 1 +L+ Ak -1x + Ak

  
Qk x( ) = B0x

k +B1x
k- 1 +L+ Bk -1x +Bk

are polynomials with
unknown coefficients

which are found by substitution of trial into equation

where

1)

2)

auxilary equation

Theorem

† 

m1,2 =
-a1 ± a1

2 - 4a0a2

2a0

† 

y2 = y1
e

-
a1
a 0

Ú dx

y1
2Ú dx

  

† 

Lny ≡ a0 x( )y n( ) + a1 x( )y n-1( ) +L+ an-1 x( ) ¢ y + an x( )y = f x( )

  

† 

W y1,K,yn( ) =

y1 y2 L yn

¢ y 1 ¢ y 2 L ¢ y n
M M O M

y1
n-1( ) y2

n-1( ) L yn
n-1( )

† 

y n-1( ) x0( ) = kn

† 

u1 = -
y2

W y1,y2( )Ú
f x( )

a0 x( )
dx

† 

u2 =
y1

W y1,y2( )Ú
f x( )

a0 x( )
dx

† 

yp = u1y1 + u2y2 + ...+ unyn

† 

yp = u1y1 +u2y2

† 

um = -1( )
m W y1,...,ym-1,ym+1,...,yn( )

W y1,...,yn( )Ú
f x( )

a0 x( )
dx

† 

f x( ) = eax pi x( )cosbx + qj x( )sinbx[ ]

† 

m1 ≠ m2

† 

a0m2 + a1 - a0( )m + a2 = 0

† 

a0 ¢ ¢ ¢ y + a1 - 3a0( ) ¢ ¢ y + 2a0 - a1 + a2( ) ¢ y + a3y = f z( )

† 

¢ ¢ y = m m -1( )xm-2

† 

y1 = x m1

† 

y2 = x m2

† 

y = c1 x m1 + c2 x m2

† 

y1 = x m

† 

y2 = x m ln x

† 

y = c1 x m
+ c2 x m lnx

† 

y1 = x a cos bln x( )

† 

y2 = x a sin blnx( )

† 

y = c1 cos blnx( ) + c2 sin blnx( )[ ] x a

† 

m1 = a + ib



function f(x) is called  analytic at x
0
 if it

can be represented by Taylor series about x
0

Let x
0
=0 be a regular singular point of Eq. (     )

and r
1
 and r

2
 be the roots of indicial equation, then

two linearly independent solutions y
1
 and y

2
 of Eq. (    )

can be found in the form:                            (for 0<|x|<R) 

**

**

definition 2.2

standard form of Eq. (   )*

are analytic at x=0

rootsindicial equation

singular point  x
0
=0 is  regular  if

TAYLOR SERIES

MACLAUREN SERIES

two linearly independent solutions of Eq.(  ) 
can be found as a power series about 
ordinary point x

0
:

*

THEOREM  2.10          (power-series solution about ordinary point)

POWER SERIES

BINOMIAL EXPANSION binomial coefficients

THEOREM 2.6        (identity theorem)

ALGEBRAIC OPERATIONS 

TAYLOR SERIES SOLUTION

. . .

from equation

from initial conditions

determine values of function y(x)
and its derivatives at the point of expansion x

0
:

a 0(x) ¢ ¢ y + a 1(x) ¢ y + a2 (x)y = 0

initial conditions:

y x0( ) = y0

HOMOGENEOUS LINEAR SECOND ORDER O.D.E. 

ANALYTIC FUNCTION definition x0 is ordinary point if a 0 x0( ) ≠ 0

x0 is singular point if a0 x0( ) = 0

*( )

2) calculate derivatives:

3) substitute into Eq. (   )*

4) comparison of coefficients (identity theorem) 
   yeilds the recursive equation for coefficients c

n

    c
0
, c

1
 can be taken arbitrary (or as parameters for complete solution)

THEOREM  2.11 (Frobenius method for regular singular point)

3case r
1
 = r

2
 =  r

2case r
1
 - r

2
  is positive

integer

1case r
1
 - r

2
  is not 

         integer

1) assume:

c 0 ≠ 0

d0 ≠ 0

all d
n
 can be zero

d0 ≠ 0c 0 ≠ 0

c 0 ≠ 0

x
0

ordinary
point

closest
singular
point

radius of convergence R

x
1

power-series solution

product of two power series  (Cauchy product)

sum of two power series

differentiate consequently original 
equation and substitute x=x

0  

† 

y x( ) = y 0( )+
¢ y 0( )
1

x +
¢ ¢ y 0( )
2!

x2 +
¢ ¢ ¢ y 0( )
3!

x3 +K =
y n( ) 0( )

n!n=0

•

Â xn† 

=
y n( ) x0( )

n!n=0

•

Â x - x0( )
n

  

† 

y x( ) = y x0( ) +
¢ y x0( )
1

x - x0( )+
¢ ¢ y x0( )
2!

x - x0( )
2

+K

† 

a + b( )
n

=
n
k

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

k=0

n

Â akbn-k

† 

n
k

Ê 

Ë 
Á 

ˆ 

¯ 
˜ =

n!
k! n - k( )!

a)

b)

† 

f x( ) = anxn

n=0

•

Â

† 

g x( ) = bnxn

n=0

•

Â

† 

f x( ) + g x( ) = an + bn( )
n=0

•

Â xn

† 

f x( )g x( ) = anxn

n=0

•

Â
Ê 

Ë 
Á 

ˆ 

¯ 
˜ bnxn

n=0

•

Â
Ê 

Ë 
Á 

ˆ 

¯ 
˜ = akbn-k

k=0

n

Â
Ê 

Ë 
Á 

ˆ 

¯ 
˜ xn

n=0

•

Â = cnxn

n=0

•

Â

† 

x < 1

† 

1
1- x

= 1+ x + x2 + ... = xn

n=0

•

Â

† 

1
1+ x

= -1( )
n xn

n=0

•

Â -1< x < 1

† 

r1,2 =
1- p0 ± 1- p0( )

2
- 4q0

2

† 

cosx =
-1( )

n x2n

2n( )!n=0

•

Â

† 

sinx =
-1( )

n x2n+1

2n +1( )!n=0

•

Â

† 

sinhx =
x2n+1

2n +1( )!n=0

•

Â

† 

coshx =
x2n

2n( )!n=0

•

Â

† 

x < •

† 

x < •

† 

x < •

† 

x < •

† 

x < •

† 

x < •

† 

1+ x( )
a

=
a

n
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

n=0

•

Â xn

† 

x < 1

† 

x < 1

† 

x < 1

† 

ex =
xn

n!n=0

•

Â e-x =
-1( )

n xn

n!n=0

•

Â
† 

tan-1 x = -1( )
n x2n+1

2n +1n=0

•

Â

† 

ax =
lna( )

n xn

n!n=0

•

Â

† 

lnx = -1( )
n x -1( )n

nn=0

•

Â 0 < x £ 2

† 

lnx =
2

2n +1( )
x -1
x +1

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

2n+1

n=0

•

Â x > 0

† 

ln 1+ x( ) =
-1( )

n

n +1n=0

•

Â xn+1

† 

anxn

n=0

•

Â = bnxn

n=0

•

Â

for all x

for all x

  

† 

y x( ) = a0 + a1 x - x0( ) + a2 x - x0( )
2

+K = an x - x0( )
n

n=0

•

Â

radius of convergence R

x
0

converges

x
0
+Rx

0
-R

diverges diverges

† 

R = lim
kÆ•

ak

ak+1

† 

ak x( )Let be analytic, then

† 

y x( ) = cn x - x0( )
n

n=0

•

Â

¢ y x( ) = ncn x - x0( )
n-1

n=1

•

Â

¢ ¢ y x( ) = n n -1( )cn x - x0( )
n-2

n=2

•

Â

  

† 

x2q(x) = q0 + q1x + q2x2 +L

  

† 

xp(x) = p0 + p1x + p2x2 +L

† 

r2 + p0 -1( )r + q0 = 0

† 

y1 = cnxn+r1

n=0

•

Â

† 

y2 = dnxn+r2

n=0

•

Â

† 

y1 = cnxn+r1

n=0

•

Â

† 

y2 = dnxn+r2

n=0

•

Â + cy1 ln x

† 

y1 = cnxn+r

n=0

•

Â

† 

y2 = dnxn+r

n=1

•

Â + y1 lnx

† 

(**)

† 

anxn

n=0

•

Â = 0

† 

y x 0( ) = y 0

† 

¢ y x 0( ) = y1

† 

¢ ¢ y + p x( ) ¢ y + q x( )y = 0

† 

1
x

= -1( )n x -1( )n

n=0

•

Â 0 < x < 2

† 

¢ ¢ y x 0( ) = -
a1 x 0( )
a 0 x 0( )

¢ y x 0( ) -
a 2 x 0( )
a 0 x 0( )

y x 0( )

† 

¢ y x 0( ) = y1

† 

if and only if an = 0

† 

if and only if an = bn



x = X t( )X -1 t0( )k

x 1 = B1 cosbt - B2 sinbt( )eat

x 2 = B2 cosbt + B1 sinbt( )eat

x c = Xc

¢ x = Ax + f x t0( ) = k

¢ x = Ax         is an                 matrix 

with real constant coefficients

A n ¥n

x = xc + xp

¢ x = Ax + f

¢ x = Ax

¢ x = Ax + f

STANDARD FORM

1   l 1,K, lnDISTINCT REAL EIGENVALUES with corresponding eigenvectors

linear systems of  first order o.d.e.

3 l 1 = a + ib
l 2 = a - ib

COMPLEX EIGENVALUES

2 mlREPEATED EIGENVALUES is eigenvector of multiplicity

case 1 there are    linearly independent eigenvectors                             corresponding to l

case 2 Kthere is only one eigenvector          corresponding to       l

a ij t( ) fi t( )  are continuous functionsi,j=1,..,n,

x1, x2 ,...,xn{ }

  
X = x 1 x 2 L x n[ ]

is a vector of 
coefficientswhere

x t0( ) = k¢ x = Ax

x pwhere         is any 
particular solution of 
non-homogeneous system

l

K l

are the roots of algebraic characteristic equationegenvalues

eigenvector corresponding to is non-trivial solution of equation

EIGENVALUE PROBLEM

find vectors                               solutions of the matrix equations

corresponding 
eigenvectors

MATRIX FORM

is a column vector which satisfies the system ¢ x = Ax + f

SOLUTION VECTOR

HOMOGENEOUS SYSTEMS

NON-HOMOGENEOUS SYSTEMS

FUNDAMENTAL SET any set of       linearly independent solution vectorsn

FUNDAMENTAL MATRIX     columns are vectors from fundamental set

COMPLETE SOLUTION
(complementary function)

INITIAL-VALUE PROBLEM

SOLUTION OF IVP

COMPLETE SOLUTION

VARIATION OF PARAMETER

INITIAL-VALUE PROBLEM

SOLUTION OF IVP

FUNDAMENTAL SET OF SYSTEM WITH CONSTANT COEFFICIENTS

looking for solution
in the form

FUNDAMENTAL SET

FUNDAMENTAL SET  includes

FUNDAMENTAL SET  includes

solution vectors

FUNDAMENTAL SET  
includes real form of solution vectors

where

wronskian

COMPLETE SOLUTION

W = detX t( ) ≠ 0 " t ŒI

COMPLETE SOLUTION set of all solutions to homogeneous system
is a vector space of dimension  n

(a basis for solution space)

K1

K 1

MATRIX EXPONENTIAL

is a matrix represented
by a power series

general solution

solution of IVP

  

† 

x =

k1

k2

M

kn

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

elt = Kelt

  

† 

c =

c1

c2

M

cn

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

  

† 

¢ x 1 = a11x1 + a12x2 +Ka1nxn + f1
¢ x 2 = a21x1 + a22x2 +Ka2nxn + f2
M

¢ x n = an1x1 + an2x2 +Kannxn + fn

† 

t Œ I Ã R

  

† 

x =

x1

x2

M

xn

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

  

† 

¢ x =

¢ x 1
¢ x 2
M

¢ x n

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

  

† 

A =

a11 a12 L a1n

a21 a22 L a2n

M M O M

an1 an2 L ann

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

  

† 

f =

f1
f2
M

fn

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

  

† 

x =

x1

x2

M

xn

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

† 

xp = X t( ) X-1 t( )Ú f t( )dt

† 

x = X t( )c + X t( ) X-1 t( )Ú f t( )dt

† 

x = X t( )X-1 t0( )k + X t( ) X-1 s( )
t0

t

Ú f s( )ds

  

† 

etA =
tA( )

k

k!k=0

•

Â = I+ tA+
t2

2!
A2 +

t3

3!
A3 +L

† 

x = etAc + etA e- tAf t( )dtÚ

† 

x = e t-t 0( )Ak + etA e-sAf s( )ds
t0

t

Ú

† 

K1 = Re K1( )+ iIm K1( ) = B1 + iB2

  

† 

Kelt , Ktelt +Pelt , K t2

2
elt +Ptelt + Qelt K

† 

A - lI( )K = 0

† 

det A - lI( ) = 0

† 

x1 = K1el1t

† 

x2 = K 1el 1t

† 

A - lI( )K = 0

† 

A - lI( )P = K

† 

A - lI( )Q = P

  

† 

K,P,Q,K

  

† 

K1elt , K2elt ,K, Kmelt

  

† 

K1el1t , K2el2 t ,K, Knelnt

  

† 

K1,K,Km

  

† 

K1,K,Km



f x( )

h x( )
g x( )

c

L

f x( )

L - e

L + e

L

B

f x( )
L - e

L + e

L

B

c c + dc - d

f x( )

B

c c + dc - d

f x( )

B

cc - d

f x( )

L - e

L + e

L

c c + d

f x( )

L - e

L + e

L

lim
xÆ•

f x( ) = L
e > 0for any there exists such that

for all

B > 0
x > B

lim
xÆc+

f x( ) = L
e > 0for any there exists d > 0 such that

if thenc < x < c + d

lim
xÆc-

f x( ) = L
e > 0for any there exists d > 0 such that

if thenc - d < x < c

lim
xÆc

f x( ) = L
e > 0for any there exists d > 0 such that

thenif

c c + dc - d

f x( )

L - e

L + e

L

definition of limit

limits

one-sided limits

f x( )c

L

d

e
Bd

Be

theorem
lim
xÆc

f x( ) = L lim
xÆc+

f x( ) = L lim
xÆc-

f x( ) = Land

limits at infinity (horizontal assymtotes)

e > 0for any there exists such that

for all

B > 0
lim

xÆ- •
f x( ) = L

x < -B

infinite limits (vertical assymtotes)

for any there exists such that

if
lim
xÆc

f x( ) = •
B > 0 d > 0

f x( ) > Bthen

for any there exists such that

if

B > 0 d > 0

then f x( ) < -B
lim
xÆc

f x( ) = -•

in the following statements we assume
that the given limits lim

xÆc
f x( ) exist

where c can be c,c+ ,c-,•, or -•

uniqueness

if

and
then L = M

algebra of limits

limkf x( ) = k limf x( )

limf x( )g x( ) = limf x( )limg x( )

limg x( ) ≠ 0if

if limf x( ) ≠ 0
limg x( ) = 0and

then DNE

limf x( ) = L

limk = k

lim
xÆc

f x( ) = b

inverse function

lim
xÆb

f -1 x( ) = c

f x( )

c
b

f -1 x( )

f x( )

c

g x( )

g f x( )[ ]

L
M

composite function

lim
xÆc

f x( ) = L

lim
xÆL

g x( ) = M
lim
xÆc

g f x( )[ ] = Mthen

comparison

squizze play

lim
xÆc

f x( ) = L

lim
xÆc

g x( ) = M

f x( ) £ g x( )

then L £ M

lim
xÆc

f x( ) = L

lim
xÆc

g x( ) = L

f x( ) £ h x( ) £ g x( )

then lim
xÆc

h x( ) = L

L'Hospital's Rule (indeterminate or )

Bc = open neighborhood of point c

f x( ),g x( ) are differentiable on Bc

Let lim
xÆc

f x( ) = 0

lim
xÆc

g x( ) = 0
or

lim
xÆc

g x( ) = •

lim
xÆc

f x( ) = •

then
fi

if

if

fi

indeterminates and reduction to L'Hospital's rule

f ⋅g ~ 0 ⋅ •

fi

f g ~ 00

f g ~ •0

f g ~ 10

f g = eglnf

multiply and devide by conjugatea)

remarkable limits

lim
xÆc

x = c

rational function

lim
xÆ•

x
1
x = 1

lim
xÆ0

x lnx = 0

fi

fi

1)

2)

3)

b) apply L'Hospital's rule to

f - g ~ • - •

lim
xÆ0

x x = 1

† 

lim
xÆc

f x( ) = L

† 

lim
xÆc

f x( ) = M

† 

f x( ) -L < e

† 

0 < x - c < d

† 

f x( ) -L < e

† 

f x( ) -L < e

† 

f x( ) -L < e† 

f x( ) -L < e

† 

0 < x - c < d

† 

0 < x - c < d

† 

f - g =

1
g

-
1
f

1
f ⋅ g

† 

f - g( ) f + g( )
f + g

† 

lim
xÆ•

pnxn + ...+ p1x + p0

qmxm + ...+ q1x + q0

=

0 if n < m
pn

qn

if n = m

±• if n > m

Ï 

Ì 
Ô Ô 

Ó 
Ô 
Ô 

† 

lim
x Æ0

1+ ax( )1 x
= e a

† 

lim
f x( )
g x( )

=
limf x( )
limg x( )

† 

limf x( )
limg x( )

† 

f ⋅g =
f
1
g

~ 0
0

† 

f ⋅g =
g
1
f

~ •

•

† 

lim f x( ) + g x( )[ ] = limf x( ) + limg x( )

† 

lim f x( ) - g x( )[ ] = limf x( ) - limg x( )
† 

lim
x Æc

¢ f x( )
¢ g x( )

= L

† 

lim
x Æc

f x( )
g x( )

= L

† 

lim
x Æc

¢ f x( )
¢ g x( )

= •

† 

lim
x Æc

f x( )
g x( )

= •

† 

lim
x Æ0

sinx
x

= 1

† 

lim
x Æ•

1+
a
x

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

x

= e a

† 

lim
x Æ•

lnx
x

= 0

† 

lim f x( ) - L[ ] = 0

† 

o
o

† 

•
•



† 

¢ f x( ) = lim
hÆ0

f x + h( ) - f x( )
h

f x( )

sinx

cos x

tan x

cot x

f x( )f x( )¢ f x( ) ¢ f x( )¢ f x( )

ax ax lna

lnx

log a x

cos x

- sinx

1+ tan 2 x

sec 2 x

-1- cot2 x

- csc2 x

sin -1x

cos -1 x

tan -1x

cot - 1x

sec x

cscx - cscxcot x

sec x tan x

differentiation
derivative

if limit exists then 
function f(x) is differentiable and
f'(x) is a derivative of function f(x)

¢ f x( ) m slope of tangent line=

=

differentiation rules

chain rule

derivative of
inverse function

implicit
differentiation

table of derivatives

equation of 
tangent line

f x( )

f x + h( )

x +hx
a

cu( )¢ = c ¢ u 

u+ v( )¢
= ¢ u + ¢ v 

u- v( )¢ = ¢ u - ¢ v 

uv( )¢ = ¢ u v + u ¢ v 

uvw( )¢ = ¢ u vw +u ¢ v w + uv ¢ w 

y = f u x( )[ ]
example:

y = f x( )

y = f-1 x( )

f x,y( ) = 0

given
implicit function

differentiate using differentiation rules

terms with  x  only differetiate
as function of x

terms with y differentiate with 

the chain rule d
dx

g y( ) =
dg
dy

¢ y 

y = sin x2( ) u = x2

1) find

2) write

3) replace  x  by
and simplify expression

¢ f x( )

f -1 x( )

example:

f x( ) = ex

f -1 x( ) = lnx

1) find ¢ f x( ) = ex

2) write

3) replace  x  by
and simplify expression

example:

xy( )¢
+ siny( )¢

- 1( )¢ = 0

y + x ¢ y + cosy( )y ¢ = 0

ex ex

c 0

x 1

solve for ¢ y 

csc -1 x

sec -1 x

find

¢ y 

x n nx n-1

† 

dy
dx

=
df
du

du
dx

† 

f-1 x( )[ ]
¢

=
1

¢ f f-1 x( )[ ]

† 

1
¢ f x( )

† 

lnx( )¢ = f-1 x( )[ ]
¢

=
1

¢ f f-1 x( )[ ]
=

1
elnx =

1
x† 

1
¢ f x( )

=
1
ex

† 

¢ y =
-y

x+ cosy

† 

u
v

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 
¢

=
¢ u v - u ¢ v 

v2

† 

1
v

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 
¢

=
- ¢ v 
v2

† 

1
1- x2

† 

-1
1- x2

† 

1
1+ x2

† 

-1
1+ x2

† 

-1
1- x2

† 

1
x x2 -1

† 

1
x

† 

1
xlna

† 

1
cos2 x

† 

-1
sin2 x

† 

tana
† 

y = ¢ f x0( ) x - x0( ) + f x0( )

† 

f x,y( ) = xy + siny -1= 0

† 

¢ y =
d sinu( )

du
du
dx

= cosu( ) 2x( ) = 2xcos x2( )



A

a
-a

0

a-a 0

-A

f
xk -1 + xk

2
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

x k-1 + xk

2

f xk( )

f xk- 1( )

xk-1 x kDx

Ak

f xk- 1( )
f xk( )

f x( )
f tk( )

t k x
a bDx k

F x( ) + c f x( )

differentiation

integration

x n
n ≠ -1

ex ex

eax

ax

lnx x lnx - x

sinx - cosx

cos x sinx

tan x

cot x

F x( ) f x( )is antiderivative ¢ F x( ) = f x( )

f x( ) F x( )

u - substitution

Fundamental Theorem of Calculus

integration

F x( ) f x( )antiderivative is                           of                  then

f x( )F x( ) + c is also antiderivative of

if

definite integral

indefinite integral (operation to find antiderivative)

table of antiderivatives

properties

s = a = x0 ,x1,..., xk ,..., xn-1,x n = b{ }

Numerical approximation of definite integral

definite integral

if the limit of
Riemann's sum
exists

Area

linearity

cf x( )
a

b

Ú dx = c f x( )
a

b

Ú dx

f x( ) + g x( )[ ]
a

b

Ú dx = f x( )
a

b

Ú dx + g x( )
a

b

Ú dx

differentiation

f x( )
a

a

Ú dx = 0

c ŒR

c Œ a,b[ ]

comparison

f x( ) ≥ 0 x Œ a,b[ ]onif then

f x( )
a

b

Ú dx ≥ 0

x Œ a,b[ ]f x( ) ≥ g x( ) on thenif

f x( )
a

b

Ú dx ≥ g x( )
a

b

Ú dx

symmetric interval

f x( ) is even f -x( ) = f x( )if

f -x( ) = -f x( )f x( ) is odd if

f x( )
- a

a

Ú dx = 0

udv = uv - vduÚÚ

integration by parts

partition

norm of partition

t k is an arbitrary point in the subinterval

if f x( ) ≥ 0 for all x Œ a,b[ ] then

definite integral is interpreted as the area under f x( ) over a,b[ ]

if for all x Œ a,b[ ] then
definite integral is interpreted as the negative area between f x( )

over a,b[ ]

f x( ) £ 0

and x-axis

function f x( ) is said integrable  on a,b[ ]

regular subdivision 
on n subintervals

Left-Hand Sum

A ª f x0( ) +... + f x n-1( )[ ]Dx

A ª f x1( ) +... + f xn( )[ ]Dx

A ª f x0( ) + 2f x 1( ) + ... + 2f x n-1( ) + f x n( )[ ] Dx
2

Right-Hand Sum

Mid-Point Sum

Trapezoidal Rule

Simpson's Rule

A ª f x0( ) + 2 f x1( ) +... + f x n-1( )[ ] +{

x k = a +kDx
k = 0,1,...,n

Average Value of Function f x( ) a,b[ ]over

Mean Value Theorem

If function f x( ) is continuous on a,b[ ]
then there exists a point z Œ a,b[ ] such that

limit rules

additivity

f x( )
b

a

Ú dx = - f x( )
a

b

Ú dx

faver

z
udv = uv[ ]a

b
- vdu

a

b

Ú
a

b

Ú

sinh x

sinh x

cosh x

cosh x

of if

indefinite integral

† 

d
dx

f t( )dt = f u x( )[ ]
v x( )

u x( )

Ú ⋅ ¢ u x( ) - f v x( )[ ] ⋅ ¢ v x( )
† 

d
dx

f t( )
a

x

Ú dt = f x( )

† 

faver =
f x( )dx

a

b

Ú
b- a† 

A ª f x 0 + x1

2
Ê 

Ë 
Á 

ˆ 

¯ 
˜ + ...+ f xn-1 + xn

2
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

È 

Î 
Í 

˘ 

˚ 
˙ Dx

† 

+4 f x 0 + x1

2
Ê 

Ë 
Á 

ˆ 

¯ 
˜ + ...+ f xn-1 + xn

2
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

È 

Î 
Í 

˘ 

˚ 
˙ + f xn( )

¸ 
˝ 
Ô 

˛ Ô 
Dx
6

† 

Dx =
b- a

n

† 

xn+1

n +1

† 

1
x

† 

lnx

† 

f x( )
a

b

Ú dx = lim
s Æ0

f t k( )Dx k
k =1

n

Â

† 

e ax

a

† 

a x

lna

† 

x k-1,x k[ ]

† 

- lncosx

† 

lnsinx

† 

Dx k = x k - x k -1

† 

f x( )dx = F x( ) + cÚ

† 

s = max
k

Dx k

† 

f u x( )[ ] ¢ u x( )dx = f u( )duÚÚ

† 

f u x( )[ ] ¢ u x( )dx =
a

b

Ú f u( )du
u a( )

u b( )

Ú

† 

A = f x( )
a

b

Ú dx = A1 + ...+ An

† 

f x( )
-a

a

Ú dx = 2 f x( )
0

a

Ú dx

† 

f z( ) = faverage

† 

f x( )
a

b

Ú dx = F b( ) - F a( )

† 

f x( )
a

b

Ú dx = f x( )
a

c

Ú dx + f x( )
c

b

Ú dx



f x( ) F x( )

udv = uv - vduÚÚ

x n n ≠ -1

ex ex

eax

f x( )dx = F x( ) + cÚ

ax

xe ax

x neax

lnx x lnx - x

x lnx

x nlnx n ≠ -1

n ≠ -1

lnx( )2 x lnx( )2
- 2lnx+ 2x

sinx - cos x

cos x sinx

tan x

cot x

sec x

cscx

sin 2 x

cos 2 x

tan 2 x

cot 2 x

sec 2 x

csc 2 x

tan x - x

tan x

- cot x

- cot x - x

F x( ) f x( )is                           of           ifantiderivative 

¢ F x( ) = f x( )

sin -1 x
a

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

sinh(ax)

cosh(ax)

tanh ax( )

coth ax( )

sinn x

cos n x

tan n x

cot n x

sec n x

csc n x

ax 2 + bx + c = 0

ea+ ib = ea cos b + i sinb( ) Euler's formula

ax = ex lna

sin2x = 2 sinxcosx

= 1- 2sin2 x
cos 2x = cos 2 x - sin2 x

sin x ± y( ) = sinxcos y± cosxsiny

  
cos x ± y( ) = cos xcos ym sinx siny

tan 2 x = sec 2 x- 1

cot 2 x = csc 2 x -1

tan 2 x+ 1= sec 2 x

cot 2 x+ 1= csc 2 x

f x( ) F x( )

u - substitution integration by partsindefinite integral definite integral

quadratic equation

binomial formula

n ≥ 1

d
dt

F x, t( )dx
a t( )

b t( )

Ú
È 

Î 
Í 
Í 

˘ 

˚ 
˙ 
˙ 

=
∂F x, t( )

∂ta t( )

b t( )

Ú dx + F b t( ), t( ) db t( )
dt

- F a t( ),t( ) da t( )
dt

d
dt

F x, t( )dx
a t( )

b t( )

Ú
È 

Î 
Í 
Í 

˘ 

˚ 
˙ 
˙ 

=
∂F x,t( )

∂ta t( )

b t( )

Ú dx +

+F b t( ),t( ) db t( )
dt

- F a t( ), t( ) da t( )
dt

=
∂F x, t( )

∂ta t( )

b t( )

Ú dx + F b t( ), t( ) db t( )
dt

- F a t( ), t( ) da t( )
dt

Liebniz' rule

= 2cos 2 x -1

f x( )
a

b

Ú dx = F b( ) -F a( )

† 

x1,2 =
-b ± a2 - bc

2a

† 

1
a2 - x2

d
dx

f t( )
a

x

Ú dt = f x( )

† 

d
dx

f t( )
a

x

Ú dt = f x( )

† 

1
a

tan-1 x
a

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

1
2a

ln x - a
x + a

† 

1
x2 ± a2

† 

a2 - x2

† 

x2 - a2

† 

x2 + a2

† 

ln x+ x2 ± a2Ê 
Ë 
Á ˆ 

¯ 
˜ 

† 

x
2

a2 - x2 +
a2

2
sin-1 x

a
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

x
2

x2 - a2 -
a2

2
lnx + x2 - a2

† 

x
2

x2 + a2 +
a2

2
lnx + x2 + a2

† 

d
dt

F x,t( )dx
a t( )

b t( )

Ú
È 

Î 
Í 
Í 

˘ 

˚ 
˙ 
˙ 

=

† 

acosq+ bsinq = a2 + b2 sin q+ w( )

† 

1
x2 + a2

† 

1
x2 - a2

† 

x ± y( )
n

=
n
k

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

k=0

n

Â ±1( )
k xn-kyk

† 

xn+1

n +1

† 

lnx

† 

1
x

† 

eax

a

† 

ax

lna

† 

eax

a2 ax -1( )

† 

xneax

a
-

n
a

xn-1eaxdxÚ

† 

eax

x   

† 

lnx + ax +
ax( )

2

2 ⋅ 2!
+

ax( )
3

3 ⋅ 3!
+L

† 

x2

2
lnx -

x2

4

† 

xn+1 lnx
n +1

-
1

n +1( )2

È 

Î 

Í 
Í 

˘ 

˚ 

˙ 
˙ 

† 

lnx( )
n

x

† 

lnx( )
n+1

n+1

† 

1
xlnx

† 

lnlnx

† 

f u x( )[ ] ¢ u x( )dx = f u( )duÚÚ

† 

∂F x,t( )
∂ta t( )

b t( )

Ú dx + F b t( ),t[ ] db t( )
dt

- F a t( ),t[ ] da t( )
dt

† 

- lncosx

† 

ln sinh ax( )[ ]
a† 

ln cosh ax( )[ ]
a† 

sinh(ax)
a† 

cosh(ax)
a

† 

lnsinx

† 

lnsecx + tanx

† 

lncsc x - cotx

† 

x
2

-
sinxcosx

2

† 

x
2

+
sinxcosx

2

† 

-
sinn-1 xcosx

n
+

n -1
n

sinn-2 xdxÚ

† 

cosn-1 xsinx
n

+
n -1

n
cosn-2 xdxÚ

† 

tann-1 x
n -1

- tann-2 xdxÚ

† 

-
cotn-1 x
n -1

- cotn-2 xdxÚ

† 

secn-1 xsinx
n -1

+
n - 2
n -1

secn-2 xdxÚ

† 

-
cscn-1 xcosx

n -1
+

n - 2
n -1

cscn-2 xdxÚ

† 

n
k

Ê 

Ë 
Á 

ˆ 

¯ 
˜ =

n!
n - k( )!k!

† 

loga x =
lnx
lna

† 

sinh(x) =
ex - e-x

2

† 

cosh =
ex + e-x

2

† 

sin2 x =
1- cos2x

2

† 

cos2 x =
1+ cos 2x

2

† 

sinxcosy =
1
2

sin x - y( )+
1
2

sin x+ y( )

† 

sinxsiny =
1
2

cos x - y( ) -
1
2

cos x+ y( )

† 

cosxcosy =
1
2

cos x - y( ) +
1
2

cos x + y( )

  

† 

sinx ± siny = 2sin x± y
2

cos x m y
2

† 

cosx + cosy = 2cos x+ y
2

cos x - y
2

† 

cosx - cosy = -2sin x + y
2

sin x - y
2

hyperbolic functions

† 

w = tan-1 a
b



ak ≥ 0series with non-negative terms

ratio test converges

no conclusion

diverges

l < 1 fi akÂ
l = 1 fi

l > 1 fi akÂ
thenif

root test

if then
converges

no conclusion

diverges

fi-1( )K ak
k= 0

•

Â = L

remainderalternating
fi-1( )K ak

k= 0

•

Â ak ≥ 0
ak Æ 0

ak > ak +1

fi -1( )K ak
k= 0

•

Â converges

absolute 
akÂconverges fi converges

convergence test

basic test
fi divergesakÂak

notæ Æ æ æ 0

geometric

p-series

telescoping

  
xk

k= 0

•

Â = 1+ x + x 2 + L fi

fi

fi diverges

fi

fi
p >1

p £1

fi

fi

converges

diverges

  
sn = a0 + a1 + a2 +L + anpartial sums ak

k= 0

•

Â = L sk Æ L

infinite series
  

ak = a0 + a1 + a2 +L
k= 0

•

Â

f k( )
k =1

•

Âf x( )dx
1

•

Ú ficonverges converges
integral test

basic comparison test

limit comparison test ak ≥ 0
bk > 0
L > 0

if fi
akÂ , bkÂ

akÂ , bkÂ

both

both

or
converge

diverge

c k ≥ 0
c k ≥ ak

ckÂ
fi akÂ converges

converges

dk ≥ 0
dk £ ak

dkÂ
fi akÂ diverges

diverges

Definition

converges

diverges

convergence of infinite series

f(x) a
1 a

2
a

3 a
4 a

5

x
1 2 3 4 5

x
1 2 3 4 5

c
k

a
k

d
k

x
1 2 3 4 5

a
k

harmonic series

diverges

= f 0( ) - f n + 1( )

p = 1( )

= f 0( ) - c

f n +1( ) Æ ±• fi ak
k =0

•

Â

f n +1( ) Æ c fi ak
k =0

•

Â

limits of sequences

x > 0x n Æ 0 a > 0 "x

† 

x < 1

† 

x ≥ 1

† 

x k

k =0

•

Â =
1

1- x

  

† 

1
kp

k =1

•

Â = 1+
1

2 p +
1
3p +L

† 

1
kk =1

•

Â
  

† 

= 1+
1
2

+
1
3

+
1
4

+L

† 

ak
k =0

n

Â = f k( ) - f k+1( )[ ]
k =0

n

Â

† 

a kÂ

† 

L -sn < an+1

† 

a k+1

a k

Æ l

† 

a k( )
1
k Æ r

† 

r < 1 fi a kÂ
r = 1 fi

r > 1 fi a kÂ

† 

a k

bk

Æ L

† 

x < 1

† 

x
1
n Æ1

† 

1
na

Æ 0

† 

xn

n!
Æ0

† 

lnn
n

Æ 0

† 

n
1
n Æ1

† 

1+
x
n

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

n

Æe x

infinite series is convergent if and only if 
the sequence of partial sums is convergent

† 

if and only if



a0 = 2c0

an = cn + c- n

bn = i c n - c -n( )

fourier series

interval

0,T( )

a,b( )

0,T( )

0,T( )

-p,p( )

d,d + 2p( )

t
d d+2p

t
0 T 2T-T-2T

t
a b0

t
0 p 2p-2p-3p -p 3p

t
-T T0 2T-2T

t

t-T T0 2T-2T 3T t

basic case

arbitrary 
interval

sine series

cosine series

symmetric 
interval

standard form complex exponential forms

harmonic series

relations

complex Fourier coefficients

Fourier coefficients† 

f t( ) =
a0

2
+ an cos np

p
t + bn sin np

p
t

È 

Î 
Í 

˘ 

˚ 
˙ 

n=1

•

Â

† 

= cne
nip
p

t

n=-•

•

Â = c-ne
-nip

p
t

n=-•

•

Â

† 

cn =
1

2p
f t( )e

-npi
p

t
dt

d

d+2p

Ú

† 

c-n =
1

2p
f t( )e

npi
p

t
dt

d

d+2p

Ú
† 

a0 =
1
p

f t( )dt
d

d+2p

Ú

† 

an =
1
p

f t( )cos np

p
tdt

d

d+2p

Ú

† 

bn =
1
p

f t( )sin np

p
tdt

d

d+2p

Ú † 

c0 =
a0

2

† 

cn =
an - ibn

2

† 

c-n =
an + ibn

2

† 

f t( ) = c0 + cn cos 2pn
T

t + dn sin 2pn
T

t
È 

Î Í 
˘ 

˚ ˙ 
n=1

•

Â

† 

= Ane
i2pn

T
t

n=-•

•

Â = c0 + cn
2 + dn

2

n=1

•

Â sin 2pn
T

t + jn

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

tanjn =
cn

dn

† 

An =
1
T

f t( )
0

T

Ú e
-2nip

T
tdt

† 

c0 =
1
T

f t( )dt
0

T

Ú

† 

cn =
2
T

f t( )cos 2pn
T

tdt
0

T

Ú

† 

dn =
2
T

f t( )sin 2pn
T

tdt
0

T

Ú

† 

f t( ) = c0 + cn cos 2pn
b - a

t - a( ) + dn sin 2pn
b - a

t - a( )
È 

Î Í 
˘ 

˚ ˙ 
n=1

•

Â

† 

c0 =
1

b - a
f t( )dt

a

b

Ú

† 

cn =
2

b - a
f t( )cos 2pn

b - a
t - a( )dt

a

b

Ú

† 

dn =
2

b - a
f t( )sin 2pn

b - a
t - a( )dt

a

b

Ú

† 

f t( ) = bn sin pn
T

t
n=1

•

Â

† 

bn =
2
T

f t( )sin pn
T

tdt
0

T

Ú

† 

f t( ) = a0 + an cos pn
T

t
n=1

•

Â

† 

a0 =
1
T

f t( )dt
0

T

Ú

† 

an =
2
T

f t( )cos pn
T

tdt
0

T

Ú

† 

f t( ) =
c0

2
+ cn cos pn

p
t + dn sin pn

p
t

È 

Î 
Í 

˘ 

˚ 
˙ 

n=1

•

Â

† 

c0 =
1
p

f t( )dt
-p

p

Ú

† 

cn =
1
p

f t( )cos pn
p

tdt
-p

p

Ú

† 

dn =
1
p

f t( )sin pn
p

tdt
-p

p

Ú



definition

derivative

integration

symmetry

value at 0

series expansion

identities

¢ ¢ X x( ) - lX x( ) = 0

auxilary equation roots

l = constant

general solution derivative of general solution

special equation

-4

-3

-2

-1

0

1

2

3

4

-2 -1 0 1 2

sinhx

coshx
† 

sinhx =
e x - e -x

2

† 

coshx =
e x + e -x

2

† 

sin ¢ h x = coshx

† 

cos ¢ h x = sinhx

† 

sinhxÚ dx = coshx

† 

coshxÚ dx = sinhx

† 

sinh -x( ) = -sinhx

† 

cosh -x( ) = coshx

† 

sinh0 = 0

† 

cosh0 = 1

† 

sinhx = x +
x 3

3!
+

x 5

5!
+ ...

† 

coshx = 1+
x 2

2!
+

x4

4!
+ ...

† 

cosh2 x - sinh2 x = 1

† 

coshx ± sinhx = e ± x

† 

m = ± l

† 

m2 = l

† 

X x( ) =

c1e lx + c 2e - lx

c1 + c 2x
c1 cos -lx + c2 sin -lx

Ï 

Ì 
Ô 

Ó 
Ô 

† 

l > 0
l = 0
l < 0

† 

l > 0
l = 0
l < 0

† 

l > 0
l = 0
l < 0

† 

l > 0
l = 0
l < 0

† 

l > 0
l = 0
l < 0

† 

l > 0
l = 0
l < 0

† 

X x( ) =

c1 cosh lx + c 2 sinh lx
c1 + c 2x

c1 cos -lx + c 2 sin -lx

Ï 

Ì 
Ô 

Ó 
Ô 

† 

X x( ) =

c1 cosh l x - x 0( ) + c 2 sinh l x - x 0( )
c1 + c 2 x - x0( )

c1 cos -l x - x 0( ) + c 2 sin -l x - x 0( )

Ï 

Ì 
Ô 

Ó 
Ô 

† 

¢ X x( ) =

c1 le lx - c 2 le - lx

c 2

-c1 -l sin -lx + c 2 -l cos -lx

Ï 

Ì 
Ô 

Ó 
Ô 

† 

¢ X x( ) =

c1 l sinh lx + c 2 l cosh lx
c 2

-c1 -l sin -lx + c 2 -l cos -lx

Ï 

Ì 
Ô 

Ó 
Ô 

† 

¢ X x( ) =

c1 l sinh l x - x 0( ) +c 2 l cosh l x - x 0( )
c 2

-c1 -l sin -l x - x 0( ) + c 2 -l cos -l x - x 0( )

Ï 

Ì 
Ô 

Ó 
Ô 

hyperbolic functions



¢ ¢ X - mX = 0
0 L

x

generalized Fourier series

sturm-liouville problem
X x( ) x Œ 0, L[ ]

boundary conditions eigenvalues
eigenfunctions norm

X 0( ) = 0
X L( ) = 0

¢ X 0( ) = 0
X L( ) = 0

X 0( ) = 0
¢ X L( ) = 0

¢ X 0( ) = 0
¢ X L( ) = 0

mn = -ln
2

ln

ln

n = 1,2,...

n = 1,2,...

n = 1,2,...

n = 0,1,2,...

n = 0,1,2,...

Xn

sinlnx

cos lnx

is a complete set of orthogonal functions on [0,L]Xn x( ){ }

are positive roots of

are positive roots of

n = 0

n = 1,2,...

kernel 

Dirichlet

Dirichlet

Neumann

Dirichlet

Neumann

Neumann

Dirichlet

Neumann

Neumann

Robin

Dirichlet

Robin

Robin

Dirichlet

Robin

Neumann

Robin

Robin

-k1 ¢ X 0( ) + h1X 0( ) = 0
X L( ) = 0

-k1 ¢ X 0( ) + h1X 0( ) = 0
¢ X L( ) = 0

-k1 ¢ X 0( ) + h1X 0( ) = 0
k2 ¢ X L( ) + h2 X L( ) = 0

X 0( ) = 0
k 2 ¢ X L( ) + h2X L( ) = 0

¢ X 0( ) = 0
k 2 ¢ X L( ) + h2X L( ) = 0

l coslL + H2 sinlL = 0

l cos lL + H1 sinlL = 0
sinln x -L( )

ln

n = 1,2,...

are positive roots of

ln

n = 1,2,...

are positive roots of

ln

n = 1,2,...

are positive roots of

cos ln x - L( )
l sinlL - H1 coslL = 0

l sinlL - H2 coslL = 0

ln cos lnx +H1 sinlnx

n = 0,1,2,...

finite Fourier transform

inverse transform (Fourier series)

H1H2 - l2( ) sinlL + H1 +H2( )l coslL = 0

L

† 

H1 =
h1

k1

† 

H2 =
h2

k2

† 

Xn
2

= Xn
2 x( )dx

0

L

Ú

† 

Kn x( ) =
Xn x( )

Xn

† 

ln =
np
L

† 

sin np

L
x

† 

L
2

† 

2
L

sin np

L
x

† 

ln = n+
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L

† 

cos n +
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L
x

† 

L
2

† 

2
L

cos n +
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L
x

† 

ln
2 +H1

2( )
2

L +
H2

ln
2 +H2

2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ +

H1

2

† 

ln coslnx +H1 sinlnx
ln

2 +H1
2( )

2
L +

H2

ln
2 +H2

2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ +

H1

2

† 

Xn x( )Xm
0

L

Ú x( )dx =
Xn

2 n = m
0 n ≠ m

Ï 
Ì 
Ô 

Ó Ô 

† 

an =
Xn x( )f

0

L

Ú x( )dx

Xn
2

† 

f x( ) = anXn x( )
n

Â
† 

Fn = Kn x( )f
0

L

Ú x( )dx

† 

f x( ) = FnKn x( )
n

•

Â

† 

ln = n+
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L

† 

sin n +
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L
x

† 

L
2

† 

2
L

sin n +
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p

L
x

† 

ln =
np
L

† 

cos np

L
x

† 

L
2

† 

1
L

† 

2
L

cos np

L
x

† 

L
2

-
sin 2lnL( )

4ln

† 

sinlnx
L
2

-
sin 2lnL( )

4ln

† 

L
2

+
sin 2lnL( )

4ln

† 

coslnx
L
2

+
sin 2lnL( )

4ln

† 

L
2

-
sin 2lnL( )

4ln

† 

sinln x -L( )
L
2

-
sin 2lnL( )

4ln

† 

L
2

+
sin 2lnL( )

4ln

† 

cosln x -L( )
L
2

+
sin 2lnL( )

4ln



a
t

0

u(t-a)

laplace transform

Laplace transform inverse Laplace transform

existance of Laplace transform

PROPERTIES

linearity

f t( ) is of exponential order if " t ≥ 0 for some a,M > 0

and of exponential order with a and M 

if f t( ) is picewise continuos on 0, •[ )
then L f t( ){ } exists for all s > a

L f t( ){ } Æ 0 when s Æ •

sL f t( ){ } is bounded when s Æ •

L af t( ) + bg t( ){ } = aL f t( ){ }+ bL g t( ){ }

L-1 af s( )+ by s( ){ } = aL-1 f s( ){ } + bL-1 y s( ){ }

derivative
L ¢ f t( ){ } = sf s( ) - f 0( )

L ¢ ¢ f t( ){ } = s2f s( ) - sf 0( )- ¢ f 0( )

L f n( ) t( ){ } = snf s( ) -sn-1f 0( ) - sn-2 ¢ f 0( )- ...- f n-1( ) 0( )

integral

s-multiplied transform

s-divided transform

L-1 sf s( ){ } = ¢ f t( )

transform differentiation

transform integration

L-1 f s( ){ } = tL-1 f s( )ds
s

•

Ú
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

similarity

a > 0

L eatf t( ){ } = f s - a( )
shifting on s

L-1 f s( ){ } = e- atL-1 f s -a( ){ }

shifting on t

unit step 
function

a ≥ 0

transform of convolution

convolution f * g = f t - x( )g x( )dx
0

t

Ú

L f * g{ } =L f{ }L g{ }

† 

L f t( ){ } = f s( ) = f t( )e -stdt
0

•

Ú

† 

f t( ) = L-1 f s( ){ }

† 

f t( ) £ Me at

† 

L f t( ){ } £
M

s - a

† 

L f x( )dx
0

t

Ú
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

=
1
s

f s( )

† 

L-1 1
s

f s( )
Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

= f x( )dx
0

t

Ú

† 

L tf t( ){ }= -
d

ds
f s( )

† 

L tnf t( ){ }= -1( )n dn

dsn f s( )

† 

L-1 f s( ){ }= -
1
t
L-1 ¢ f s( ){ }

† 

L 1
t
f t( )

Ï 
Ì 
Ó 

¸ 
˝ 
˛ 

= f s( )ds
s

•

Ú

† 

L f at( ){ } =
1
a

f
s
a

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

L e -at cos bt{ } =
s + a

s + a( ) 2
+ b2

† 

L e -at sinbt{ }=
b

s + a( ) 2
+ b2

† 

L e -at tn{ }=

G n +1( )
s + a( )n+1 n > -1

n!
s +a( )n=1 n = 0,1,...

Ï 

Ì 

Ô 
Ô 

Ó 

Ô 
Ô 

† 

L u t - a( )f t( ){ }= e -asf s( )

† 

L u t - a( )f t( ){ }= e -asL f t + a( ){ }
† 

L-1 e -asf s( ){ } = u t - a( )f t - a( )

† 

u t -a( ) =
0 t < a
1 t ≥ a

Ï 
Ì 
Ó 



table of laplace transforms

1

f t( ) f s( )

t n n = 1,2,... s > 0

† 

n!
sn+1† 

1
s 2

† 

t

† 

t a

† 

a > -1

† 

G a +1( )
s a+1

s > 0

† 

e at

† 

te at

† 

tne at

† 

1
s - a

† 

1
s - a( ) 2

† 

n!
s - a( )n+1

† 

s > a

† 

s > a

† 

s > a

† 

t ≥ 0

† 

sinat

† 

cosat

† 

tcosat
† 

tsinat

† 

a
s 2 + a 2 s > 0

s > 0

† 

s
s 2 + a 2

† 

2as
s 2 +a 2( )

2 s > 0

s > 0

† 

s 2 - a 2

s 2 +a 2( )
2

† 

e at sinbt

† 

e at cos bt† 

b
s - a( ) 2

+ b2

† 

s - a
s - a( ) 2

+ b2

† 

s > a

† 

s > a

† 

sinhat

† 

coshat

† 

tcoshat
† 

tsinhat

† 

e at sinhbt

† 

e at coshbt

† 

a
s 2 - a 2

† 

s
s 2 - a 2

† 

s > a

† 

s > a

† 

s > a

† 

s > a† 

2bs
s 2 -a 2( )

2

† 

s 2 + b2

s 2 -a 2( ) 2

† 

b
s - a( ) 2

- b2

† 

s - a
s - a( ) 2

- b2

† 

s > a + b

† 

s > a + b

maple

† 

u t - a( ) =
0 t < a
1 t ≥ a

Ï 
Ì 
Ó 

† 

a > 0 s > 0

† 

e -as

s

f t( )

† 

t ≥ 0 f s( )

† 

d t( )

† 

1

† 

d t -a( )

† 

e -as

† 

a ≥ 0

† 

s > 0

s > 0

s > 0

† 

J0 at( )

† 

J0 a t( )

† 

t pJp at( )

† 

p > -
1
2

† 

s > 0

† 

s > 0

† 

s > 0

† 

1
s2 + a 2

† 

2 p a pG p +
1
2

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

p s 2 + a 2( )
p+

1
2

† 

e -
a2

4s

s

† 

p

G k( )
t

2a
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

k-
1
2
J

k-
1
2

at( )

† 

p

G k( )
a t

2a
Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

k -
1
2
J

k-
3
2

at( )† 

k > 0

† 

k >
1
2† 

1
s 2 +a 2( )

k

† 

s
s 2 +a 2( ) k

† 

s > 0

† 

s > 0

† 

erf at( )

† 

erf a t( )

† 

erfc a
2 t

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

† 

a > 0

† 

a ≥ 0

† 

a ≥ 0

† 

a > 0

† 

e -a2t 2

† 

1
s

e
s 2

4a2 erfc s
2a

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

s > 0

† 

a
s s + a 2

† 

s > 0

† 

1
s

e -a s

† 

s > 0

† 

p

2a
e

s2

4a2 erfc s
2a

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

† 

s > 0

Laplace transform is calculated
with the command  laplace (f(t),t,s):

f(t) denotes the function to be transformed, 
t is the independent  variable of the function,
s is the variable of the transformed function

For calcualtaion of Laplace transform
or inverse Laplace transform 
the package with integral transforms 
has to be downloaded:

> with(inttrans);

† 

[fourier,laplace,invlaplace,...]

Example 1:

>  laplace(t^2,t,s);

† 

2
s 3

>  f(t):=t^2*sin(5*t);

Example 2:

>  laplace(f(t),t,s);

† 

f(t) := t2 sin(5t)

† 

1- at( )e -at

† 

s
s + a( ) 2

† 

Jn at( )

† 

s2 + a 2 - sÊ 
Ë 
Á ˆ 

¯ 
˜ 

n

an s 2 + a 2

† 

n = 0,1,2,..

† 

10 3s 2 - 25( )
s 2 +25( )

3

Inverse Laplace transform is calculated
with the command  invlaplace (   (s),s,t):

  (s) denotes the function to be transformed, 
s is the independent variable of the function,
t is the variable of the transformed function

† 

f

† 

f

>  phi(s):=exp(-4*s)/s;

Example 3:

>  laplace(   (s),s,t);

† 

f

† 

f s( ) := e -4s( )

s

† 

Heaviside(t - 4)

>  phi(s):=exp(-3*sqrt(s));

Example 4:

>  laplace(   (s),s,t);

† 

f

† 

f s( ) := e -3 s( )

† 

3e
-

9
4t

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

2 p t 3 2( )

† 

1
s



q

a

b

Imz

Rez

z = a + ib

0

imaginary axis

real axis

r

z

q q
n

x 0

x 1

x 2

x 3

x 4

x 5 x 6

x 7

r
1
n

r

b z

-b z 

q

-q

0

z1

z 2

q1
q 2

r1

r2

q1 - q2

0

z1

z 2

q1 + q2

q1

q 2 r1

r2

r1r2

z1z2

0

z1

z 2

z1 + z2

a1 a2 a1 + a2

b1

b2

b1 + b2

0 a

b
z

kz

ka

kb

complex numbers
complex number z ŒC we need complex numbers to be able to solve

algebraic equations such as x2+1=0
which has no solution in real numbers

standard form where  i  is imaginary unit with property
i2=-1  and a and b are real numbers a,b ŒR

Rez = a
Imz = b

real part of z

imaginary part of z

z = a + ib

complex plane

any point in a plane 
with coordinates (a,b)
is associated with 
a complex number a+ib

polar coordinates (r,  )
of the point (a,b)
can be used for
representation of
complex numbers

q

r2 = a2 + b2conversion 
formulas: a = r cos q

b = r sinq

absolute value or
modulus of z

amplitude or
argument of z q = argz

exponential (polar) form

trigonometric form

Euler's formula trigonometric functions 
in complex form

z = a + ib = r cosq + isinq( )

0

algebra of complex numbers

equality

z1 = z2

r1 = r2

q1 = q2

a1 = a2

b1 = b2b1 = b2

r1 = r2

z1 = z2

a1 = a2

q1 = q2

multiplication
by a scalar

kz = ka + i kb( )

= kr cos q+ i sinq( )

= kreiq

eiq = cosq + isinq

z = a + ib = re iq

z1 = a1 + ib1 = r1e
iq1 z 2 = a2 + ib2 = r2e

iq2

sum

z1 + z2 = a1 + a2( ) + i b1 + b2( )

= r1e
iq1 + r2e

iq2

product

z1z2

quotent

= a1a2 -b1b2( ) +i a1b2 + b1a2( )

= r1r2 ei q1+ q2( )

conjugate z = a - ib

= re- iq

= r cos q- i sinq( )

powers  (De Moivre's Formula)

roots

k = 0,1,2,...,n -1

z1/n can be treated as the solutions

of algebraic equation  xn=z
which has exactly  n  roots
all roots are evenly distributed
on the circle with radius r1/n

if z is a real number, then
complex roots appear in 
conjugate pairs

x k =

vector form z = a,b( )

= ka ,kb( )

= a1 + a2,b 1 + b2( )

= a1a2 -b1b2 ,a1b2 +b1a2( )

= a,-b( )

zz = a2 + b2

r

a

zn = rneinq = rn cosnq+ i sinnq( )
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r = z = zz 
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r = z
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eiq + e -iq

2

† 

sinq =
eiq - e -iq
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a 2
2 + b2

2
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z 2
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=
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ei q1-q2( )

† 

=
r1
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cos q1 - q2( ) + isin q1 - q 2( )[ ]
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tanq =
b
a
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= r1r2 cos q1 + q 2( ) + isin q1 + q 2( )[ ]
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equality a b=

b
a two vectors are 

equal if they 
have the same
norm and 
direction

OP1 OP2= y1 = y2
z1 = z2

x1 = x2
a b=a b=a b= a2 = b2

a3 = b3

a1 = b1

summation

a

b

a b+

a b+ =  <a1 + b1,a2+b2,a3+b3>

multiplication by a scalar

a
ak
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subtraction

a b- =  <a1-b1,a2-b2,a3-b3>

zero vector

any point
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y
O(0,0,0)
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norm
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directed 
segment
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with the fixed
initial point

coordinate vector 1st order tensor
triple of real numbers
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ai

with index
convention:
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i =1 ,2 ,3

parallelogram rule
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ai = bi
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kai
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2 + z1
2
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2 +a2

2 +a3
2

† 

ka = k a

dot product

† 

a ⋅b =  a b cos a ,b( )

a
b

† 

a ⋅b =  a1 b1 +a2 b2 +a3 b3  
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ai bi

ak
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and 
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convention:
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d ij a j = a1 +a2 +a3
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                                                                Coordinate Systems 

Cartesian coordinates   ( )x, y,z  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Cylindrical coordinates  ( )r , ,zθ  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
x r cosθ=  
y r sinθ=  
z z=  

 
2 2 2r x y= +  

ytan
x

θ =  

z z=  

Spherical coordinates   ( )r , ,φ θ  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
x r cos sinφ θ=  
y r sin sinφ θ=  
z r cosθ=  

 
2 2 2 2r x y z= + +  

ytan
x

φ =  

2 2 2

z ztan
r x y z

θ = =
+ +

 

Basic vectors 

( ) = 1,0,0i  

( ) = 0,1,0j  

( ) = 0,0,1k  

 
 

r  =  cos sinθ θ+e i j  
 = - sin cosθ θ θ+e i j  

z  =  e k  

 
 

r = cos sin sin sin cosφ θ φ θ θ+ +e i j k  
= - sin cosθ θ φ+e i j  
= cos cos sin cos sinφ φ θ φ θ θ+ −e i j k  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Line elements     dx,dy,dz  

Differential areas 

xdA  =  dydz  

ydA  =  dxdz  

zdA  =  dxdy  

Differential volume 

dV  =  dxdydz  

Arc length 
2 2 2 2ds dx dy dz= + +  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 dr,rd ,dzθ  
 
 

rdA  =  rd dzθ  
dA  =  drdzθ  

rdA  =  rd drθ  
 
 
dV  =  rdrd dzθ  
 
 

2 2 2 2 2ds  =  dr r d dzθ+ +  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
dr, r sin d , rdθ φ θ  
 
 

2
rdA  =  r sin d dθ φ θ  

dA  =  r sin d drφ θ φ  

dA  =  d dφ ρ φ ρ  
 

2dV  =  r sin d d drθ φ θ  
 
 

2 2 2 2 2 2ds  =  dr r sin d r dθ φ θ+ +  
 



 
 

scalar field ( )u r  

 

 
 
 
 
 
Gradient u∇  
 
 
 
 
 
 
 
Laplacian 2u∇  
 
 

          ( )u x, y,z  

 

 

 

 

    
u u uu =  , ,
x y z

 ∂ ∂ ∂
∇  ∂ ∂ ∂ 

 

      
u u u=  
x y z
∂ ∂ ∂

+ +
∂ ∂ ∂
i j k  

 

2 2 2
2

2 2 2
u u uu =  

x y z
∂ ∂ ∂

∇ + +
∂ ∂ ∂

 

                 ( )u r, ,zθ  

 

 

 

 

u 1 u uu =  , ,
r r zθ
∂ ∂ ∂ ∇  ∂ ∂ ∂ 

 

r z
u 1 u u=  
r r zθθ
∂ ∂ ∂

+ +
∂ ∂ ∂
e e e  

 

2 1 uu =  r
r r r
∂ ∂ ∇ + ∂ ∂ 

 

                
2 2

2 2 2
1 u u
r zθ

∂ ∂
+ +

∂ ∂
 

                  ( )u r, ,φ θ  

 

 

 

 

u 1 u 1 uu =  , ,
r r sin rθ φ θ

 ∂ ∂ ∂
∇  ∂ ∂ ∂ 

 

r
u 1 u 1 u=  
r r sin rφ θθ φ θ
∂ ∂ ∂

+ +
∂ ∂ ∂
e e e  

 

2 2
2

1 uu =  r
r rr
∂ ∂ ∇ + ∂ ∂ 

 

2

2 2 2 2
1 u 1 usin

r sin r sin
θ

θ θθ φ θ
∂ ∂ ∂ + +  ∂ ∂∂  

 

 

 
vector field ( )F r  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Divergence  
div = ∇ ⋅F F  
 
 
 
 
 
 
 
 
 
curl  = ∇×F F  
 
 
 
 
 

 
         ( )x y zF ,F ,F  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

yx zFF F
x y z

∂∂ ∂
+ +

∂ ∂ ∂
 

 
 
 
 

      

x y z

x y z
F F F

∂ ∂ ∂
=
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i j k

 

y xz zF FF F
y z z x
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i j  
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x y

∂ ∂
+ − ∂ ∂ 

k  

 

 
       ( )r zF ,F ,Fθ  
 

r x yF F cos F sinθ θ= +  

x yF F sin F cosθ θ θ= +  

z zF F=  
 

x rF F cos F sinθθ θ= −  

y rF F sin F cosθθ θ= +  

z zF F=  
 
 
 

( ) z
r

F F1 1rF
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       ( )rF ,F ,Fφ θ  

 
r x y zF F cos sin F sin sin F cosφ θ φ θ θ= + +  

x yF F sin F cosφ φ φ= − +  

x y zF F cos cos F sin cos F sinθ φ θ φ θ θ= + −  
 

x rF F cos sin F sin F cos cosφ θφ θ φ φ θ= − +  

y rF F sin sin F cos F sin cosφ θφ θ φ φ θ= + +  

z rF F cos F sinθθ θ= −  
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bessel function 
of the 2nd kind 
of order n

modified 
bessel function 
of the 1st kind 
of order n

bessel function 
of the 1st kind 
of order n

bessel functions
x 2 ¢ ¢ y + x ¢ y + x2 - n2( )y = 0bessel equation (BE)

x 2 ¢ ¢ y + x ¢ y - x2 + n2( )y = 0
modified
bessel equation (MBE)

J -n x( ) = -1( )n Jn x( )

J -n x( ) = Jn -x( )

J n x( ) J -n x( ) are linearly independentandn ≠ integer

y x( ) = c1Jn x( ) + c2J- n x( )general solution of BE

y x( ) = c1Jn x( ) + c 2Yn x( )general solution of BE

Yn x( ) = lim
nÆn

Yn x( )

J n x( ) Yn x( )and are always linearly independent

Y- n x( ) = -1( )n Yn x( )

y x( ) = c1In x( ) + c2I- n x( )general solution of MBE

Kn x( ) = lim
n Æn

K n x( )

y x( ) = c1In x( ) + c2Kn x( )general solution of MBE

solutions of BE are n = 1,2,...

solutions of MBE are

modified 
bessel function 
of the 2nd kind 
of order n

n ≠ integer are linearly independentandIn x( ) I- n x( )

and are always linearly independentIn x( ) K n x( )

n ≠ integer

BE can be obtained from eqn

by the change of variable
r2 ¢ ¢ R +r ¢ R + l2 r2 - n2( )R = 0
y x( ) = R r( ) x = lr

functions of integer orderwhenwhen

when

when

(when      is integer or not)n

l1,l2 ,l3, ...Let be the values of parameter l (eigenvalues)

for which boundary-value problem  (Sturm-Liouville problem)

x 2 ¢ ¢ y + x ¢ y + l2 x2 - n 2( )y = 0 x Œ x1 ,x 2( )

a1y x1( ) - b1 ¢ y x1( ) = 0
a2 y x2( ) - b2 ¢ y x2( ) = 0
has non-trivial solutions  (eigenfunctions)
y n l1x( ),yn l2x( ),yn l3x( ),...

then yn lnx( ){ } n = 1,2,...

is a complete set of functions

orthogonal on w.r.t. weight x1,x2( ) x

xyn lnx( )y n lmx( )dx = 0
x1

x 2

Ú n ≠ mwhen

f x( ) = cny n lnx( )
n= 1

•
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2 ≠ 0
a2

2 + b2
2 ≠ 0
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x
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x
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¢ J n x( ) = Jn-1 x( ) -
n

x
Jn x( )
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n
x

Jn x( )
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d
dx

x n Jn x( )[ ] = x n Jn-1 x( )
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d
dx

x -n Jn x( )[ ] = -x -n Jn +1 x( )
† 

x nJn -1 x( )Ú dx = x n Jn x( )

† 

x -nJn +1 x( )Ú dx = -x -nJn x( )
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and Yn ln x( )J n ln x( )are combinations ofy n ln x( )functions bessel-fourier seriesorthogonality

(the same properties also hold for bessel functions of the 2nd kind Y)properties



x

y

z

f

r

x

y

z

f

r
q

x

y

z

h2

T2,•
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x
0 L

at x = 0 at x = L
T1

T2

¢ ¢ q = -k—T

T x,y,z( ) = c
isothermal surface—T

¢ ¢ q 

temperature gradient is
in a direction of greatest
increase of temperature

Fourier's law k

Heat Equation

Boundary Conditions

Cartesian coordinates cylindrical coordinates spherical coordinates

coefficient of
thermal conductivity

thermal 
diffusivity

x,y,z( )
r,f,z( ) r,f,q( )

Dirichlet

Neumann

Robin

I

III

II

classification of linearized boundary condtions:

perfectly insulated surface
(no flux thru the wall)

constant surface temperature

constant heat flux at the wall

convective boundary condition

heat
flux

¢ ¢ q s,1
¢ ¢ q s,2

e1 e2

T1,sur
T2,sur

˙ q 
heat generation
per unit volume

W[ ]qg = ˙ q V rate of heat
generation

† 

1
r2

∂

∂r
r2 ∂T

∂r
Ê 

Ë 
Á 

ˆ 

¯ 
˜ +

1
r2 sin2 q

∂2 T
∂f2

adiabatic surface:

† 

¢ ¢ q = -k ∂T
∂x

,-k ∂T
∂y

,-k ∂T
∂z

† 

¢ ¢ q = -k ∂T
∂r

,- k
r

∂T
∂f

,-k ∂T
∂z

† 

¢ ¢ q = -k ∂T
∂r

,- k
rsinq

∂T
∂f

,- k
r

∂T
∂q

† 

W
m ⋅K

È 

Î Í 
˘ 

˚ ˙ 

† 

m2

s
È 

Î 
Í 

˘ 

˚ 
˙ 

† 

a

† 

=
k

rcp

† 

W
m3

È 

Î Í 
˘ 

˚ ˙ 

† 

-k ∂T
∂x x=0

= h1 T1,• - T 0( )[ ] + e1s T1,sur
4 - T4 0( )[ ]

† 

k ∂T
∂x x=L

= h2 T2,• - T L( )[ ]+ e2s T2,sur
4 - T4 L( )[ ]

† 

T
x=0

= T1

† 

-k ∂T
∂x x=0

= ¢ ¢ q s,1
† 

T
x=L

= T2

† 

k ∂T
∂x x=L

= ¢ ¢ q s,2

† 

∂T
∂x x=0

= 0

† 

∂2T
∂x 2 +

∂2T
∂y 2 +

∂2 T
∂z 2 +

q
•

k
=

1
a

∂T
∂t

† 

1
r

∂

∂r
r ∂T

∂r
Ê 

Ë 
Á 

ˆ 

¯ 
˜ +

1
r2

∂2T
∂f 2 +

∂2 T
∂x 2 +

q
•

k
=

1
a

∂T
∂t

† 

+
1

r 2 sinq

∂

∂q
sinq

∂T
∂q

Ê 

Ë 
Á 

ˆ 

¯ 
˜ +

q
•

k
=

1
a

∂T
∂t

† 

-k ∂T
∂x

+ h1T
È 

Î Í 
˘ 

˚ ˙ 
x =0

= f1

† 

k ∂T
∂x

+ h2 T
È 

Î Í 
˘ 

˚ ˙ 
x=L

= f2

coefficient of
convective heat 
transfer

† 

W
m2 ⋅ K

È 

Î Í 
˘ 

˚ ˙ 

† 

h

† 

e surface
emissivity

† 

s = 5.67e - 8 W
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constant

non-linear boundary condtions:

1-d plane wall
radiation

convection

conduction

specified
heat flux

specified
temperature

k† 

T x( )

heat conduction in continuous medium



    MAPLEguide                                 SYMBOLS AND OPERATORS 
SYMBOL DESCRIPTION EXAMPLE RESULT 

restart clears all definitions > restart;  
with loads Maple packages: 

linalg,plots,DEtools,PDEtools,student 
> with(plots); 
shows all commands in the package 

[animate,animae3d,… 

; execute and show result > 2+3; 5 

: execute and hide result > 5-2:  
.. range or interval > plot(sin(x),x=-Pi..Pi); 

  
(  ) grouping in arithmetic expressions > (3+2)*5; 25 

[  ] list delimiter > v:=vector([1,0,-2]); v:=[1,0,-2] 

{  } set delimiter > {f(x),g(x)}; {f(x),g(x)}; 

:= assigment > f(x):=cos(x); f(x):=cos(x); 

= equal > subs(x=Pi,cos(x)); cos(π) 
% refers to previous result   

evalf evaluate > evalf(cos(Pi)); -1. 

simplify simplifies expressions  > simplify(x^a*x^b,power); xa+b 

<, <= 
>, >= 

<> 

less than, less than or equal 
greater than, greater than or equal 

not equal 

 
 
 

 

+ addition > 2+4; 6 

- subtraction > 7-2; 5 

* multiplication > 2*3; 6 

/ division > 10/2; 5  
^ exponentiation > x^2; x2 

-> defines function (mapping) > f:=x->sqrt(1-x)  := f  → x  − 1 x  
Pi,exp(1),infinity mathematical constants > evalf(Pi); 3.141592654 

I imaginary unit > sqrt(-1); I 
 FUNCTIONS 

exp natural exponential function > exp(x); ex 

ln 
 log10, log[a] 

natural logarithmic function 
logarithmic function base 10, base a 

> ln(2.0); 
> log10(2.0); 

.6931471806 

.3010299957 

sin,cos 
tan,cot 
sec,csc 

 
trigonometric functions 

 
> sin(Pi/3); 

 

 
3
2  

arcsin, arcos 
arctan 

inverse 
trigonometric functions 

> arcsin(1); 
 

π
2  

sinh,cosh 
tanh,coth 
sech,csch 

 
hyperbolic functions 

 
> cosh(2.5); 

 

 
6.132289480 

sqrt square root > sqrt(2.0); 1.414213562 

 
abs 

 
absolute value function 

 
> plot(abs(x),x=-2..2); 

 

 

  
 

Heaviside 
 

Heaviside’s function 
> plot(Heaviside(x-1,x=2..2); 

  
BesselJ(n,x) 
BesselY(n,x) 
BesselI(n,x) 
BesselK(n,x) 

 
Bessel functions of order n 

 
> plot(BesselJ(1,x),x=0..20); 

 

 

 

Dirac Dirac delta function > int(Dirac(x),x=-1..1); 1  
erf 
erfc error function ∫ −=

x

0

t dte2)x(erf
2

π
 

complimentary  ( ) ( )xerfxerfc −= 1  

> plot(erf(x),x=-5..5); 
 

 

 
hypergeom hypergeometric function   

factorial 
! 

factorial of an integer > factorial(5); 
> 6!; 

120 
720  

Si 
sine integral ( ) dt

t
tsinxSi

x

0
∫=  

> plot(Si(x),x=-30..30); 
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CALCULUS 
SYMBOL DESCRIPTION EXAMPLE RESULT 

diff derivative  > diff(x*exp(x),x);  + e x x e x  
 nth derivative >  diff(x*exp(x),x$3);  + 3 e x x e x  

int definite integral 
indefinite integral 

 > int(sin(x),x=0..Pi/2); 
 > int(ln(x),x); 

1 
 − x ( )ln x x  

simplify simplify expression   
subs substitute > subs(t=0,u(x,t)); u(x,0) 

factor factor a polynomial > factor(x^4-x^2); x2(x-1)(x+1) 

limit limit > limit(sin(x)/x,x=0); 1 
Diff, Int, 

Limit, Sum 
value 

inert form of operators 
 
evaluate an inert expression 

> Int(x^2,x); 
 
 
> value(%); 

d⌠
⌡
x2 x  

x3

3  
convert convert expression in   

 partial fractions > convert((x^2+1)/(x^3-x) parfrac,x); −  +  + 
1
x

1
 + x 1

1
 − x 1  

 Euler formula > convert(exp(b*I),trig); cos(b)+Isin(b) 

sum summation  > sum(u[n](x),n=1..4);  +  +  + ( )u1 x ( )u2 x ( )u3 x ( )u4 x

series Macloren series > series(exp(x),x,4);  +  +  +  + 1 x 1
2 x2 1

6 x3 ( )O x4  

taylor Taylor series > taylor(ln(x),x=1,3);  −  +  − x 1 1
2 ( ) − x 1 2 ( )O ( ) − x 1 3

 SOLVERS 
solve general equation solver > solve({x^2-a=0},{x}); ,{ } = x a { } = x − a  

fsolve numeric equation solver > fsolve(x*tan(x)=1,x=0..1); .8603335890 
dsolve solution of differential 

equation 
>  s:=dsolve({diff(y(x),x)= 
                     x+1,y(0)=0}); 

 
 := s  = ( )y x  + 

1
2 x2 x

 
unapply produces the function from 

expression 
> f:=unapply(x^2/2+x,x);  := f  → x  + 

1
2 x2 x

 
assign turns sign “=”  in the solution 

set into “:=” 
does not create functions 

> assign(s); 
> y(x); 
 

 
 + 

1
2 x2 x

 
 PLOTS 

plot plot of function y=f(x) > plot(sin(x),x=-Pi..Pi); 
  

 parametric plot 
plot([x(t),y(t),t=a..b]) 

> plot([sin(x),cos(x),x=0..2*Pi]); 

 
polarplot polarplot( ( ) βαθθ ..,r = ) > polarplot(sin(2*x),x=0..2*Pi); 

 
 
 

plot3d 

 
 

plot3d(f(x,y),x=a..b,y=c..d) 

 
 
 
> plot3d(sin(x)*cos(y), 
          x=0..2*Pi,y=0..2*Pi); 

 
 
spacecurve 

 
parametric curve 

 
 
> with(plots): 
> spacecurve([sin(t),cos(t),t],     
 t=0..4*Pi,axes=normal,color=black); 
 

 
 



 
 
 
 
 

Greek Letters 
 

 
α   Α   alpha   ν  Ν  nu 

 
β   Β  beta   ξ  Ξ  ksi 

 
γ   Γ  gamma   ο  Ο  omikron 

 
δ   ∆  delta   π  Π  pi 

 
ε   Ε  epsilon   ρ  Ρ  rho 

 
ς   Ζ  zeta   σ  Σ  sigma 

 
η   Η  eta   τ  Τ  tau 

 
ϑ   Θ  theta   υ  ϒ  upsilon 

 
ι   Ι  iota   ϕ  Φ  phi 

 
κ   Κ  kappa   χ  Χ  chi 

 
λ   Λ  lambda   ψ  Ψ  psi 

 
µ   Μ  mu   ω  Ω  omega 

 
 

 
 
 
 
 
 
 

How to Write Greek Letters 

The arrows show you where to start when you write Greek letters. 

 

 
 




