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first order o.d.e.

LINEAR O.D.E.

integrating factor M(X) = efP(x)dx

y'+P(x)y = Q(x)

general
solution

V() = o ()1 () (<) Q)

LINEAR O.D.E. WITH CONSTANT COEFFICIENTS

ax

y/ +ay= Q(X) integrating factor M(X) =e

general
solution

y(x) =ce™ +e™ [e™Q(x)dx

there exists function

ileg) df(x,y) =M(x,y)dx+ N(x, y)dy

general
solution

f(x,y)=fde+f[N—%fde]dy=c
or f(x,y)=dey+f[M—%dey]dx=c

Initial Value Problem y(%o) = Yo Initial Value Problem y(%o) = Yo
el y(x) _ yO‘u(XO )M_|(X) + M-!(X)j‘ M(X)Q(X)dx solution y(x) = yoea(xa-X) + e-axj'eaXQ(X)dX
M(x,y)dx +N(x,y)dy =0 e
NONLINEAR EQUATIONS form
EXACT SEPARABLE o e e e by M, (XM, (y)dx+N,(x)N, (y)dy =0
ay aX then variables can

f(x)dx+g(y)dy =0

be separated

general
solution

ff(x)dx+fg(y)dy= c

check for suppressed solutions

reduce replace M by uM
to exact 'ﬂ and

reduce to
separable

N by uN
equation becomes exact when

INTEGRATING FACTOR multiplied by intgrating factor W

equation is homogeneous
if coefficients are
homogeneous functions
of the same order

HOMOGENEOUS M(Axhy) = AM(x,y)

N(Ax,Ay) = A™N(x,y)

ﬂ - ﬂ homogeneous equation can be reduced to separable by:
. i) dIX q f f(x)x
a) if yT =f(x) =>  integrating factor y(x) = of a)change of variable Y =uUX dy =udx+xdu or X=vy dx=vdy+ydv
oM oN 0 Sglgvrecrﬁmifmes X=rcos® y=rsin@ dx = cos 6dr —rsin6do
Tov | ox dy = sin6dr +rcos6d6
b) if _9y ox _ g(y) —> integrating factor u(y) = efg(ym homogeneous equation can 1 Y
M be reduced to exact by L —Tr
integrating factor: N‘(X)Mz(y)
SPECIAL EQUATIONS
BERNOULLI RICATTI CLAIRAUT
’ ’ 2 ’ ’
y'+P(x)y = Qx)y’ y' =P(x)y* + Qlx)y +R(x) y=xy'+Hy)
change of if one particular solution is known U1 then
1
variable =z reduces equation to h f
Y e yeusl s =y = oxf(o)
oL Z'+(1-n)P(x)z = (1-n)Q(x) oL z' +(2Pu,+Q)z = -P x= (1)
and one
h f ’ parametric _ p
back substituton ~ Z=Y"" Saﬁggﬁeo y= —Pl leads to scluioh y= f(t) -t (t)
w
linear P’
y= 0 s also a solution for >0 2nd order W -|—+QW+RPw=0
od.e. P
APPROXIMATE METHODS
PICARD'S METHOD TAYLOR SERIES (x,) =
x) Y{Xo)=Yo
r_ choose starting approximation Y ;)\ X)  then p
y f(X1 y) & y’(x ) yu(x ) y (Xo) = f(Xo’yo)
, i X) =y (X, )+ 22 (X = X, )+ 22 (x = X, ) + 9
y(Xo) =Y, terate Y ) (X) = Yo +£f(x,y(”(x))dx y(x)=y(x,) 1 (x-x,) o (x-x,) y'(%,) = &f(xoiyo)
where j=0,12... is the number of iteration s




linear o.d.e.

Th
LINEAR O.D.E. ai(x)‘f(X)EC(D) DCR WRONSKIAN Y, Y, a Iheorem
w _ Y Y. Y, {yw..,yn} are linearlyindependent in D|
Ly =2y ™+ (= 00 N M
(n-) y(n_” y(n_‘) if W(y‘,...,yn) =0 foral XED
linear o.d.e. is normal in D if ao(x) =0 forall XED v 2 !
L value problem PARTICULAR SOLUTION OF NON-HOMOGENEOUS O.D.E.
Ly-= f(X) Theorem
if tion i I, th iati !
y(x,)=k yi(x)=k, - y(""’(xo) -k ;V%Qﬁgslgﬂésur;?c;umeasolumn @ variation of parameter (Lagrange's method)
Ly = f(X) looking for solution in the form Y, = U,y +U,Y,
FUNDAMENTAL SET where {y‘,yz} is a fundamental set
any set of n linearly independent solutions Yy ‘(X),..., yn(x) unknown functions are determined by equations

e
=y a

of homogeneous linear o.de. Ly =0 u = _f Y. f(X) dx
b W(YLY.) a(x)

is said to be a fundamental set (basis functions)

COMPLIMENTARY SOLUTION Lny = f(X) looking for solution inthe form Yy, = Uy, +U,Y, +...+ Uy,

where {y‘,...,y"} is a fundamental set

complimentary solution (complete solution) of homogeneous o.d.e. Lny =0

is given by a linear combinatnation of basis functions unknown functions are determined by equations

y.(x)=cy,(¢)+... +cy,(x) ¢, ER m o WYy Y YorreYa) 1(X)
complimentary solution is a vector space spanned by basis functions Un = (_1) f W(y‘,...,yn) a, (X) dx moben
COMPLETE SOLUTION @ method of undetermined coefficients
complete solution of non-homogeneous linear o.d.e. Lny = f(x) Lny = f(X) where f(X) =e* [pi(x) cosbx + qj(x)sin bX]
consists of complimentary solution (complete solution of homogeneous equation) 1) if a=ib isnota root of auxilary equation aom" + a‘m" Tt a m+a = 0
and any particular solution of non-homogeneous equation then looking for solution in the form Y = eaxl:l:)k (X)COS bx + Qk(x)sin bX] k = max{i,j}
y(x) = c‘y‘(x) +..+CY, (X) + yp(x) 2) if a=xib isarootof auxilary equation of multiplicity S

then looking for solution in the form Y, = xse”[Pk(x)cos bx +Q, (x)sin bx] k = max{i,j}

HOMOGENEOUS LINEAR O.D.E. o

WITH CONSTANT COEFFICIENTS where  B(x)= AX*+AX 4+t ALX+A s oynomials with
ki ffici

Qk (X) _ BOXK +B‘Xk_‘ bt Bk _‘X +Bk unknown coefficients

Ly-0
Y, intoequation Lny = f(X)

which are found by substitution of trial

mx
looking for solution in the form y=¢
auxilary equation EULER-CAUCHY EQUATION

substitution into equation yields ;

n n-
an auxilary equation am'+am” +--+a m+a =0 ) ety (1) '
which has n roots (real or complex) @ aox"y +ax'y +oeeta Xy +ay= f(X)

fundamental set includes change of variable X =e’ z=1Inx
case real root mx mx k-1, mx
@ of multiplicity k m e, xe e X0€ yields a linear o.d.e. with constant coefficients

a,y +ay =1(z)
aoy”+(a|_ao>y,+azy=f(z)
ay"+(a,-3a,)y"+(2a, -a,+a,)y +a,y =f(z)

e cosbx and € sinbx

conjugate pair m =a+ ib
case @ complex roots m, =a —ib
o=

ay'+ay +a, =0

-a,=qa’ -4a,a,

auxialary equation aomz +am+a, = 0 roots m., =
12 homogeneous n, M) -1, (n=1) ’ _
. 2a, @ equati%n a, Xy +axy T+---+a xy'+ay=0
complete solution
real roots looking for solution y =x" y'= mx™" y' = m(m - 1)x'“'2

case @ m =m y —ce™ yce™ in the form X
1 2 -
‘ : auxialary equation aom(m—1)~~~(m—n+1)+a‘m(m—1)~~~(m—n+2)+~~~+an =0

repeated real root

case @ m‘=m2=m=;a‘ y =ce™ +c,xe™ aom2+(a‘_ao>m+az=0

2a
conjugate pair complexoroots independent solutions complete solution
. ax . m,
case @ m‘ zztzg y =e™(c,cosbx +c, sinbx) case (1) m, =m, v, =[x o o
2 m2
Y, = |X|
REDUCTION OF ORDER e @ m =m, =y, = Y=o+ "I

. . . . . m
if y,isa particular solution of homogeneous equation Lny =0 Y, = |X| In|x|

then second linear independent solution can be found by formula
[ case (3) m, =a+ib aCOS(blel)
e
=y, [=——dx . -
Y. =v.[ v m,=a-b Y,=[X sm(bln|x|)

y = [c‘ cos(binjx|)+c, sin(b In|x|)]|)(|a




power-series solution

POWER SERIES

y(x)=a0+a‘(x—x0)+a2(x—x0)2+,,.=Ean(x_x0)"

HOMOGENEOUS LINEAR SECOND ORDER O.D.E.

initial conditions:

n=0
radius of convergence R a (*) ao(X)y” + a1(X)y/ +a, (X)y =0 y(XO) =Yo
"‘“”e’ges R =fim—= y'(xo) =y,
xR x+R R L
o o determi I f functi (x)
TAYLOR SERIES TAYLOR SERIES SOLUTION a:deirtrglcri]:ri\\lla;tl:\?:soat ltjt?: ;I)c:)?nxt, :f expansion X
, " (n) - -
y(x) _ y(x0)+ y (;(0) (X —X0)+ y (2):0) (X—XO >z . _ y rEIXO)(X -x, )n from initial conditions V(Xo) =Y,
! o |
yl(xo) =Y,
MACLAUREN SERIES G )
rom equation a (X ) a (X )
y() v,y y"(0), erent el ¥ (Xo) ===y (X6) - 2Ey(Xo)
¥ =y(0)+ e S S - B sttt creonty om0 T )Y
ANALYTIC FUNCTION function f(x) is called analytic at X if it X, Is ordinary point if a"(x") =0
X, is singular point if ao(xo) =0

can be represented by Taylor series about X

BINOMIAL EXPANSION

binomial coefficients

ooy -3 -

THEOREM 2.6 (identity theorem)

for all x if and only if a

a  Yax =0
n=0

b) annx" = Zﬂbnx" for all x if and only if a,

ALGEBRAIC OPERATIONS
fx)= Y ax"
n=0

sum of two power series

E(an +b,)x"

n=0

f(x)+glx) =
product of two power series (Cauchy product)

f(x)g(x) = (ganx")(gbnx") = E(iakbn_k)x"

n=0 \ k=0

I
A\
o

><:

THEOREM 2.10 (power-series solution about ordinary point)

v | Let a(x) be analytic, then
ordnary s sarly i :
P M two linearly independent solutions of Eq.( 3

?0 P‘i

radius of convergence R

can be found as a power series about
ordinary point X

1) assume:

2) calculate derivatives:

3) substitute into Eq. ¢ )

4) comparison of coefficients (identity theorem)
yeilds the recursive equation for coefficients ¢
n

¢, ¢, can be taken arbitrary (or as parameters for complete solution)

standard form of Eq. (x)

y +p(x)y’+q(x)y =0 (%)

singular point x =0 is regular if

XP(X) = P, +PX+PX* +---

XQ(X) = Gy +GX+qX° +---

are analytic at x=0

1_poi (1_p0)2_4q0
12 = o

indicial equation ‘ r’+ (po —1)r+ q, = 0 ‘ roots

1
a=1+x+x2+...=;X" <1 (1+x)" = EU(Z}(" x| <1
1 n 2n+1
— =V (-1)"x"  —-1<x<1 Ty = Sy X X <1
1T x no( ) <X< tan™ x n_U( 1) P X
LS 0ex<z o3 er.y D Ks
n=0 n=0 n n=0 n
(1) Ina)'x"
cosx=) 2n) X< oo (ni? X I <
n=0 o
4\ 20+ . x—-1)"
sinx=§(21r)]f1)! < |nX=§(-1) ( n> 0<xs<2
2n+1
. X! X< Inx = 2 (X__1) x>0
S'”““Zz(zm)! 2 (2n+1) (x+1 i
2n _1"
coshx=g Bl ¥ < In(1+x)=z n+)1x - x| <1

THEOREM 2.11  (Frobenius method for regular singular point)

Let x0=0 be a regular singular point of Eq. ()
and r and n be the roots of indicial equation, then

two linearly independent solutions 12 and Y, of Eq. (=)

can be found in the form: (for O<IxI<R)

case @ r -, isnot Y, = ECHX"”‘ Yy, = Ednx"*'z

integer n-=0 n-0
c, =0 d, =0
case (@) r -r isposive Yy, =Y cX" Y. = %A X" +cy, Injy|
integer n=0 n-0
c,=0 d, =0
case @) r =r =r Y= 2CX"™ Yo = RAX" +y,Inx
n=0 n=1
c,=0

alld can be zero
n




linear systems of first order o.d.e.

STANDARD FORM

FUNDAMENTAL SET OF SYSTEM WITH CONSTANT COEFFICIENTS

A isan N xN matrix
x' = Ax
with real constant coefficients
1
looking for solution X = k2 e = Ke™
in the form :
k

EIGENVALUE PROBLEM

egenvalues A are the roots of

eigenvector K corresponding to A is non-trivial solution of equation (A - M)K =0

algebraic characteristic equation

det(A-Al)=0

(1) DISTINCT REAL EIGENVALUES  A,..., A,

FUNDAMENTAL SET

with corresponding eigenvectors K‘ yee _,K

Ke*, Ke* ..., Ke™

m

X, = a,X, +a,X,+...a, X, +f
X, = A,X, +a,X, +...3, X, +1,
X = aX+a,X,+...a, X +f
aij (t) , fl(t) ij=1,..,n t&E|CR are continuous functions
MATRIX FORM
x' = Ax+f
1 ; a,; a,; a,, f‘
x=|2 X = X’z A a.zw a.22 2n f= fZ
X, X’n A, Ay A f"
SOLUTION VECTOR
1
isacolumnvector X = which satisfies the system x' = Ax+f
Xn
HOMOGENEOUS SYSTEMS
x' = Ax

COMPLETE SOLUTION

FUNDAMENTAL SET

FUNDAMENTAL MATRIX

set of all solutions to homogeneous system
is a vector space of dimension n

any set of n linearly independent solution vectors

{x1,x2,...,xn}

columns are vectors from fundamental set
X =[x, x, X,]

wronskian W =detX(t) =0 V tel

(a basis for solution space)

(2) REPEATED EIGENVALUES

there are

linearly independent eigenvectors K

A is eigenvector of multiplicity M

STIEN

FUNDAMENTAL SET includes

find vectors

K,P.Q,

K, corresponding to

Ke*, K,e" ..., Kge"

there is only one eigenvector K corresponding to A

solutions of the matrix equations

(A-M)K =0
(A-M)P =K

(A—M)Q =P

FUNDAMENTAL SET includes

COMPLETE SOLUTION C,
(complementary function)
2 is a vector of
X = Xe where € = coefficients N N N 2 N N N
< Ke", Kte"+Pe", K—e" +Pte™ +Qe"
c 2
n
INITIAL-VALUE PROBLEM _ H
x =Ax  x(t,)=k (3) COMPLEX EIGENVALUES Ay=a+ip corresponding
P Iﬁ eigenvectors R
, =0 —
SOLUTION OF IVP 4
x = Xt)X(t,)k _ =
solution vectors x, =K, X, = Kﬁ"‘l
NON-HOMOGENEOUS SYSTEMS FUNDAMENTAL SET
includes real form of solution vectors
. ot
X' = Ax+f x, = (B, cospt - B, sinpt)e
COMPLETE SOLUTION where X, is any . ot
X = X + Xp panicularpsolution of X, = (Bz COSBt+ B1 sth)e
non-homogeneous system

VARIATION OF PARAMETER

x, = X(t) [X"(t)f(t)at

where

K, =Re(K,)+ilm(K,) = B, +iB,

COMPLETE SOLUTION X = X(te+X(t) f X7 (t)f(t)alt
INITIAL-VALUE PROBLEM X' = Ax+f x(t )_ K

= o) =
SOLUTION OF IVP x - XX, )k+X(t)j'X" (s)f(s)ds

MATRIX EXPONENTIAL

is a matrix represented
by a power series

general solution X

solution of IVP X

k
= Ew = I+tA+ﬁA2+£A3+~~
2 3l

“~ K
e"c+e” [ef(t)at

ek + e“fe‘“‘f(s)ds
to




limits

it O< |X - Cl <d  then f(x) <-B

definition of limit uniqueness L'Hospital's Rule  (indeterminate % or —)
forany ¢ >0 thereexists >0 such that if Umf(x) =L o Lo B, = open neighborhood of point ¢
if O< |x —c| <0 then |f(x) —L| <e and limf(x) =M f(x),g(x) are differentiable on B,
) Al @ i Let  limf(x)=0 limf(x) =
in the following statements we assume x=e or *7°
that the given limits  lim f(X) exist lim g(x) =0 lim g(x) =
B, where ¢ canbe c,c’,c, , or — h
e f m r X) L = lim f(x)
L i 7 7
B, limk =k e g'(x) = g(x)
c-90 cc+ S . B
limkf(x) = klimf '
— i) - imi) N
one-sided limits 0 0 Iim[f(x)+g(x)]= limf(x) +limg(x) 9g(x) = g(x)
f(x f(x
bre Iim[f(x) = g(x)] =limf(x) - limg(x) indeterminates and reduction to L'Hospital's rule
L1 ) ) ) 1) f-g~0- = . _f~0
L-e limf(x)g(x) = limf(x)limg(x) 9=7 )
g
| fim )M w0
c8 o ] P g(x)  limg(x) = f.g=%~_
. . 2) 0 "
forany ¢ >0 thereexists 8> 0 such that it limf(x) =0 then limf(x) DNE f9~0 f
if c-8<x<C then |f(X>—L| <t and Iimg(x) =0 |Img(X f9. 0 - 9 = eglnf
. 9. 0
— forany & >0 thereexists &> 0 such that Iimf(x) L = Iirr{f(x)—L] -0 7 ~1
it c<x<c+d then [f(x)-L|<e 3 f-g~ -
inverse function a) multiply and devide by conjugate
limf(x) =L <= limf(x)=L and limf(x)=L ) (f-g)(f+9)
X—C X—C X—C 6‘ —f N g
limits at infinity (horizontal assymtotes) ‘3 b) apply L'Hospital's rule to
) 11
(x) L )I(iﬁngf(x)=b <> lergf"(x)=c fog- g1 f
L composite function fg
L-¢
f(x) a(x) remarkable limits
B -B limx = ¢
forany ¢ >0 thereexists Bs>(Q such that . sinx
< q[f(x)] '"JJT =1
|f(x)—L| <¢ forall x> B
. limf(x) =L limx* =1
forany € >0 thereexists B>(Q suchthat x—c then Iimg[f(x)] -M x—0
[i(x)-L| <& foran x<-B limg(x) =M limxinx =0
(vertical assymtotes) comparison lim{1+ ax)‘/x _et
limf(x) =L e
c-8 C c+d X—C x
. a
i = h < lim1+—| =e*®
!(ILT;Q(X) M ten L=M x'f“( + x) e
f(x)= o(x) 1
limx* =1
squizze play *
im™X _o
=X
forany B>0 thereexists &> 0 such that rational function
it O<[x-c/<d then  f(x)>B < 0 if n<m
limf(x) =L "
e L PX" e APXAP, [Py _
forany B>0 thereexists &> 0 such that lim-= - if n=m
- ¥ limg(x) =L then limh(x)=L| * G.X"+..+dX+q, |4,
x=c x=c + if n>m




differentiation

derivative o of
equation ot !
" i f(X+h)—f(X) t;ngent line y=f (XO )(X—X0>+f(X0>
(x) = lim=—
f,(x) = m slope of tangent line
if limit exists then = tana
function f(x) is differentiable and B
f'(x) is a derivative of function f(x)
differentiation rules ) )
(cu) =cu’ (w) =u'v+uv’ u) _uv-uw
v v?

'

(uvw) =U'VW +UV'W + uvw’

chain rule

example: y = sin(x2> u=x
y =f[u(x)] d_y=£ﬂ
dx du dx i
. d(sinu) du
T (cosu)(2x) = 2xcos(x*)

derivative of ( ) 1) find f’(X) example: 1) find f'(X) =€’
. . Yy =f(x ! x
inverse function [f.‘(x)] __ 1 — 1 f(x)=e Jwite -

y =1'(c) ()] ) . o e

f (X>= Inx 3) replace x by

3) replace x by fﬁ‘(x)
and simplify expression

and simplify expression

() =[] = et et

|mp||C|t given differentiate using differentiation rules example: f(x,y) =xy+siny-1=0
differentiation implicit function find
terms with x only differetiate 4 4 ’
f(X,y)=0 y' as function of x (xy) +(siny) _(1) -0
terms with y differentiate with ’ ! _
N % y+xy'+(cosyly =0
e chain rule _g(y) ==y
dx dy , -y
solve for Y’ y= X+COosy
table of derivatives
f(x) £/(x) f(x) £/(x) f(x) £/(x)
c 0 sinx Cos X sin”'x !
1-x°
X 1 Cos X -sinx 1
cos ™ x
1-x?
2
X" e ] tan x 1+ tan” x
1 . 1
cos®x tan “x 12
e © sec’ x
" -1
cot X -1-cot®x cot X 1+x°
a* a“lna =l
sin® x 1
. csc™'x
—csc® x 2
1
Inx v
X csex - cscxcot X 1
] sec™ x el =
log, x xIna sec x sec xtan x




integration

indefinite integral definite integral properties
F(X) is antiderivative of f(X) if F’(X) =f(X) pertor o {a ™ HorX X Ko %o = b} ey
norm of partition |0| =max AX, }Cf (X )dX = c}f(x)dx cER
if F(X) is antiderivative of f(x) then tk is an arbitrary point in the subinterval [x k—I'Xk] Axk =X, =X, a a
b b b
F(X) +C is also antiderivative of f(X) f(x) ) f[f(x) + g(x)]dx = ff(x>dx + fg(x)dx
t a a a
differentiation limit rules
/\ f f(x)dx = 0
F(x)+c f(x) . . X :
AX a b
~— ' ff(x)dx = —ff(x)dx
integration definite integral ° 2
indefinite integral (operation to find antiderivative) b n if the limit of additivity
ff(x)dx = ‘Ini‘rD) f(tk )AX . ‘F;)i(tiesrgann's sum ) )
[1(x)dx =F(x) +c . [ H(x)dx = [f{(x)dx + [(x)dx ¢ €[a,b]

function f(X) is said integrable on [a,b]

table of antiderivatives Fundamental Theorem of Calculus differentiation

(x) F(x) T ek =Fb)-F(a) S Jite=it

a

X’ i n=-1 Area iu(x'ftdt= u(x)[-u'(x) = flv(x)|-v'(x
n+1 if f(x)zO for all xe[a,b] then dXv(xI() 1{ ( )] ) [ ( )] )
1 |X| @ definite integral is interpreted as the area under f(X) over [a,b] comparison
= In|
X if f(x)s 0 foral X E[a, b] then if f(x)z 0 on X E[a, b] then
. . definite irvﬂegral is interpreted as the negative area between f(X) }f X)dX .
e € and x-axis over [a,b]
e” - . L
™ 3 Numerical approximation of definite integral it f(X)z g(x) on XE[a, b] then
£(x,) regular subdivision AX = b-a X,=a+kAx b b
a* ax f(x_) o on n subintervals X = k =0,1,...,n ff (X)dX zfg(x)dx
Ina ﬂ a a
b
X, X, A= ff(x)dx =A +.+A, symmetric interval
Inx xInx - x Ax a

Left-Hand Sum f(X) iseven if f(—x): f(x)

sinx - COSX [( ) ( )]
A =|f(x,)+.. +flx ,)|Ax i a a

f(x)dx =2 | f(x)dx

COS X sinx a2 . . f( v {( v

an Inlcosxl f(xk) Right-Hand Sum
2 _

A z[f(x‘ )+ +f(xn)]Ax
cot x Injsinx]|

j' f(x)dx =0

-a

sinh x cosh x f(xm +xk] Mid-Point Sum

cosh x sinh x i
A =|f Xo X, +.+ Xos ¥Xy AX :
2 2 Average Value of Function f( ) over [a,b]

u - substitution
I ) f(x)dx
ff[u(x)]u’(x)dx _ ff(u)du Trapezoidal Rule fave, _ fb(
a

A =[ix,)+28x,)+ . +2f(xn_‘)+f(xn)]%

Mean Value Theorem

If function f(X) is continuous on [a,b]

integration by parts Simpson's Rule

fudv =uv —fvdu

then there exists a point Z E[a,b] such that

A= {f( )+2[ +.. +fxn‘)]+ . f
f(z) =1

average

° ° X, +X, x X,
Judv =[w]; - fvdu +4[f( Og = ] } .

aver




F(x) is antiderivative of f(x) if

indefinite integral

definite integral
b

u - substitution

integration by parts

F(x) =1(x) Ji(x)ex = Ji(ox =F(o) -F(a) | [u()u(x)dx = [f{u)du | fudv ~uv - fuou | [t =1
f(x) F(x) f(x) F(x) quadratic equation =
ax®+bx+c=0 x‘2=_b_"221 —be
X" x™ n= -1 sinx - CcOSX
n+1 binomial formula
1 Cos X sinx . o&(n . n)  nl
- Inf| (x=y) = ;(k)(—1) Xy (k) "~ -k
tan x -Incos x|
e e g™ log, x = Inx
N cot x Injsinx| Ina
e e hyperbolic functions
a sec x Injsecx + tanx| sinh(x) = e —e™ cosh & +e”
x ar
a
na csex Injcsc x — cotx| e*® —e*(cosb+isinb)  Euler's formula
xe™ ~(ax-1) sin’x X _sinxcosx sin2x =2 sinxcos x sin2x=#
2 2 €os 2x = cos® x - sin’ x
nax neax n- ax 1
x'e - —nfx 'e™dx n=1 2 X sinxcosx =1-2sin"x ». 1+cos2x
a a cos”x ey - COS®X =
2 2 =2cos’x -1
e (ax)" (a0’
Inx+ax+ —

X 2l 33 tan“x tan x -x tan ®x =sec” x—1 tan ®x+ 1= sec’x
Inx xInx - x cot” x —cotx -x cot® x =csc®x -1 cot® x+1=csc’x
xInx X_|nx_£ sec’x tan x

> 4 sin(x +y) =sinxcos y = cosxsiny
csc’x —cot x
Inx ] cos(x =y )= cosxcos yF sinx siny
x"Inx XM —=- > n= -1
n+1 (n + 1)
i n sm xcosx n-1 . 1. 1.
. N sin"x >0 A7 sin™? xd sinxcosy = —sin(x - y)+—sin(x+
(Inx) (3 — n f e 2 (x-y) 2 (x+y)
X n+1 R 1 1
08" X cos™' xsinx +n—_1fcos"'2 xdx sinxsiny = Ecos(x—y)—Ecos(x+ y)
n
xl:wx Infinx| 1 1
COSXCOSY = —COS(X - y)+—COS(X+Y)
tan" x tanix - [tan™* xdx 2 2
(Inx)* x(Inx)® - 2Inx + 2x n-1
cot" x cot"‘ fcot”xdx sinx:esiny=2sinﬂcosﬂ
1 1 _‘(x) n- 2 2
— —tan”| =
X* +a a a
X+COSY = 2cosﬂcosﬂ
sec" x sec™ xsmx n-2 fsec" 2 ydx cos > >
1 x-a n-1
X2 _a2 2—|n
a |x+a X4y . X-y
_osc™ xcosx n-2 COSX - COSY = -2sin—=sin—
csc"x = f csc™ xdx 2 2
1 _ (x) n-1
sin”| =
a’-x* a
] sinh(ax) @ acos0+bsing = va’ +b” sin(0+w)
— In(x+1/xzxa2) L a
X +a ) o =tan B
s cosh(ax) %(ax) pr——
5 2 _ g2 a_ "‘5 |1epniz’ rule
vat -x° 2Va X' +=-sin (a) .
d
« a? tanh (ax ) Infoosh(ax)] @l (D(X’t)dx]=
X? —a® X —a? - Injx+x® -a® a =)
2 2
. *0od(x, t) db(t) da(t)
In[sinh(ax —\ g sk WA 7
x* +a’ % X +a’ +a?2|nx+ X*+a’ coth (ax) w ;(f‘) t x+<I>[b(t),t] dt (D[a(t),t] dt




convergence of infinite series

infinite series

partial sums

Ya,=a,+a+a,+

k=0

Definition

infinite series is convergent if and only if
the sequence of partial sums is convergent

S, =a,+a,+a, +-+a, Eak=L if and only if s, —L
k=0
basic test
a, —® - 0 — Y a, diverges
geometric |x| <1 — EXK _ 1
= 1-x
X =tex+x+ - = )
& X|=1 =  diverges
p-series 1 harmonic series (p = 1)
p> = converges
l—1+i+i+ = Al _1+l+l+l+...
=iy 2" 3 ' k 23 4
p=1 = diverges - diverges
telescoping .
a, = S[109 - f(k+1)] fh+1)—>c = Ya, =f0)-c converges
: k=0
k=0 k=0
= 1(0) ~f(n+1) fh+1)—==+ = Ya diverges
k=0
absolute
convergence test
E|ak| converges = E ay converges
. remainder
alternating (-9a  a,=0 = a—=0 Y (-1)‘a, converges P
k=0 g a, >a,, (=0 ;)(_1) a =L = |L_Sn <a.,
series with non-negative terms a, =0
integral test 16
ff(x)dx  converges = flk)  converges
k=1
1
ratio test A<l = Eak converges
if B, A then A=1 = noconclusion
ak
A>1 = Eak diverges
root test p<l = Eak converges
. 1
if (ak )? —p then p=1 = no conclusion
p>1 = Eak diverges
basic comparison test
c c, =0 d, =0
k
% c . =a, = E a, converges d.=a, = E a, diverges
. E C, converges R E dk diverges

limit comparison test a, =0 both E a,, E b, converge
. a
b, >0 if b_k —L = o
k
CEY both Ya.Sb, diverge
limits of sequences
. 1 1 X" Inn 1 x\
x"—0 |X|<1 X" —1 x>0 ——=0 0o>0 — =0 Vx — =0 n" —1 1+2| —e*
n n! n n




fourier series

standard form

complex exponential forms

basic case a, i in
(d,d+2p) f(t) = ? E‘ a, cosFHb smFt] - ;—CneT H_Z_C'"eTl relations
a,=2c,
Fourier coefficients a =c +cC
/w 1 %2p bn=|(cn_cn)
| | | ‘ ‘ . %= f f(t)dt
d d+2p a
d+2p C, = -
complex Fourier coefficients a, =lf f(t)COS—tdt 2 .
P c = a, —|bn
1 o2p nni( 1 o2 nai, W " 2
n=2_{ Tt | o,=5 { f(t)e” dt b, =% !pf(t)sin—tdt _a,+ib
" 2
torval o o . harmonic series - .
(07) f(t) = ¢ +E[cn cosTt+d"s n—t] = EAne T o= ct Yy qci+d Sin(Tt+(pn) tang, =d—"
, n=1 ne— n= h
-1 T
= T ! f(t)dt
2 7 27n 1
c, = ?{f(t)cosTtdt ?{ (t)e gt
' ' + + t
2T T 0 T 2T 2T 21n
dn = ?{f(t)SInTtdt
arbitrary b
interval ft) = c,+Ylc, cos—27_m (t—a)+dnsin—2fn (t-a) G = —j f(t)dt
(ab) = b-a b b-aq
a,
y 2wn
c, = Taff(t)cos —(t-a)dt
b
| | | 4 - = Jit)sin 270 (- a)dt
0 a b
sine series _—
= b, sin—t
(o,T) E T
M M M b, = [1(t)sin—tat
0
2T -TMO MZT 'aT
cosine series
f(t) = a,+ »a,cos—t 7
(0,T) (t) > a, - % [t(t)at
0
2 T
a, = Jf(t)cos —tdt
0
L R N T
s\/tmmteltric c, 1°
inerva flt) = = [c cos—t+d sm—t] c. = — [f(t)dt
(-p.p) 022 P P o = pd
c, — [ f(t)cos —tdt
-p
‘ . d, = — [f(t)sin—tdt
-3p -2p p 0 p 2p 3p




hyperbolic functions

. r-e™ e’ +e™
definition sinhx = coshx =
derivative sinh’x = coshx cosh’x = sinhx
integration [ sinhxdx = coshx J coshxdx = sinhx
symmetry sinh(-x) = -sinhx cosh(-x) = coshx
a4
value at 0 sinh0 =0 cosh0 =1 2 / sinhx
-3
3 5 2 4
inhx = hx =1+ %
series expansion sin X—X+§+a+--- coshx = +E+I+m . ‘
2 1
identities cosh®x -sinh®x =1 coshx =sinhx = e**

special equation

X"(x) - AX(x) = 0

\ = constant

auxilary equation m?2 = ),

roots

general solution derivative of general solution

cel™+ce ™ A>0 c,Vhe™ —c e ™ A>0

X()Q: C,+C,X A=0 X’(X)= C, A=0
c, cos —)»x+czsim/3x A<O —c‘w/—_ksin\/—_kx+czx/—_xcosw/—_xx A<O
c‘coshw/xx+czsinhﬁx A>0 c, ksinhﬁxwzﬁcosh\/{x A>0

X(x) = C,+C,X A=0 X(x) = c, A=0
c‘cosw/—_)»x+czsim/—_)»x A<0 —c‘w/—_ksinx/—_xx+czx/—_xcosw/—_xx A<O
c‘coshﬁ(x—x0)+c2sinhﬁ(x—xo) A>0 c, ksinh\/X(x—x0)+czx/xcosh\/X(x—x0) A>0

X(x) = C, +C,(X=X,) A=0 X/(x) = c, A=0
¢, o8 V=h(X =X, )+C, siny=A(x-x,) A<0 -, —7»sinw/—_x(x—x0)+czw/—_xcosw/—_x(x—xo) A<0




sturm-liouville problem

H-M oy ohe X"~ uX =0 X(x) xelo,L] | x
1 2 0 L
eigenfunctions norm . kernel
o q 2 2 XH(X)
boundary conditions eigenvalues w, = -2 X, X[ = X2 (x)dx K, (x) = =
0 n
Dirichlet X(0)=0 nm L 2 . nn
. nm 2 N
Dirichlet X(L)=0 A, =T n=12.. sme > 3 sin X
Neumann X’(O) =0 1\ 1 1\ L JE ( 1 )
= —|= - — cos{n+—|—x
Dirichlet  X(L)= 0 A, =(H+E)E n=012... cos(n+ 2)L X 5 T ST
ot X(O)= 0 A 1)x 0,1,2 sin(n 1)z X L \/Esin n ! X
= —|= =0,12,... +—|— = — +—|—
Neumann X’(L) -0 n =\ 2L n 2/L 2 L
L n=0 i
Neumann X’(O) =0 A nmx nn JE
Neumann X/(L -0 n _T n=012... COSTX L >
2 n=12... \/Ecos—x
Dirichlet X(o) -0 A, are positive roots of . L Sin<2k L) Sin.x’nx
Robin  kX'(L)+hX(L)=0 sink, x - L sin(2xL)
= : 2 4 =
AcosAL+H,sinAL=0 n=12,. . = o
7\” are positive roots of . COoSs 7»"X
Neumann  x'(0) =0 N L sin(2aL) LT(27»|-)

! cos A X — ]

Robin |t X'(L)+h.X(L)=0 2 4\ 57t
ZX( )+ ZX( ) AsinAL-H,cosAL=0 n=12,... " 2 4\,

. 7\” are positive roots of sin\ (X _ L)
ROoin i X/(0) +h X(0) = 0 ind. (x-L) L sin(2\L) B
Dirichlet SinA (X —_——— L Sln(27\.nL)

X(L)-0 hcoshL+HsinAL=0  n=12.. 2 A 2 M
7\n are positive roots of X (2}\' L) COS)\H(X —L)
Robin  —k X' = L sin(2x, —_—
obin -~k X'(0)+hX(0)=0 o8 . (x-L) L, sin(nL) L)
Neumann X’(L) =0 n 2 4N, — 4+ 0
AsinAL-H,cosAL=0 n=12.. 2 4n,
7\” are positive roots of
) A, cosh x+H,sinA x
Robin  —k X'(0)+hX(0)=0 (12 +2) H H
n 1
Robin K, X'(L)+h,X(L) =0 | (HH, -3?)sinkL + (H, +H,)rcosAL = 0| %, cos A x+H,sink x > ('—+ T ]+3‘ . | H
n 2

n=12,...

V/W;Hﬂ(u

H,
)fn+H§) 2

X6}

J X, (x)X,,(x)dx = { 8

2

X

is a complete set of orthogonal functions on [0,L]

n=m
n=m

finite Fourier transform

generalized Fourier series

- Sax

I
ot—yr

X

n

X, (X)f(x)dx

2

inverse transform (Fourier series)




laplace transform

Laplace transform L{f(t)} =¢(s)= ff(t)e‘s'dt

inverse Laplace transform

(1) =" {o(s)}

for some aM>0

f(t) is of exponential order if |f(1)| =Me™ Vi=0

existance of Laplace transform if f(t) is picewise continuos on [0, )

and of exponential order with a and M then L{f(t)} existsforall S >a
i) < S'i"a
L{f(t)} —~0 when S—
SL{f(t)} is bounded when S —>
PROPERTIES
e Lat)+ bglt)] - aL{i(t)}+ bL{g(t) SEONE L{e(0)} - o(s-a)
L_1 {OL(MS)+ B‘P(S)} = ()LL_1{(1)(S)} + BL_1 {TP( S)} L_1{¢(S)} =e atL_1{¢(S _a)}
derivative
Lif'(t); =sdls)-flO - __ s+a
{ ()} o(s)-10) L{e ™ cosbt} Gra) oo
L{f"(t)} =s°6(s) - s10)-(0) b
L{e ™ sinbt} = Gra) o
s+a) +
L")} = s"s) ~s"(0) - 71 (0) ..~ 1"(0)
F(n +1) N1
integral L{e'“‘t"}= (s+a)™
' 1 LI
L{ {f(x)dx} -L4s) e O
s-multiplied transform shifting on t u(t-a)
" {sals)} = £(t)
s-divided transform . ( ;'u”ritcﬁgenp u(t-a)= {? ::: 1
L {;¢(s)}= [ 3
transform differentiation ; L{u(t—a)f(t)}= e(s)

L"{e ‘““‘q;(s)} =u(t-a)f(t-a)

L{u(t - a)f(t)} =e '“L{f(t + a)}

transform integration

t
convolution frg= ff(t — x)g( X)dX
0

transform of convolution

similarity

Lia)-2o[2] a>0

L{f«g} =L{f}L{g}




table of laplace transforms

it) t=0 o(s) (1) t20 o(s) o maple
1 a 1 .
1 — s>0 e _ s>a For calcualtaion of Laplace transform
S s—-a or inverse Laplace transform
the package with integral transforms
has to be downloaded:
1 1
t g s>0 te (s-a)° s>a > with(inttrans);
[fourier,laplace,invlaplace,...]
n n! n!
t n=12, T s>0 t"e? (S a)nn sS>a
s -
Laplace transform is calculated
S with the command laplace (f(t),t,s):
. - I(a+1) 1-at)e™ 2 f(t) denotes the function to be transformed
vt B s0 (1-ay (s+2) 10 germes e onten e pstomed,
S s is the variable of the transformed function
e
a u(t-a)= 0 f<a .o s>0 | Example 1:
sinat NP s>0 1 t=a S
> laplace(t*2,t,s);
3(t) 1 5
S 3
cosat i’ s>0 S
d(t-a) a=0 e ™ s>0 Example 2:
. 2as
tSlnat —" S>O —tAD*gi *3) .
(Sz+az)2 3,(a) 1 - > f(t):=t"2"sin(5%1);
0 s?+a? 12
f(t) =t sin(5t)
s%_ga? 2 > laplace(f(t),t,s);
tcosat — 7 s>0 e # P (f)15)
(s*+a®) Jo(awﬁ) . s>0 10(3s° - 25)
\ (s?+25)°
e® sinbt + s>a (w/sz+a2 —s)
(s-a)*+b? J,(at) n=012,.
a"ys?+a’
1 Inverse Laplace transform is calculated
s-a 2Py pr(p — with the command invlaplace (q) (s),s,t):
e cos bt — s>a 1 2 denotes the function to be transformed
(s-a) +b* £, (at) p>-7 550 | 4 e ot variablo of e funciion
-JJ'_C(SZ + az) 2 tis the variable of the transformed function
a = k-t 1 Example 3:
. T 2
sinhat s?-a? S>|a| —)(5) Jk_l(a) k>0 (Sz+a2)k s>0
> phi(s):=exp(-4*s)/s;
(-43)
e
S k-3 S q)(S) =
coshat ST s>l —a(é) J @) ks = §>0 s
-2 +
> laplace( ¢(s),s,t);
. Heaviside(t- 4
. 2bs isil s ( )
tsinhat W s >|al erf(at) a>0 —e*erfc ) s>0
s"-a
Example 4:
s®+b? g s>0 i(s): * :
=0 s>a —— > phi(s):=exp(-3*sqrt(s));
tcoshat (sz—az) >| | erf(aw/?) a=0 e
o(s) =e™*
1= ;
o sinhbt bz . s>asl erfel 2 as0 L s>0 > laplace(¢(s),s,b);
(s-a)"-b 24t e ,
Ge(_“]
WS (s 24wt
s-a a2 —— e 4 grfc| —
e coshbt s>a+[p| e a>0 2a’ © C(Z ) s>0

(s-a)°-b?




complex numbers

complex number zeC we need complex numbers to be able to solve
! i 2 complex plane . :
algebraic equations such as x"+1=0 Imz  imaginary axis
which has no solution in real numbers
S . Lo any point in a plane
standard form where i is imaginary unit with property with coordinates (a,b) z=a+ib
z=a+ib i’=-1 and a and b are real numbers a,b ER ::g;%?;t?imggr a+ib
Rez=a real part of z polar coordinates (r0)
of the point (a,b)
Imz=b imaginary part of z can be used for
representation of
exponential (polar) form _ SEMEIITEE — Rez
z=a+ib=re” 0 2 real axis
trigonometric form 2= a+ib=r{cos0 + ising) absolute value or S s s s .
= = modulus of z r= |Z| . r‘=a’+b a =rcos
amplitude or - q
vector form argument of z 6= argz tano = 2 b =rsin®
zZ= (a,b) a
; ; ; ; ]
Euler's formula trigonometric functions . “ie™ o 0 _g®
i .. i = SInB =
e = cosO +isin® in complex form 2 2i

algebra of complex numbers

z,=a,+ib, = e

z,=a,+ib, =r,e™

equalit quotent .
quality z, | (a@,+bb,)+iba,-ab,)
- 2 2
b,=b, a,+b,
a,=a, r_|ei(w—uz;
rZ
r. ..
h="r =—[cos(6,-6,)+isin(6,-6,)]
r2
91 = 92
multiplication conjugate zZ =a-ib
by a scalar
Koo _
= kre" = {cos 0-isin6)
= kr(cos 6+isin0) - (a-b)
0 . o = (ka kb) 27 =a% +b? r=|z=zz
sum
=(a +a,)+ilb,+b . .
(8, +2,)+ib, +b,) Z" =r'e™ =r"(cosnO+isinno)
_ ne“" + rzeioz
(0]
=(a|+az'b|+bz) ‘
product roots 1 oken
=re
= (a1a2 _b|b2 )+i(a1bz + b|a2)
L 0 k2x) . . (6 K2z
=r"|COS| —+——|+ISIN| —+——
n n n n
X2
_ rrzei((“‘*(‘g) k =0,1,2,..,n -1
XS
e 2" can be treated as the solutions
= I"I’Z[COS(B‘ +92)+ iSin(B‘ +92)] of algebraic equation x'=z
which has exactly n roots
X, ® all roots are evenly distributed
= (a|az _b|bz'a|bz +b|az) x on the circle with radius r'""
7 e if zis a real number, then
X complex roots appear in
5 X conjugate pairs




Vectors in Euclidian Space

free vector

pOSItlon vector directed segment

. with the fixed
initial point

coordinate vector

triple of real numbers

1 order tensor

ai
a_~ | s ;«:: with index
P(x,y,z) convention: i=1,2,3
' a =<a,a,a>
o y 23 and
directed cy summation
segment ! convention:
ab, =ab, +a,b, +a,b,
d,a, =a, +a, +a,
zero vector 1
0(0,0,0)
°  any point Y 0 = <0,0,0> 0
X
norm
Y _ 2 2 2 _ 2 2 2 XX
I all = length of segment HOP“ = X7 +yl+z llall = W[az, +al +a: 9,X.X;
equality a = b
X] = x2 1 = b[
/ two vectors are op, = OP <= ), =), a=b < = b2 a, =b
equal if they _
/ have the same 2, =%, a,=0,
norm and
direction
. parallelogram rule
summation )
N P/(x/’yl’zl)
b To- R('Y/j‘—xz’y/*—yz’zl-‘—zz)
or; 0P, __—> _ a, +b,
a+b = <a,+b,a+b,a+b > , + b,
a a+b ’
OPZ
Pz(xz’yz’zz)
X
multiplication by a scalar
a/ k > 0 P(kxl,k_\fl,kzl)
ka
ka = <ka ,ka_ka > ka,
k<0 e
/
llkall = [K[fal
dot product
a
b OP -OPF, = X,X,+Y,Y,+2,2, a-b = a b, +a,b, +a,b, ab,
a'b - [aflblcos(ab)
cross product
i i k
axb - -
OP xOP, =|x, y, 2z, axb (axb) =ab, -a,b,
b X z
2 Ve : = <azb3 _asbz rasb1 _a1b3 »a bz _azb1>
a

i,jk is cyclic permutation of
1,2,3




Coordinate Systems

Cartesian coordinates  (x, y,z)

Cylindrical coordinates (6, z)

Spherical coordinates  (7,¢,6)

# 4
b |
!0
Z .
AT T * (r6,2)
A
k -+
‘!
] s . S
¥ 2 o k«é}
x 1 -
, 3 y e,
- E
x
x=rcos6 x=rcos¢sinb
y=rsind y=rsingsind
z=z z=rcos0
r=x? y2 e =x2+y2+22
_Jy
tan@-; tan¢:l
X
= z z
tanf==—=—-———
roxXr 4y 427
Basic vectors
i=(100) e, = icosO+jsin@ e, =icosgsin@+jsingsind+kcoso
i= (0,1,0) e, = -isin@+ jcos O e, =-isin@+jcos¢
k =(00,1) e. = k e, =icosgcosO+jsingcosO—ksin0

Line elements  dx,dy,dz

Differential areas

dA, = dydz
dd, = dxdz
dA4, = dxdy
Differential volume
dV = dxdydz
Arc length

ds? =dx’ + dy2 +dz’

# : Akt

dr,rd0,dz

dA, = rd@dz
dA, = drdz
dA4. = rdOdr

dV = rdrd@dz

ds’ = dr’ +r’d6’ +dz’

Z
<
81 g
45
2
b \rmzsdg(
/ % ¢
= -

dr, rsin@deg, rdo

dA, = r’ sin@d¢dé

.

d4, = rsin0d¢dr

dd, = pdgdp

dV = v’ sin@dpddr

ds’ = dr’ +v’ sin’ 0dg+r’do’




scalar field u(r) u(x,y,z) u(r,H,z) u(r,¢,l9)
A uc#)
Gradient Vu vy _ [0 ou ou Vu=[a—”18—”8—”J vy (o 1 ouldu
ox oy oz or'rof oz or rsin@ ¢ r 06
Ou, Ou, Ou :a_“e+la_“e ou _ Ou 1 Ou 1 0u
i+—j+—Kk a 20" % = —e +t———¢e,+——¢
ox oy Oz r r z or rsin@ Og r o6
i 2 2 2 2
Laplacian V<u _ a—l; 6_124 a_? Vo = 10 ra_u N Vi = izi(,ﬂ@_”}r
ox~ oy° 0z ror\  or ror\ or
2 2 + ! 62_u+ ! —(SinH—J
Lou du TG 00F  Peinooo o0
¥ oo’ o
vector field F (r ) (FXFsz) (F.,F,F,) (F;,F¢,Fg)
/I""I' F,=F cosO+F,sin0 F.=F, cos¢sin@+F, singsind+F_cos&
//? F,=F sin0+F, cost F,=—F, sing+F,cos¢
F.=F, Fy=F, cospcosO+F,singcosO@—F,sin0
F, = F, cos@—F, sinf F,=F,cos¢sin@—Fysing+F,cospcos
F,=F, sin0+F,cos0 F,=F, singsin@+F,cos -+ F, singcos 0
F.=F, F =F. cos@—F,sin0
. OF,
Divergence oF 190 10F, OF, L 0. +#_¢
divF =V -F +_y+a£ ——(”Fr)+—_g+ 7’ 6r( ) rsin@ o0¢
o oz ror r o6 oz P
— | (sinB) F,
rsineaﬁ[( ) ‘9}
O e re. e e, re, rsinde,
Ik C R
o 8 o 110 0 0 - - = -~ |=
- = = A A AT rsin@|or 060 0
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bessel functions

XY +xy'+(x =V )y=0

solutions of BE are when v = integer when n=12.. functions of integer order NS
2k+v 2ken 0
X
bessel function J.(x) E (_1)k(5) ) E (‘1)k(%) 4 |
of the 1st kind WX)= Q== Jx)=Y—=L os | -
of order v S KT(v+k+1) & K(n+k) .

Gz ) :
gl Lyl NN

k=0 k=n

when V= integer JV(X) and J_V(x) are linearly independent !

general solution of BE y(x) =cJ, (x) + czd_v(x)

bessel function

of the 2nd kind _J.(x)eosva-J (%) i _(r .
ofthe 2nd ¥ (x) - Lloosv V0 -tmvb) Y-
J
0.6 J-' N
JV(X) and YV(X) are always linearly independent  (when V is integer or not) !
general solution of BE y(x) = ¢ J,(x)+c,Y.(x) sl 2y, y
properties (the same properties also hold for bessel functions of the 2nd kind Y) o m
n 2 ’ d v v v
() =(=1,(x) JV+‘(X)=7VJV(X)—JV.1(X) JV(X)=JV_1(X)—§JV(X) dX[x ()] =xdL ) | [xd L (xdx=x"d,(x) | .1 /W
Y Vo
2 , d Y
J,(x) =d,(-x) JV_‘(X)=7VJV(X)—JV”(X) Jv(x)=—JM(x)+%JV( ) dx[x “J,(x )]——x Jon (X7, (x)dx = —x ", (x) .
orthogonality functions yv(knx) are combinations of Jv(xnx) and Yv(knx) bessel-fourier series
Let A, A, A, ... bethe values of parameter A (eigenvalues) then {yv(knx)} n=12,..

for which boundary-value problem (Sturm-Liouville problem)

is a complete set of functions
XY +xy'+ (KX -vly =0 X €(x, X,)

orthogonal on (X‘,XZ) w.r.t. weight X

ay(x)-by(x)=0 al +b] =0 jfxyv(knx)f(x)dx
a,y(x,)-b.y(x) =0 a; +b; =0 fxyv(knx}yv(l,“x)dx =0 when n=m C, ="

has non-trivial solutions (eigenfunctions) x, f ny(knx)dx
y.(ax)y, (e x)y, (3.x)...

XY +xy' = (x*+ v )y=0

solutions of MBE are

+v 2k-v
modified (i) (g)
bessel function v .
f =(- = | =(-1)J =y —
g; Lr}g;rSt\/klnd IV(X) ( 1) JV(IX) g KIT(v + k+1) (X) ( ) (IX) A KT(-v+ k+1)
when V # integer Iv(x) and I_V(x) are linearly independent
general solution of MBE | y(x) = cJ,(x)+ ¢,I_ ()

modified ( ) ( )

bessel function nl (x)-1 (x

of the 2nd kind K (x)=5—o—= K, (x) = limK(x)
of order v 2 sinvm v

Iv(x) and Kv(x) are always linearly independent

general solution of MBE | y(x) = cJ,(x) + ¢ K, (x)




H L . . W coefficient of
Fourier's law heat conduction in continuous medium k [ﬁ] thermal conductivity
q” heat w coefficient of
flux h m?-K|  convective heat
transfer
k [mz] thermal
o =— s diffusivit
q' =-kvT pC, s y
. w heat generation
T( ) q e per unit volume
X,y,z)=¢C
VT ) isothermal surface
temperature gradient is ey [W] rate of heat
in a direction of greatest 9,=49 generation
increase of temperature
¢ surface
emissivity
Heat Equation
Cartesian coordinates cylindrical coordinates spherical coordinates
o80T _kaT ot g oIk T kT
T\ T ar“rsinG ag' r a0
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T 0T T a_14T 14 (r aT) 16°T 0°T . q 10T A PRl
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ax® ay* 9z ko ot ror\ ar) r?ap> oax* k o at . T\ q 14T
+————|SIN0— [+ —=——
r°sin® 90 0) k o ot
Boundary Conditions 1-d plane wall T
2,sur
s radiation
S A
™ £, & /
non-linear boundary condtions: d
T1 T(X) convection
a x=0 at x=L
aT ducti 2 ified aT
U _fr, -T(0)] o2 -0 T | e kg [T T[T T ]
x=0 q;’ —— x=L
" Specified = q.,
heat flux X W | Stefan-Boltzmann
0 L 0=5.67e—8{ > 4}
m°K constant
classification of linearized boundary condtions:
I Dirichlet T.,=T constant surface temperature =T
I oT , T . oT adiabatic surface:
w K- = G, constant heat flux at the wall k— = G2 - = perfectly insulated surface
X | 4 0X | o (no flux thru the wall)
. aT
I Robin [‘kXJrh'T] =% convective boundary condition [k%+ hzT] =1,
x=0
x=L




MAPLEguide SYMBOLS AND OPERATORS
SYMBOL DESCRIPTION EXAMPLE RESULT
restart clears all definitions >restart;
with loads Maple packages; >with (plots) ; [animate,animae3d, ...
linalg,plots, DEtools, PDEtools,student | Shows all commands in the package
; execute and show result >2+3; 5
: execute and hide result >5-2:
range or interval >plot(sin(x) ,x=-Pi..Pi); !
g > ;4 ™
) grouping in arithmetic expressions > (3+2) *5; 25
[] list delimiter >v:=vector([1,0,-2]); vi=[1,0,-2]
{} set delimiter > {£(x),g(x)}; {f(x),g(x)};
= assigment > £ (x) :=cos (x) ; f(x):=cos(x);
= equal > subs (x=Pi,cos (x)) ; cos(m)
% refers to previous result
evalf evaluate >evalf (cos (Pi)); -1.
simplify simplifies expressions > simplify (x*a*x"b,power) ; X
<, <= less than, less than or equal
>, >= greater than, greater than or equal
< not equal
+ addition >2+4; 6
= subtraction >7-2; 5
* multiplication >2%3; 6
/ division >10/2; 5
a exponentiation >x"2; X2
-> defines function (mapping) > £:=x->sqrt (1-x) f=xoT-x
Pi,exp(1),infinity mathematical constants >evalf (Pi); 3.141592654
I imaginary unit >sqrt(-1); I
FUNCTIONS
exp natural exponential function > exp (X) ; e"
In natural logarithmic function >1n(2.0); .6931471806
log10, log[a] logarithmic function base 10, basea | ~1°910(2.0); SULIREEEEY
sin,cos
tan,cot trigonometric functions >sin(Pi/3); e
sec,csc e
arcsin, arcos inverse >arcsin(1) ; Ll
arctan trigonometric functions 2
sinh,cosh
tanh,coth hyperbolic functions >cosh(2.5) ; 6.132289480
sech,csch
sqrt square root >sqrt(2.0); 1.414213562
2
abs absolute value function >plot (abs (x) ,x=-2..2) ; M
> plot (Heaviside (x-1,x=2..2) ; 1
Heaviside Heaviside’s function s CR!
BesselJ(n,x)
BesselY(n,x) Bessel functions of order n >plot (BesselJ(1,x),x=0..20); ¥
Bessell(n,x) X 20
BesselK(n,x)
Dirac Dirac delta function >int(Dirac(x) ,x=-1..1); 1
erf function erf(x) 2 Te*’Z " >plot (erf (x) ,x=-5..5) ; 1
error func =—
erfc \/; ) VT
complimentary erf{x)=1-erf(x) 1J
hypergeom hypergeometric function
factorial factorial of an integer >factorial (5) ; 120
| >6!; 720
Si >plot (Si(x),x=-30..30);

sine integral Si(x)= j.%ntdt
0

Prepared by Vladimir Solovjov, BYU, 2002 (modified 2004) vps@et.byu.edu




CALCULUS

SYMBOL DESCRIPTION EXAMPLE RESULT
diff derivative > diff (x*exp (x) ,x); o'+ x o
n" derivative > diff (x*exp (x),x$3); A ot
int definite integral >int(sin(x),x=0..Pi/2); 1
indefinite integral > a9 29) 7 xIn(x) - x
simplify simplify expression
subs substitute >subs (t=0,u(x,t)); u(x,0)
factor factor a polynomial > factor (x"4-x"2) ; X (-D(x+1)
limit limit >1imit(sin(x)/x,x=0) ; 1
Diff, Int, inert form of operators >Int (x"2,x); sz dx
Limit, Sum
value evaluate an inert expression | >value (%) ; ’;i
convert convert expression in
partial fractions > convert ((x*2+1) / (x*3-x) parfrac,x); _1, 1 1
x x+1 x-1
Euler formula > convert (exp (b*I) , trig) ; cos(b)+Isin(b)
sum summation >sum(u[n] (x) ,n=1..4) ; u (x) + u,(x) + uy(x) + u,(x)
series Macloren series > series (exp (x) ,x,4) ; . %xz . %xs +0(xY)
taylor Taylor series >taylor(1ln(x) ,x=1,3); x—1- % (x—1)*+0((x-1)*)
SOLVERS
solve general equation solver >solve ({x*2-a=0}, {x}) ; {x= ﬁ b {x= —ﬁ}
fsolve numeric equation solver > fsolve (x*tan(x)=1,x=0..1); .860333589C
dsolve solution of differential > s:=dsolve ({diff (y(x),x)= _ 1,
equation x+1,y(0)=0}) ; R A
unapply produces the ﬁlgction from | >£:=unapply (x"2/2+x,x); fi=x— 1 Pix
expression 2
assign turns sign “=" in the solution | >assign(s);
set into “:=" Zy(x); L
does not create functions 2
PLOTS
plot plot of function y=f(x) >plot(sin(x),x=-Pi..Pi); g
2 g ® 2
parametric plot >plot([sin(x),cos(x),x=0..2*Pi]) ;
plot([x(t),y(t),t=a..b]) g}
polarplot polarplot(7(6).6 = a...3) >polarplot(sin(2*x),x=0..2*%Pi) ; o
AN
plot3d plot3d(f(x,y),x=a..b,y=c..d) >plot3d(sin(x)*cos(y) ,
x=0..2*%Pi,y=0..2*Pi) ;
spacecurve parametric curve

>with(plots) :
> spacecurve ([sin(t) ,cos(t),t],
t=0..4*Pi,axes=normal,color=black) ;




How to Write Greek Letters

The arrows show you where to start when you write Greek letters.
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