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ABSTRACT 
 

This study delves into the influence of thermal conductivity on 

the temperature profile along the tubes of a circular finned heat 

exchanger. Drawing insights from literature indicating that 

increased thermal conductivity diminishes temperature 

gradients, the research varies thermal conductivity using 

different materials. The investigation examines the ensuing 

impact on temperature distribution within the heat exchanger. 

Python was used to show the evolving temperature distribution 

at different time intervals. The results highlight how important 

material selection is for maximizing heat exchanger efficiency 

and how it might affect temperature distribution. 

NOMENCLATURE 
 

α Thermal conductivity 

𝑢(𝑟,𝑡)  Temperature distribution in tube (K) 

𝑢𝑠(𝑟)  Steady-state temperature distribution (K) 

𝑈(𝑟,𝑡)  Transient temperature distribution (K) 

ℎ̅  Free convective heat transfer coefficient (W/m2∙K) 

𝑡  Time (seconds) 

𝑢0 Initial temperature of tube (K) 

𝜆𝑛  Eigenvalue 

r  Radial distance (m) 

µ Separation variable 

 
 

 
INTRODUCTION 

 

A circular finned-tube heat exchanger is a type of heat exchanger 

that utilizes a circular or annular arrangement of tubes with fins 

attached radially to enhance heat transfer. This design is often 

employed in applications where radial symmetry is beneficial, 

and it can be found in various industries, including HVAC 

systems, refrigeration, and electronic cooling. Hot fluid (such as 

steam or a liquid) flows through the tubes, and cold fluid (such 

as air or water) flows over the external surface of the tubes. Heat 

transfer occurs through conduction within the tube walls, 

convection from the fluid inside the tubes to the tube walls, and 

then again through convection from the tube walls to the fluid 

outside. The circular arrangement of tubes and fins provides 

radial symmetry, allowing for a more even distribution of heat 

transfer characteristics around the central axis.  

By the Fourier law of heat conduction,  

 

𝑞 = −𝛼 (
𝑑𝑇

𝑑𝑥
) 

 

Hence for attaining a constant amount of heat flux, 

1) For higher thermal conductivity, the temperature 

gradient is smaller. 

2) For lower thermal conductivity, the temperature 

gradient is higher. 

 

METHOD 

 

The problem was set up as an initial-boundary value problem 

with non-homogeneous boundary condition (thus two solutions, 

Steady State and Transient) and solved in polar coordinates. 

 

𝜕2

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
= 𝑎2 𝜕𝑢

𝜕𝑡
  u(r,t), r ∈ [0, 𝑟1],  t  > 0 

 

 

Initial Condtion   𝑈(𝑟, 0) =  𝑢0(𝑟) 
 

 

 

Boundary Condition 𝑘
𝜕𝑢(𝑟1,𝑡)

𝜕𝑟
+ ℎ𝑢(𝑟1, 𝑡) = 𝑓1 t > 0 
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I. STEADY STATE SOLUTION 
 

𝜕2

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
= 0 

 

𝑘
𝜕𝑢𝑠(𝑟1, 𝑡)

𝜕𝑟
+ ℎ𝑢(𝑟1, 𝑡) = 𝑓1 

 

𝑟2
𝜕2𝑢𝑠

𝜕𝑟2
+ r

𝜕𝑢𝑠

𝜕𝑟
= 0 

 

𝑚2 + (1 − 1)𝑚 = 0 

 

𝑢𝑠 = 𝑐1 + 𝑐2 𝐼𝑛𝑥 

 

𝑢𝑠 = 𝑐1 + 𝑐2 𝐼𝑛𝑥 

 

𝑘
𝜕𝑢𝑠(𝑟1,𝑡)

𝜕𝑟
+ ℎ𝑐1 = 𝑓1 𝑐1 =

𝑓1

ℎ
 

 
 

Steady State solution, 𝑢𝑠 =
𝑓1

ℎ
 

 

II. TRANSIENT PROBLEM 
 

1. Separation of variables 

 

𝑈(𝑟, 0) =  𝑢0(𝑟) − 𝑢𝑠 

 

𝑈(𝑟, 𝑡) =  𝑅(𝑟)𝑇(𝑡) 

 

𝑈(𝑟, 𝑡)  𝑏𝑜𝑢𝑛𝑑𝑒𝑑 R (0) < ∞ bounded 

 

𝑘
𝜕𝑈(𝑟1, 𝑡)

𝜕𝑟
+ ℎ𝑢(𝑟1, 𝑡)𝑇(𝑡) = 0 

 
𝑅′′

𝑅
+

1

𝑟

𝑅′

𝑅
=

1

𝛼

𝑇′

𝑇
= 𝜇 

 
 

2. Sturm-Liouville Problem 

 
𝑅′′

𝑅
+

1

𝑟

𝑅′

𝑅
= 𝜇 𝜇 = −𝜆2  

 

𝑟2𝑅′′ + 𝑟𝑅 + [𝜆2𝑟2 − 02] 𝑅 = 0 

 

𝑘
𝜕𝑅(𝑟1)

𝜕𝑟
+ ℎ𝑅(𝑟1) = 0 

 

Eigenfunctions:   𝑅𝑛(𝑟) = 𝐽0(𝜆𝑛𝑟) 

 

 

Eigenvalues: 𝜆𝑛 are positive roots of the characteristic 

equation: 

 

 

-𝜆𝐽1(𝜆𝑟1) + 𝐻𝐽0(𝜆𝑟1) = 0,  H = h/k 

 

Norm2: ||𝑅𝑛(𝑟)||2 = ∫ 𝐽0
2𝑟1

0
(𝜆𝑛𝑟)𝑟𝑑𝑟 =

𝑟1
2

2
(

𝐻2

𝜆𝑛
2 + 1)𝐽0

2(𝜆𝑛𝑟1) 

 

Weight Function: p(r) = r 

 

 
3. Equation for T 

 

𝑇′ − 𝛼𝜇𝑇 = 0 

 

𝑇′ + 𝛼𝜆𝑛
2 𝑇 = 0 

 

𝑇𝑛(𝑡) = 𝑒−𝑎𝜆𝑛
2𝑡 

 
4. Transient Solution 

 

𝑢(𝑟, 𝑡) = ∑ 𝑎𝑛𝑅𝑛𝑇𝑛 = ∑ 𝑎𝑛𝐽0( 𝜆𝑛𝑟)𝑒−𝑎𝜆𝑛
2 𝑡

∞

𝑛=1

∞

𝑛=1

 

 

 𝑈(𝑟, 0) =  𝑢0(𝑟) − 𝑢𝑠 = ∑ 𝑎𝑛𝑅𝑛
∞
𝑛=1  

 

𝑎𝑛 =
∫ [𝑢0(𝑟) − 𝑢𝑠]𝑅𝑛

𝑟1

0
𝑟𝑑𝑟

∫ 𝑅𝑛
2𝑟1

0
(𝑟)𝑟𝑑𝑟

 

III. SOLUTION 
 

𝑢(𝑟, 𝑡) = 𝑢𝑠(𝑟) + 𝑈(𝑟, 𝑡) 
 
 

RESULTS 
 

The plot describes how temperature varies within the tubes over 

time, considering radial heat conduction. The equation provides 

insights into how heat is distributed and transferred within the 

cylindrical structure. It was observed that changing the material 

of the tube thus, using one with a higher thermal conductivity 

resulted in a more even distribution of the temperature profile 

over time. 
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Figure 1: Temperature profile at large α 

 

 
Figure 2: Temperature profile at small α 

 
 
CONCLUSION 
 

Despite not considering the heat flow in the angular position in 

our equation, the results clearly confirm the theory in literature 

that increasing thermal conductivity diminishes the temperature 

gradient along the tubes in the heat exchanger. 
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