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Abstract

Laser-cut wooden puzzles rely on tightly controlled kerf
width to achieve good fit, strength, and aesthetics. This
work models a thin basswood plate heated by a moving
Gaussian surface flux representing a CO; laser. The 3D
transient temperature field is obtained using finite Fourier
transforms in z, y, and z, a Laplace transform in time, and
numerical time convolution implemented in MATLAB.
An effective kerf is defined as the surface region where
T(z,y,0,t) exceeds an ablation threshold. The model re-
produces expected trends with scan speed and provides a
first-order tool for selecting cutting parameters and guid-
ing more detailed future ablation models.

Nomenclature

L, M, H Plate length, width, and thickness (m).

p Density of wood (kg/m3).

c Specific heat (J/(kg K)).

k Thermal conductivity (W/(m K)).

a=k/(pc) Thermal diffusivity (m?/s).

T(z,y,2,t) Temperature field (K).

u(x,y,z,t) Temperature rise above ambient, u = T —
Tp (K).

To Initial/ambient temperature (K).

T Ablation/char temperature threshold (K).
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o, Yo Initial laser beam center on the surface z = 0
(m).

v Laser scan speed in the +z—direction (m/s).

wo 1/€? radius of the laser spot (m).

P Laser power (W).

F Peak incident heat flux, Fy = 2P/(mw?)
(W/m?).

ay Effective surface absorptivity (—).

q"(z,y,t) Applied laser heat flux at z = 0 (W/m?).

Introduction

3D wooden puzzles are often made by cutting and engrav-
ing a thin basswood with a CO; laser. By varying power
and speed as the laser moves across the surface, a designer
can engrave or cut designs as the laser ablates material.
When a cut is made, the width of the cut is called the kerf,
and is highly dependent on power and travel speed. Kerf
width affects the fit, strength, and aesthetics when pieces
are joined together.

Accurately modeling the laser cutting and etching pro-
cess is difficult. A complex three-dimensional transient
model for laser machining of ablating/decomposing ma-
terials has previously been developed by Modest, wherein
he models the moving laser as a surface flux boundary
condition, and demonstrates the ability to accurately de-
fine kerf, groove shape, temperature distribution, heat af-
fected zones, etc. and accounts for variable properties[1].
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Here we present a simplified approach using the Finite
Fourier Transform method and a Laplace transform, pro-
viding simplified first-order accuracy for kerf as a function
of laser power and travel speed[2].

Governing Equations and Assump-
tions

We start with the 3D cartesian heat transfer equation
for an isotropic rectangular solid with w(z,y,z2,t) =

T(xz,y,2,t) —Tp
1 0u 0% 0%u O%u
— =t s,
a Ot 0r2  Oy? 022 (1)
O<z<L, O<y<M,0<z<H,t>0,
with initial condition
u(z,y, z,0) = 0. 2)

We transfer the x and y boundary conditions used by
Modest to finite space [1],

u(()? y? Z7t) = 0’
u(x7 O’ Z7 t) = O)

U(L7 y’ Z7 t) = 07
u(z, M, z,t) =0,

A3)
“4)

but modify the z boundary conditions. As we will not ac-
count for ablation, we apply the moving laser as a forced
heat flux only on the top surface, moving in x-y space and
time,
ou
—k = (&)
0z|,_,
Whereas most laser cutters have a supporting honeycomb
structure that restricts cooling air movement, we assume

that the bottom surface of the material is insulated,

@
0z

=q"(z,y,t).

=0.
z=H

(6)

We model the laser heat flux as a gaussian spot that moves
in the +z—direction with constant speed v,

2 [(x — 0 —vt)* + (y — yo0)?]

q"(z,y,t) = apFpexp|—

wd

(7)
To simplify, we treat the surface as a perfect absorber
(ap = 1), and ignore all other radiation effects, moisture
effects, phase changes, laser focus, laser pulsing, etc.
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Solution Method

To solve this PDE, we apply the Finite Fourier Transform
method in z, y, and z, denoting eigenvalues and eigen-
functions as i, Vm, (s, and X,,(z), Y (y), and Z;(z)
respectively. We introduce a separation eigenvalue \,,,,.¢
where

= o+ Vi + G ®)

All boundary conditions were also transformed. The top
surface boundary condition moves into the thrice trans-
formed equation as Gy, (¢)

/\nmﬁ

10_ _ _
a Eunmé = _)\nmé“nmé(t) — Gnm (t) ©
A Laplace transform is then taken, and with the trans-
formed initial condition, we get the Laplace-domain equa-

tion

SUE) = AunelU(5) = Q(s). (10)
where Q(s) = L{@nm(t)}. Solving for U(s) results in
_—aQ(s)

The inverse-Laplace transform results in the convolution

t
Tnme(t) = —a / e~ Anme(t=T)g (t)dr,  (12)
0

where

()= [ N / ")

and the inverse Fourier transform in x, y and z results in
() Ym (y) Ze(2)

a: Y,y 2, t Z Z Zﬂnmg
et (14)

which can then be used to re-construct the temperature
field with T'(x,y,0,t) = To + u(x,y,0,1).

Xn(2)Ym(y) dz dy, (13)

Numerical Implementation

By plotting the solution derived in eq.38 for various laser
tracing speeds v we can determine how kerf depends on
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laser movement speed. For our model, we used a small
size of basswood L = M = 4in, H = 1/8in with ther-
mal constants k = 0.05W /(m°C),p = 415kg/m3,c =
340J/(kg°C), Ty = 298.15. Basswood has a mini-
mum ablation temperature T, = 473.15. The power
and gasssian spreading of the laser were typical of P =
60W, w = 200um.

The velocity of the moving laser was set to 10, 30, 50,
and 70mm/s, which is a typical range of values for a laser
cutter.

The kerf was estimated as the y-dimensional width
where T' > T,p; at z = 0. Since multiple passes are often
needed to cut completely through basswood with a 60W
laser, and the material has time to cool between each pass,
this is a reasonable, first-order approximation.

Kerf tends to be very small (no more than 0.04”),
so a large grid resolution in y was needed, giving a y-
dimensional size of 0.005”.

Odd-number of terms and odd numbers of resolution in
each dimension (especially in y) were used, as due to sym-
metry the laser flux was chosen to be applied aty = M /2
starting at + = L/4. Using an even number of terms or
an even resolution causes the location where the tempera-
ture is evaluated to straddle the peak of the gaussian laser
source, dramatically decreasing the apparent flux.

Results
Kerf as a Function of Laser Speed V:g;"fgzzzm‘
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Figure 1: Kerf as a function of laser speed for a 60W CO,
laser cutting 1/8” basswood.

Figure 1 shows the predicted effective kerf width as a
function of laser scan speed for a 60 W COx, laser cutting
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Figure 2: Temperature distribution on laser surface for
10mm/s

Figure 3: Temperature distribution on laser surface for
30mm/s

1/8” basswood. For the parameters listed in the Numeri-
cal Implementation section, the model predicts small kerf
values, on the order of a fraction of a millimeter (less than
0.04”). As expected, slower scan speeds yield larger kerf
widths because more energy is deposited per unit length
of cut, while faster scan speeds reduce the time-averaged
heating at a given location and therefore produce narrower
kerf.

Surface temperature fields at z = 0 for representative
scan speeds are shown in Figures 2-5. In all cases, the
hottest region is localized near the beam center and elon-
gated in the direction of motion, with a modest thermal
wake trailing the laser. The temperature distribution is
symmetric about the midline in y by construction, and re-
mains well confined relative to the plate dimensions L and
M, justifying the use of finite-sine eigenfunctions in x and
Y.

The 3D model also indicates that, for the chosen param-
eter set, the heat penetration in the thickness direction is
limited over the time scale of a single pass. Peak tempera-
tures are attained near the top surface, while the insulated
back surface at z = H remains significantly cooler. This
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Figure 4: Temperature distribution on laser surface for
50mm/s
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Figure 5: Temperature distribution on laser surface for
70mm/s

behavior is consistent with the practical observation that
multiple passes can be required to fully cut through 1/8”
basswood with a 60 W laser, even when the surface region
locally exceeds the ablation temperature.

Discussion

Overall, the results match what most users intuitively see
when working with a CO laser: slower speeds dump
more energy into the wood, the surface heats up more, and
the kerf widens; faster speeds give the beam less time to
heat any single point, so the temperature barely reaches
the ablation threshold and the kerf becomes very narrow.
The model captures this behavior directly through the 1 /v
dependence in the moving Gaussian flux.

The solution also helps show how material and laser pa-
rameters influence the cut. The thermal diffusivity o =
k/(pc) controls how quickly heat spreads out from the
beam. Woods with higher conductivity or lower heat ca-
pacity distribute heat faster, which broadens the warm re-
gion but reduces the peak temperature. The Gaussian spot
size wy works the same way: a smaller beam radius con-
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centrates the flux and releases a higher temperature rise,
while a larger beam naturally produces a thicker heat band
even before considering motion.

There are still important limitations worth noting. The
model does not include any explicit ablation or material
removal—it only identifies where the temperature exceeds
a chosen threshold. Wood properties are taken as con-
stant, even though they vary significantly with tempera-
ture and moisture content. And the boundary conditions
are intentionally simplified: real laser cutters involve ra-
diative losses, airflow through the honeycomb, and ad-
ditional convection from exhaust systems. These effects
would change the exact temperature field but not the over-
all trends.

Even with the simplifications, this 3D transient for-
mulation provides a helpful middle-ground between very
simple 1D/2D approximations and full ablation models
like Modest’s. It gives a fast way to estimate how power,
speed, and spot size affect kerf, and it makes it much eas-
ier to explore parameter changes inside MATLAB before
doing physical tests.

Conclusions

This paper presented a 3D transient heat-transfer model
for a thin wooden plate heated by a moving Gaussian laser
flux. By applying finite Fourier transforms in all three
spatial dimensions and a Laplace transform in time, we ob-
tained a solution that can be evaluated efficiently in MAT-
LAB using eigenfunction expansions and time convolu-
tion.

For a 60 W COx, laser cutting 1/8” basswood, the model
predicts kerf width on the order of 0.04”, with a clear and
consistent trend: kerf decreases as scan speed increases.
The temperature field remains localized near the surface,
and penetration through the full thickness during a single
pass is limited. This aligns well with practical experience
that multiple passes are typically required to cut through
basswood cleanly.

The strength of this model is that it provides a fast, first-
order way to connect laser settings (power, speed, spot
size) to thermal behavior and resulting kerf. It offers a
practical tool for choosing cutting parameters before ex-
perimenting on real material. Future work should incorpo-
rate temperature-dependent properties, include more real-
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istic thermal losses, and eventually couple the model to a
true ablation or char front so that kerf is predicted from
material removal rather than a temperature threshold.
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Appendix

Appendix A: Finite Fourier Transform
Derivation

In this appendix we outline the full derivation of the tran-
sient temperature rise u(z,y, z,t) = T(z,y, z,t) — Tp in
the thin plate, using a finite Fourier transform in the three
spatial coordinates.
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A.1 Governing equation and boundary conditions

We model the temperature rise with the 3D heat equation

Lou_ ot 0w o
a ot 0x2  Oy? 022’ (15)
O<z<L, O0<y<M,0<z<H,t>0,

with initial condition

u(z,y,2,0) =0. (16)

The lateral boundaries are taken to be held at ambient
temperature,

u(0,y,2,t) =0, u(L,y,2,t) =0, (17)
u(zx,0,2,t) =0, u(z, M, z,t) =0, (18)
while the lower surface z = H is assumed insulated,
Ju
— =0, 19
0z|,_g (19)
and the upper surface z = 0 is heated by the moving laser,
ou "
-k — = t). 20
bz, "¢ (2, 9,1) (20)

The laser heat flux is modeled as a Gaussian spot that
translates in the +z—direction with constant speed v,

2[(z —xo —vt)* + (y — o)

q//(x7y7t) = OMFO exp 2
wo

1)

A.2 Finite Fourier Transform in z, y, and z

In the z—direction with Dirichlet-Dirichlet conditions
(17) we obtain

X (z) = sin(pnx),

with norm

L
L
Xl = [ X2@)do = 3.
0

and operational property

L 92y
| G Xl do = s + £oX,,0) - F1X3(L)
0 X
(24)
where fo = fr, = 0.
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In the y—direction with Dirichlet-Dirichlet conditions

(18),

Ym(y):Sin(l/my)u Vm:%7 m:1,2,...
(25)
with norm
M
M
Wal? = [ V2w)ds=7. @0
0
and operational property
M 82
t dy =
| GrmwaoVuwa=
Vil + foYr (0) = farYy (M)

where fo = far = 0.

In the z—direction we apply the non-homogeneous
Neumann conditions at z = 0 and z = H for the eigen-
value problem,

Z{(2) + G Ze(2) = 0, (28)
so that
Z0:17 COZO
(29)
Z(:) = cos(G), G= L £=012.
with norms
H
||ZO||2:/ 12dz = H,
0 (30)
2 2 H
2P = [ o)z = €21
0
and operational property
H 82
(2, 1) Z, dz =
| Gtz =

_Cgﬂnmf - fOZ[(O) + fHZg(H)

where fo = §nm(t) and fr = 0.
Note that Z,;(0) = 1 for all £.
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Combining FFTs in x, y and z results in
190
nm. t
@ 3tu «(t)
= _Nnanme (t) - V?n’anml(t) - Czﬂnmﬁ(t) — Gnm (t)
(32)

We make the simplification of \,e = p2 + v2, + ¢Z

1 0

a Ot 33)

——Upme = )\nméanmf(t) - Qnm (t)7

N

Equation (33) is now ready to be transformed to the
laplace space.

where

z,y,t) Xy (2) Yo (y) de dy. (34)

Gnm (t

A.3 Laplace Transform

A Laplace transform is then taken, and with the trans-
formed initial condition, we get the Laplace-domain equa-
tion

~U(s) = =MumeU(s) = Q(s), (35)
where Q(s) = L{Gnm (t)}. Solving for U (s) results in
_ —aQ(s)
Uls) = o ws (36)

A.4 Inverse Laplace and Inverse Fourier

The inverse-Laplace transform results in the convolution

t
e (1) = —a / e Pnmet=T)g dr, (37)
0

and the inverse Fourier transform in x, y and z results
in

(@) Yin(y) Ze(2)

ZL’ ' Ys 2, t Z Z Zﬂnmé
e (3%)

which can then be used to re-construct the temperature
field with T'(x,y,0,t) = To + u(x,y,0,1).

In practice, the sums over n, m, and £ are truncated at
Nmax> Mmax, aNd Lrax.
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