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ABSTRACT

A modified transient hot wire sensor known as the
Needle Probe, developed to measure the thermal
conductivity of molten salts, hinges its results based on
the assumption that by limiting the amount of space a
fluid has to move, convective heat transfer effects
become negligible. This assumption was tested by
modeling a simplified version of the Needle Probe
system and varying the coefficient of convective heat
transfer at small amounts. The results for a range of
small heat transfer coefficients were compared. It has
been deemed that the assumption that small convection
coefficients can be ignored is valid.

NOMENCLATURE

r1 = radius from center of probe to heating wire
1, = outter radius of needle probe

o = thermal dif fusivity

A = eigenvalue

k = thermal conductivity

q" = heat flux
h = convection coef ficient
H=nh/k

INTRODUCTION

In recent years, there has been growing interest in the
use of molten salts for power generation, both in
Concentrated Solar Power (CSP) and in Molten Salt
Reactors (MSR), a fourth gen nuclear reactor. Both
designs use molten salts as the working fluid, which
means in order to make safe and effective designs, we
need a thorough understanding of the thermophysical
properties of molten salts. Due to the fact that molten
salts must be at high temperatures (500-800°C), are
electrically conductive, and are highly corrosive, some
of these properties, such as thermal conductivity and
thermal diffusivity, are notoriously hard to measure.
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Very few salts have any measurements, and those that
do tend to be inconsistent between studies. In their
literature review, Magnusson et al highlights this
problem with the measurements of thermal
conductivity found in the literature for the salt FLiNaK
(a Lithium-Fluoride, Sodium-Fluoride, Potassium
Fluoride mix), as seen in figure 1. It is commonly
believed there is such a disparity due to a lack of
radiative and convective heat transfer effects in the
different researchers’ models.
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Figure 1: Graph of reported thermal conductivity
values of FLiNaK, as reported by Magnusson et al.

Recently, Merritt et al designed a new sensor based on
the transient hot wire method designed to measure
thermal conductivity of molten salts, which they refer
to as “the Needle Probe.” This probe is submerged in
molten salts in a steady state environment, and then
begins to heat the salt while recording temperature
response. By fitting the data to a solved heat diffusion
equation for a 3-layer system, thermal conductivity of
the salt can be found.

The model used is very complex, involving what is
known as the thermal quadrupole technique (see Maillet
et al for more details). The model also assumes that
convective heat transfer between the probe and the salt
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is zero by use of what is known as the concentric
cylinders technique, which greatly limits the amount
that the salt can flow. While the flow is greatly limited,
itis hard to imagine that there is no flow at all, but rather
that it is low enough that all convective heat transfer
effects are irrelevant. This study aims to verify that
assumption.

A simplified model of the Needle Probe system was
developed, looking only at conduction through the
probe and the effects that convection at the boundary
has on the temperature response.

METHODS

The basic concept of the Needle Probe is shown below
in figure 2. The cylindrical probe is submersed in salts
while heating wires down the length of the probe adds
a transient response. A thermocouple measures the
temperature response at the wires.

Crucible

Molten
Salts

Needle
Probe

Heating
Wire

~———

Figure 2. Model of Crucible, Needle Probe, and Molten
Salts

To begin, the differential equation for a temperature
distribution was considered. Because the crucible, salts,
and probe are of annular nature (cylindrical coordinates
most appropriate), this solution path was considered.

yT+1aT_16T
a2 ror aat
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Initial values and boundary conditions were key to
defining the solution path and were chosen as follows:

Initial value and Boundary conditions:

T(r,0) =0
GT( 0 = q" N
5, () = ——~ Neumann

oT
ka(rz) + T(r,)h = 0 Robin

Key Assumptions in this model were that:

1. The probe is an infinitely long cylinder

2. System is axisymmetric

3. Materials are homogeneous and isentropic
(thermal conductivity does not vary within
material)

With the ordinary differential heat conduction equation
in mind, the needle probe and system were modeled
with a steady state and transient solution. Those
solutions are as derived below.

0%T 10T

_—t——=

ar?  ror

Tes = ¢ + ¢ In(r) [2]
Solving for the constants yielded for c2:
r1q"
k

With this first constant represented symbolically, the
second constant could be solved by substituting in the
solution such that,

dT
kE(rz) +T(r)h=0
[...]

! n
qry Tiq

= TR

With constants derived, substituting c1 and c2 into the
steady state temperature equation yields
q'nn nq” nq"
Ty = e In(r;) == —In(r;) (3]
Next the transient solution was to be derived. This
would represent the solution path of the temperature

that is changing over time.

Beginning with equation 1, the transient solution is
derived with a combination of separation of variables
and the Strum-Liouville Theorem.
AR 1T, [4]
R rR aT
To solve the constants in this SLP problem, a few key
substitutions were used in combination with a linear
algebra approach, using the determinate to simplify the
solution path.
The solution path was greatly simplified and followed
by referencing an annular-disk D-R approach, solved
by Laura Hansen on page 526 of the course textbook.
In general, this solution was:

Cy = —

€1
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R'(r)) = —ciH1(A1ry) — cAY1(Ary) = 0
This would yield the following:

a;, = A, (Ary)
a;; = AY;(Ary)
a1 = =41 (Ary) + Hjy (A1)
Ay, = —AY,(Ary) + HYy(Ary)
Such that

o aalles] = [o] = ee ey ] =0

Positive roots at A for this equation are the eigenvalues
and the constants were solved to be

= dc, =——
“a az1 e Y)
With eigenfunction
A Yo(4
RN =]0( nr) _ 0( nr) [5]
azi, az2,

Applying the SLP solution further, vyields the
Temperature function solution with respect to time.

T' —auT = 0 where u = —2?
T +al2T =0
To(t) = e~ it
Combining the Steady state and Transient Solutions
then yielded

u(r,t) =U(,t) + Ugs (r,t) [6]
q'ry 19"
u(r,t) = Z a,R,T, + h—rz + K In(ry) [7]
r n
-0 ey
Where
frz _ 61_" (]0 (4n1) _ YO(Anr)> rdr
o = 1 h az1, az2,
" IR, I?

The complete derivation can be referenced in the
appendix, but it is sufficient to say that this result was
then used to solve eigenvalues and plot the solution of
the temperature distribution with respect to radius, and
with respect to time.

RESULTS

As the Needle Probe only takes measurements at the
inner radius of the system for the first 15 to 30 seconds
of the transient response, only the temperature response
for the first 30 seconds at r; was analyzed. The response
was ran for three different, relatively low convection
values, namely h = 0.01, h = 0.1, and h = 1.0. The
comparison of these results are referenced in figure 3.

Journal of Applied Engineering Mathematics December 2022, Vol. 9

120

1=}
S}
T
E
"

o ®
=] o

Temperature Rise (Kelvin)
B
o

20

0 . . . . .
0 5 10 15 20 25 30
Time (sec)

Figure 3: Transient response at location r; for t = 0 to
30 seconds for three different h values.

As can be seen in figure 3, for the first 30 seconds of
the transient response, the effects of convective heat
transfer for the three different values varied only a little.
The effects of when h < 1 made very little difference to
the overall response, while when h is equal to 1 only a
relatively small difference was made.

CONCLUSIONS

This model is a highly simplified model, because of
which this response is not accurate to what is actually
occurring within the Needle Probe. For instance, it is
not taking into effect the transient temperature response
that the surrounding salts will have on the probe nor the
radiative heat effects. This model does, however,
provide a way to see to what extent low values of
convective heat transfer has on the response of the
probe.

Low values for convective heat flow between the salt
and the probe does have little to no effect on the probe’s
temperature response. This validates the model used by
Merritt et al which assumes due to the little motion
present in the salt that the effects of convective heat
transfer can be ignored.

FUTURE MODELING

Further mathematical iterations, namely extending and
adapting the current model to study the conductive heat
effects in the salt as a function of radius, can be
explored. However, modeling this system as a whole
gets increasingly complicated as the system is
comprised of three independent layers, each with their
own thermal conductivity and diffusivity, and the
effects of radiative heat transfer between the probe and
the crucible and the convective heat transfer between
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the crucible and the environment must all be accounted
for. This leads to several individual yet related complex
heat diffusion equations that must be solved. For more
on this work, refer to the work done by Merritt et al.
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APPENDIX

Complete derivation of Steady State and Transient
Temperature profile

T N 10T 10T
arz rar adt
With initial conditions:

T(r,0) =0

aT( 0 = q" N

5, (1) = — -~ Neumann
aT

ka— + T(r,)h = 0 Robin

)

Steady State Solution:

0°T 10T _

orz T r 6r

T =c4 + c;In (1)

dT

-0 = Cz( )
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dT q" 1 rq"

E(rl) = - =6 (;) where ¢, = %

ar
k—(rz) +T()h= 0

k( rid (r2>> +(c1+czIn(ry))h= 0

k

n
_T1q

r n
+eih— %ln(rz) h

r
riq
2

T n
¢ h— %hln(rz) =

n

¢ h = EL + 1’1_q” In(ry)h
&
q=qs'“2mm)
”r
T = hTz ——In(r,) — 1n(r2)
qr'r q"
such that Ty, = hrz —ln(r2)

Transient Solution:
9%T + 10T _ 10T
a2 rar aadt

R" 1R 1T’
RFR aT  H
R'(r) =0

kR'(r,) + hR(r,) =0
R" 1R
RITRTH

r?R" +rR' —71?Ru =0

Note that A2 = —u

2R" +rR’ + [r?2% —

wherev =0

R(r) = ¢ Jo(Ar) + ¢, Y, (Ar)

R'(r) = —ciJ1(Ar) — c,AY; (Ary)

R'(r) = —c1AJ1(Ary) — cAY; (A1) = 0

M (Ar) + c,AY,(Ar) =0

—¢1 AkJ1 (Ary) — ¢ kAY; (A13) + c1 )y (Ary)
+ c,hY,(Ar,) = 0

0JR=0

c1[A1(Ary) + H],(Ary)] + ¢, [AY1 (Ary) + HY (A1)

=0
GA1(Ar) + A (Ar) =0
a;, = A (Ary)
a;; = AY;(Ary)
ay1 = —A1(Ary) + HJo(A1)
—AY,(Ary) + HYy(Ary)

Hh
Tk
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o azal[ea] = [ol = et s aia] =0

Q110 = Gy3 "0z = 0
[, (Ary) - =AY (Ary) + HYp(Arp)] — [AY;(Ary) -
—A1(Ary) + H]y(Ar,)] = 0
Positive roots at A for this equation are the eigenvalues
a21C1 + a22C2 = 0
1

¢; =— suchthatc, = ——

az1 Y)
With eigenfunction
_ ]0 (Anr) _ YO (Anr)

R
N
az1, Az,

2
Norm = ||R,||? =f rRZdr
1

T' —auT =0 wherep = —A*

T'+ aliT =0

To(t) = e~ Mt

Combining the Steady state and Transient Solutions
U(r,t) = R,T, = Z a,R,T,

n n

U(rlo) =u0 —us = 0—%: —%
T q” s qll
_ frlz = Rnrdr _ fn — - Rurdr
" IR II? f:lz rRZdr

u(r,t) =U(r,t) + ug(r, t)

qllrl 7l,lqll
u(r,t)=ZaRT + + In(ry)
nitntn ”hrz k 2
r
- 1: In(r,)

f:lz _ qT” (]o 1) _ Yo (xlnr)) dr

az1, az2,
a, =
" IR 11?
frz _ 61_" (]o(lnr) _ YO(Anr)> rdr
_ 1 h a21n azzn
f’”z r (]0 (Anr) _ YO (Anr))z dr
£ az1, az2,
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