2.(5) The Rock — Sturm-Liouville problem and integral transform method (see Outline in Section IX.5, p.862)

a) Consider the following initial boundary value problem for function u (x,t) :

2
1
xa—?-i-w—u-l-S(x,):—za—u, 0<x<L, t>0
Ox Ox a’ ot
u(0,t) <o t>0
u(L.t)= f(1) >0
u(x,O):u(,(x) 0<x<L
b) Analyze the differential operator with respect to variable x. Use value w=2.
Rewrite it in self-adjoint form and find the weight function.
¢) Set the supplemental Sturm-Liouville problem for construction of the integral transform.
Find the general solution of the set Sturm-Liouville problem (hint: Generalized Bessel Equation can be used).
Apply boundary conditions to generate eigenvalues and corresponding eigenfunctions.
Define the weighted inner product.
Define the norm of eigenfunctions.
d) Use the found eigenfunctions to represent the function 4 (x)=7-H (x—L/2) by the Generalized Fourier series on
the interval 0 < x < L. Sketch the graph of 4 (x) and truncated Fourier series (with 20 terms).
e) Define the Finite Integral Transform pair based on found eigenfunctions.
. . . o’u Ou
f) Derive the operational property of the defined integral transform: apply transform to operator Lu = x—+ wa—
X x
subject to boundary conditions in part a).
g) Use the defined Finite Integral Transform and the Laplace transform to solve the given i.b.v.p.
Find the steady state solution.
h) Visualize solution for L =2, w= 2, S(x) = Soé'(x—x,,), S,=4,x,=L/3,a=0.5, f(t) =0, u, (x) =0

Sketch the solution curves for different moments of time: t =0.5, ¢t =1, t = 2, t = 4, and the steady state solution.

Solution:
steady state
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b) Operator.

o’u ou
Lu= X—+w_—
ox ox

;i(
xwfl ax

Lu=

w auj
x —
ox

<)

Ly=A4y,

xi] (xy) =2y

Treat x =0 as a boundary point.

ao(x):x>0, al(x):w, az(x):O Zor we3
_i J‘ZTIJdX _i I%dx _i I%dx _i w o w-l _
p(x)—aoe —xe —xe —xx =x p(x)—x
g(x)=0 q(x)=0
r(x):ao (x)p(x)zx X=X r(x):x2
self-adjoint form Lu= iﬁ[ 26_”}
X Ox ox

Supplemental Eigenvalue Problem

y(0)<ow, y(L)=0

(xwy')’ +(0—/1x“"1 )y =

0 Sturm-Liouville Problem  has non-trivial solution only when A =—z°
(xwy') 10"y =0 y(0)<o, y(L)=0
wx"'y +x"y"+ 1°x"'y = 0 reduce this equation to the Generalized Bessel Equation:
w uw . 1-w
V'+—y' +—y=0 Generalized Bessel Equation with a =0, m = —
x x
1
2p—2=-1 = p=-—
2
m’ —=pvi=0 = 1/2=(1—w)2 = v=lw-I=w-120
pla’ =u’ = a=2u
ﬂ
General solution: y(x)=x2 [CIJM (Zyxl/z ) +o,Y, (Zyxl/z )J use w=2

x? |:C1J1 (Zyx'/2)+/02/Y1 (Z,sz’/z )]

y(x)

y(x):EJI(Z/A/;) bounded at x=0
Bec.at x=L y(L)zLLJI(Z,u\/Z)=0
Eigenvalues J, (Z,u«/Z) =0 = 0<py <p,<..
Eigenfunctions Vv, (x) = %J, (Z,Un \/;)
X

Inner Product

Norm

O =2 (s = [y (2 ) s =253 (20




Eigenvalues are the positive roots of equation J, (2 ,u\/z ) =0.
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Eigenfunctions y, (x)= %JI (2/1,1«/;)
x

llmLJ (Z,u"\/;) =AU,

x—0 x

3 V3 (x):%‘h (2#3\/;)
= (2)

1 yI(x)=$

! J1(2/11\/;)

d) Example. Generalized Fourier series representation of /(x)=/-H (x—L/2)
Lo olx [
h(x)chn ( )2 =Jh(x)yn(x)xdx
=l ||y" (x) n 0
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f) Operational Property. Consider self-adjoint form of operator in the given differential equation

Lu= i(ru')’

p
where functions p(x) and r(x) are found in part (b) following Section IX.5, p.858 (Nov 23,2019).

The boundary conditions for unknown function are given as:

u(0,1) <o t>0

u(L.t)= f(1) t>0

Let ¢, and y, (x) be solutions of the supplemental Sturm-Liouville problem in part (¢). That means:
L(rwi) ==, (9)

p

v, (0) <

v, (L)=0

In part (e), the finite integral transform is defined as (eqn.(17), p.859):
L

S{up=u, = .[u(x)yn (x) p(x)dx
0

Then derivation of the operational problem can be performed in general (not using the particular form of y, ):

show that 0

L
= [yﬂ (x) ru']z —Jru'y:, (x)dx
0

Boundary conditions:
ingular at =0
Singutarat x = =r(L)y, (L)u(L)- pu, operational property is derived m

Dirichlet at x=1L

I{Lu} = LZ%JO (2un\/2)f(t)—yjz7n, where y, (L)= A;" J, (Zyn\/Z) was used




g) Use the defined Finite Integral Transform and the Laplace transform to solve the given i.b.v.p.

Apply 3{ }

2= /’ln 2 1 517,, — —_ <
_/un?un +L2 2 J{) (2lun \/Z)f(t) +Sn (t) = a_Z at ’ un (0) = u(/,n = {u() (X)}
Apply Laplace{ }
_#:Un +L2 /';" J() (2ﬂn\/z)f(s) +‘§n (S) :LZUM _igﬁﬂ,n 4
a a
Solve for U, (s)
U, =i, ——+a’S, () ——+ @’ 2o, (20 VL) } (5)—L—., Laplace{e "} = !
n 0.n s+a2y,f n s+a2,uf 27 " s+a2ﬂ’f s+a ,U:

Apply Inverse Laplace transform in terms of convolution

w,(t)= @,e " +a [En (t)*e—a—wfr] + gZLZ,uféJg(Z,un\/Z) I:f(t)*e-a”#ft}

Solution:

For the case of L=2, w=2,8(x)=5,6(x-x,),S,=4,x,=L/3,a=0.5, f(1)=0, u,(x)=0

u,(t)=a’s, -(I*e’“z"’f’) , where S, =

n n

S,]é'(x—xg)J](Z,un\/;)\/;dx: S0J1(2,un\/g)\/g

D ey

© |:°JI

§=

n
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t
]*efal,u,ft — J. efazlugzdz_ — 1 (]_efaz,uft)
=0 a /un

w, (1) = +§S,,J, (228,50 P (1)

n

o (ee)
u(x,t):nzlun t)—Z\/;Jj (2%\/2)




Solution

So xo (2'u \/Z) (Z'u”\/;) -’ t
=T & i J; (2L =)

Steady state solution when t — ©

u(xt) =2 B 7, (26,7 ) 7, (20,%)
AR O

Limiting value of steady state at x =0

2emls) ) s, oo )
lgxl}u“xt \/TZ; i JZ( \/Z) 1me Jx __J»ZI u, J; (Z,Ll,n/z)

steady state
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Differentiation of the Bessel Functions using the chain rule: 4 f [u (x)] = 4 au = iu’
dudx du

%Jv [u(x)] = %JV [u]-w = [JV, ()=, (u)]u' if Eqn.(49), Ch.VIL, p.500 is used

- [—Jm )+, (u)} ' if Eqn.(50), Ch.VIL, p.500 is used
u

For example,

L () :[J”(axf)_

X

ngv(axs)}.(axs) :[JVI(axf)_LSJV(axs)]gaxz

ax



