ME EN 505 Final Exam Kenny Quintana
Anna Cardall
unknown function u(x,y,t), 0<x<LO<y<M,t>0
0<x<L
] ti az—u+62—u—i<52—u+2 a—“) t>0 (1)
governing equation 3 o T wm\ae g
O<y<M
Boundary conditions
 Su .
-5+ hu = foy, 1) 0<y<M t>0 (2)
- X 4x=0
ou
+o+ hu = fi(y,0) 0<y<M t>0 (3)
X 4x=L
ou
—3, T =8(x 1) 0<x<L t>0 (4)
y =0
Ju
[+d_+hu] = gm(x, 1) 0<x<L t>0 (5
y y=M
Initial conditions
u(x,y,0) = uy(x,y) 0<x<IL, 0<y<M (6)

0
S0 0) = (x,)

0<y<M (7)

1) Identify the differential operators in the governing equation and choose the appropriate
integral transforms to eliminate them. You may use the standard finite Fourier Transform with
its already established eigenvalues and eigenfunctions (verify that they are applicable for
representing functions by a Fourier Series), as well as the Laplace transform. Apply these
transforms to reduce the differential equation to an algebraic equation for the transformed
unknown function. Write this intermediate result.

The two differential operators used in the governing equation are the Laplacian (V?) in the spatial

domain:
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_0%u _0%u
Lx'bl, = w, and Lyu = a—yz

and a time operator on the right-hand side of the equation.

Since there are two spatial variables I will use the Finite Fourier Transform twice to eliminate both
x and y.

The Sturm-Liouville problem for the first operator is:
X'"+2X=0
With the boundary conditions:
[-X"+hX] _,=0
[+X +hX] _, =

These boundary conditions are Robin-Robin, so the corresponding eigenvalues (u,,) are the
positive roots of

(h? — 2)sin AL + 2hAcos AL = 0
with eigenfunctions:
X, = A,cosd,x + hsind,x

and operational property:

[

The Sturm-Liouville problem for the second operator is of the same form:

M]X (¥)dx = f1.X,(L) + foX,,(0) — &, u,(y, 1)

Y'+utY =0
With the boundary conditions:
[-Y + l/lY]y=0 =0
[+Y' +hY] _,, =0

These boundary conditions are Robin-Robin, so the corresponding eigenvalues (u,,) are the
positive roots of

(h? — u?)sin uM + 2hu cos uM = 0

with eigenfunctions:
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Y = Upm COSUpY + hsinuy,y

and operational property:

/ [M] m(y)dy gMYm(M)+gO m(O) :um m(x t)

Combining the two operation properties we get the double-transformed equation:

ML
I G5+ S| racommoixdy = )

Applying these transforms to the governing equation gives:

1 5zlin’m ou,, . X
E atz + 2)/ at + (l + :um)un m —

Xn(0)fom(t) + Xp(L) frm(t) + Yn(0)80,:(£) + Yo (M) 1(£)

Justity using it or something...

Now I’ll apply the Laplace transform to eliminate the time derivatives.

Starting on the left-hand side:

1 (3%, , ou,
L{E( at2’ + 2y dt >+(/12 +:um)un m}
= % [(SZ Un,m - San,m(o) - &,n,m(o)) + 2)/<SUn,m - an,m(O))] + (/‘E’l + :ufn)Un,m
And the right-hand side:

L1X,(0) fo,m(1) +Xn(L)f_L,m(t) + ¥n(0)80,(1) + Y (M)ga (1)}
= X(0)fo,m(8) + Xn(L) frm(5) + ¥n(0)80,n(5) + Yin(M)En1,n(5)

Solving for the Transformed function, U,, ,,, gives:

(s + 2y, 1n(0)
s2 + 2ys + w2 + u2,)
W2[X,0(0) fo,m() + Xn(L) frm(8) + Yy (0)85,1() + Y (M) s, n(5)]
s2 + 2ys + w2 + uZ,)

nm —

2) Simplify the transformed equation using the following assumptions:

Jost) = fr(y, 1) = 8o, 1) = g (¥, 1) = uy(x,y) =0
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And solve for the transformed unknown function. Write it.
Substituting 0 for the above functions simplifies the transformed equation to:

S+ 2y
s2 + 2ys + wA(ul + uz,)

Un,m = an,m(o)

3) Use the inverse integral transforms to obtain the solution of the given initial value problem.
Write it.

First, I’ll find the inverse Laplace transform by completing the square in the denominator and
separating the numerator using partial fractions:

s+ 2}/ _ =
$2 4 2ys + w2, + uZ)

Uy m(0)

<

n,m(0)

S+)/ Y
2 2 + 2 2
S+ +Brm (+7) +Bim

where
Bam = WA, + up) —7°

This gives us the inverse Laplace transform of

LUy ()} = Ty m(0) [e 1 cOS(Bmt) + 21— " sin(ﬁn,mo]

ﬁnm

Now I’ll take the inverse Finite Fourier Transform in y:

_ - Y.

00 = 3 IO 2
_ - = —yt . Ym(y)
= m2=1 un,m(o) [e 4 Cos(ﬁn,mt) SIn(ﬁn,mt)] ||Ym(y)”2

And the inverse Finite Fourier Transform in x:

x

e = D IO Zy(x)

X, (01

Xn(x) _Yu(y)
X GO YOI

- i i 7y m(0) [e-ﬂ Cos(Bont) + gL sin(ﬁn,mo]

which can be simplified to:

U =3 S Ay XY [cos(ﬁnmo 4

n=1 m=1 6”’”

sinEnnt)|

where
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TN ()
16, GO 1 YOI

n.m

_ M L
o (0) = f f U (5. Y) X () Y () dy,
0 0

Bum =/ W2 (B+122) — 72
A, and u,, are the positive roots of the characteristic equations:
(h? — 22)sin(AL) + 2hA cos(AL) = 0
and
(h? — u?)sin(uM) + 2hu cos(uM) = 0

4) Visualize the solution u(x,y,t) for L =3.0,M =2.0,h=0.1,w = 0.01,y = 0.001,
—g XY ¢ _
uy(x,y) =S, o Sy =0.2.

Aquarium Surface Oscillation (t = 0.0s)
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5) Sketch the plot of u(x, M/2,t) at the moments of time ¢ = 100, 200, 500, 2000 using 20 terms
in the series.

y =M/2 with 20 Terms

0.12 A

0.10 A

0.08 A

0.06 A

0.04 A

Deflection u(x, y, t)

0.02 A

\/f

0.00 ~

—0.02 A

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x (Distance along Aquarium)

6) Exercise your creativity by modifying some aspects of the problem and visualize your new
solution.

This new solution has the initial condition u,(x,y) = S, E, as if the tank had been tilted at an angle

and suddenly returned to a flat surface.

Initial Surface Displacement up(x, y) = 50;

0.175

0.150

0.125

0.100

0.075

0.050

0.025
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Aquarium Oscillation (up = Sox/L)
Time: 0.0s

7) Make observations and comments regarding the modelling of this physical process using
this IBVP.

From my results it appears the surface oscillates until it ends at a displacement of zero, but that
doesn’t match the conservation of mass for this problem. If the initial displacement is measured as

uy(x,y) = ?, then the displacement everywhere is positive. Since water is incompressible, the

total volume should not change, so the surface would come to rest above zero displacement. In my
modified scenario, I essentially mad the problem 1 dimensional by eliminating the y component
of the initial displacement. I think in a true tank there would be some displacement in the y-
direction even if the original displacement did not vary with y.



